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Abstract

We have established the solvability of fractional integral equations with both (k, s)-Riemann-Liouville
and Erdélyi-Kober fractional integrals using a new generalized version of the Darbo’s theorem us-
ing Mizogochi-Takahashi mappings and justify the validity of our results with the help of suitable
examples.
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1. Introduction

Many authors attempted to extend the well-known Banach contraction principle after its publica-
tion. Ameer et al., for example, introduced the concept of generalized multivalued contractions and
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established certain common fixed point results in the class of ax-complete partial b-metric spaces in
[10]. Furthermore, Ameer et al. [I1] introduced the concept of Ciri¢ type rational graphic contraction
pair mappings and offered some associated common fixed point results on partial b-metric spaces
equipped with a directed graph. They demonstrated several electric circuit equations and fractional
differential equations as applications.

Darbo’s fixed point theorem is a well-known generalization of the Banach contraction principle.
Many researchers believe in this theorem. Matani and Roshan proposed the ideas of multivariate
generalized Meir-Keeler condensing operator and multivariate L-function in reference [§], and used
the measure of non-compactness to verify several new fixed point theorems. They also used these
findings to analyze the solvability of a system of Volterra type functional integral equations in three
variables. In addition, Roshan published several expansions of Darbo’s fixed point theorem, as well
as some conclusions on the existence of coupled fixed points for a specific class of operators in a
Banach space (see [9]). He also investigated the existence of a solution for a system of nonlinear
functional integral equations as an application.

Functional integral equations play a pivotal role in different fields and many real life problems
which can be modelled using integral equations with fractional order in a very effective manner.
A fractional derivative is a derivative of any real or complex non-integer order. In recent times,
the fixed point theory has applications in different scientific fields. The FIEs have made significant
contributions to several real-life problems, e.g., science, engineering, mathematics, and other areas
which can be described using all kinds of integral equations of fractional order. Fixed point theorems
can be applied in seeking solutions for fractional differentials and integral equations.

In this work, we have established a generalization of Darbo’s Fixed point theorem, which is an
extension of the work ([3]) and we have applied it to a functional integral equation (FIE) of mixed
type.

In this paper, we will be using the following abbreviated forms:

FIE : Fractional integral equation,
MNC: Measure of noncompactness,
NBCC: Nonempty, bounded, closed and convex subset.

In this article, E is a Banach space with the norm || . ||g, Blf, ] is a closed ball with center # and
radius & in E, A is the closure of A, ConvA is the convex closure of A, Mg denotes the family of all
nonempty and bounded subsets of E and g is the family of all relatively compact sets. For more
details on fractional calculous and the theory of measure of noncompactness we refer the reader to
[12]-[16].

Definition 1.1. [J] A function 9 : Mg — RT = [0,00) is called an MNC in E if:

(i) A € Mg and I(A) = 0 gives A is precompact.
(ii) ker 9 = {A € Mg : ¥ (A) = 0} is nonempty and ker ¥ C Ng.
(iii)) ANC Ay = 9 (A) <I(Ay).
(iv) 9 (A) =0 (A).
(v) ¥ (ConvA) =9 (A).
(vi) V(wA+ (1 —w)A) <wd(A)+ (1 —w)d (A) for all w € [0,1].

(vii) if A, € Mg, Ap = Ay, Ay C A, for alln € N and lim 9 (A,) =0, then Aoy = () An # ¢.
n=1

n—oo

The family ker? is said to be the kernel of measure 9. Also, Ay € kertd and ¥(Ay) < J(A,,) for
any n. S0, ¥(Ax) = 0. This gives Ay, € kerd.
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Theorem 1.2. [2, Shauder| Let E be a Banach space and A(# ¢) C E be closed and convexr. Then
every continuous compact mapping A : A — A has at least one fized point.

Theorem 1.3. [5, Darbo] Let E be a Banach space and A C E be nonempty, bounded, closed and
convex (NBCC). Also, let A: A — A be a continuous mapping. If

V(AT < wI(IT), 1T C A,
for a constant k € [0,1), then A has a fixed point.

With the help of following concepts, we establish our fixed point theorem.
Denote by ¥ the family of all functions ¢ : RT — R™ so that

(1) ¥(s) =0« s=0.

(2) 1 is nondecreasing and continuous.

Denote by I' the family of all v : (0,00) — R so that

(1) ~ is continuous and increasing.
(2) for all {t,} € (0,00), lim ¢, =1iff lim ~(¢,) = 0.
n—oo

n—oo
(3) for all {t,} C (0,00), lim ¢, =0 iff lim ~(¢,) = —oc.
n—00 n—00

Note that v(1) = 0.
Some examples of elements of I' are:

(1) 7(s) = In(s)
(2) 72(s) = =<2 + 1.

Definition 1.4. [7] Let F be the family of all maps F : [0,00) x [0,00) — [0,00) satisfying:

(1) max {l{,m} < F(l,m) for all l,m > 0.

(2) F is continuous and nondecreasing.

(3) F(ly +la,my +ma) < F(ly,my) + F(la, ma).
For example, let F(1,¢) =T+, for all 7,5 > 0.

Definition 1.5. The function 8 : Ry — [0,1) such that limsup,_,,+ B(s) < 1, for any t > 0, is
called a Mizogochi- Takahashi mapping. We denote this class by MT.

Lemma 1.6. [6] Let f: RT — R™ be the function defined by f(x) = z°.
(1) If « > 0 and t1,ty € I = [a,b], where a,b > 0 and ty > t1, then t§ —t§ < a(ts —t).
(2) If0 < o <1 and ty,ty € I and ty > t1, then t§ —t§ < (to — t1)™.

2. New Results

In this section, we establish a new fixed point theorem with the help of a new condensing operator
which involves Mizogochi-Takahashi mappings. Also, we show that this new fixed point theorem is
a generalization of Darbo’s fixed point theorem.
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Theorem 2.1. Let E be a Banach space and let C' C E be an NBCC. Also, let T : C — C be a
continuous mapping satisfying

YWAFWO(TD), ¢ (I (TD))} < v [BAF W@ (D), oW (D))} +v W A{F W (D), (D)))%]Q )
where D CC, FeF, veTl, e MT, Y eV, ¢:Rt = R is a continuous function and ¥ is 'an
arbitrary MNC. Then T has a fixed point in C.

Proof . Define a sequence (C,), where C; = C and C,;; = Conv(TC,) for all n > 1. Also,
TC, = TC C C = Cq, Cy = Conv(TC;) C C = C; and continuing this process, we have
C,2Cy,2C;32...2C,2Cpi1D....

If ny € N satisfying 9(C,,,) = 0, then C,,, is compact. By Theorem it can be observed that
T has a fixed point.

Let F (¥(C,), »(9(C,))) > 0 for all n > 0. By we have
V[AF (9 (Cata), ¢ (9 (Cogr) ) 1

:7[¢{F( (ConvTC,), ¢ (¥ (ConvTC,)))}]
YWAF (W (TCy), ¢ (9 (TC)))}]
VIBWAF (D(Cr), o (F(Cu))H] 47 [0 A{F (D (Cn), ¢ (0 (Cn)))}]
V[WAF (W (Cn), 0 (9 (Cn)))} -

Since 7 is increasing, we have,

PAF (0 (Crpr) ;¢ (0 (Crin))} < {F (0(Cn), ¢ (0(Cn)))}

e, {Y{F (W (C,),¢ (VW (C,)))} } —, is a positive, decreasing and bounded below sequence of real
numbers.
Suppose that

lim ¢ {F (9 (Ca) .6 (9 (C)))} = 7 > 0.

n—o0

Assume that r > 0. As n — oo, we have

7 (r) <(r)
which is a contradiction. So, lim ¢ {F (¢ (C,),¢ (¥ (C,)))} =0, ie.,

lim F (J(C,),o(0(C,))) =0.

n—oo

Using the property of F' we get lim 9 (C,,) =0 = lim ¢[J(C,)].

n— o0 n—o0
Since C,, O C,,11, by Definition we get Coo = (), C,, € C is nonempty, closed and convex.
Also, C is invariant under 7" Thus, Theorem implies that 7" has a fixed point in Co, C C. [

Corollary 2.2. Let E be a Banach space and let C C E be an NBCC. Also, let T : C' — C be a
continuous mapping satisfying

P{E (@ (TD), ¢ (0 (TD)))} < BY{F @ (D)o@ (D))}¢{F @ (D), 0 (D)))} (2:2)

where D CC, FeF, &€ MT, ¢y eV, ¢: Rt = R" is a continuous function and ¥ is an arbitrary
MNC. Then T has a fized point in C.
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Proof . The result follows by taking v(s) = In¢ in Theorem 2.1 [J

Theorem 2.3. Let E be a Banach space and let C' C E be an NBCC. Also, let T : C — C be a
continuous mapping satisfying

P{F (@ (TD), ¢ (0 (TD)))} <k {F (@0 (D), 60 (D)))} (2:3)

where D C C, F €F, ¢ € ¥, ¢ : Rt — R" is a continuous function and 9 is an arbitrary MNC.
Then T has a fixed point in C.

Proof . The result follows by taking 3(w) =k € [0,1) in Theorem [2.2] O

Remark 2.4. Taking ¢(z) = 5, ¢ = 0 and F(p,q) = p + q in Theorem Darbo’s Theorem is
obtained.

3. Measure of noncompactness on C(|a, b])

Let E = C(I) be the set of real continuous functions on I, where I = [a,b]. Then E is a Banach
space with the norm

I'ell=sup{le(c)]:c € I}, o€ E.
Let A(# ¢) C E be bounded. For ¢ € A and € > 0, denote by w(p, €) the modulus of the continuity
of o, i.e.,
W(Qa 6) = SUP{’Q(Q) - Q(§2)| 61,5 €1, ‘@1 - §1’ < 6}-
Further, we define

w(A,e) =sup{w(p,€) : 0 € A}

and
wo(A) = lir% w(A,e).

It is well-known that the function wy is an MNC in E such that the Hausdorff MNC yx is given by
X(A) = wo(A) (see []).

4. Existence of solution of an integral equation involving two different fractional inte-
grals

In this part, we shall establish the existence of solution of an integral equation involving both
Erdélyi-Kober and (k, s)-Riemann-Liouville fractional equation in C[1,T] with the help of the newly
established fixed point theorem.

We find in [6] the definition of the Erdélyi-Kober fractional integral equation of a continuous
function f as follows:

S -1

For a =1,

5)/;(5&1][(5) de, B>0,0<~<1.

L3f(c) = T(v F — gB)I—

We find in [I] the definition of the (k,s)-Riemann-Liouville fractional integral equation of a
continuous function f as follows:
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s Ja (8_‘_1)17% : s+1 s+1 %_1 S
Waf(o) = NS (T =)t f(dn, < € [a,b], k>0, @ >0, s € R\{1}, a > 0.
& a
For a =1,
(s+1)7% /g 1 !
SJa — . s+1 _ s+1\% S d )
WU =TT ), (™ =™ ) f(n)dn

In this part, we study the fractional integral equation
Y(c) = 11 (s, U(s,7(<)), Y ()., I°T(<)) (4.1)

where 0 < v,8,k <1, a >0, se R\{1} and ¢ e I =[1,T].
Let
By ={T €E:||T|<dp}.

Assume that
(A) IT: I xR>*—= R, U: I xR — R be continuous and there exist constants oy, as, as, as >0
satisfying
‘H(§7U7117I2) - H(QU—,L,E)} <o |U - U-‘ + o ’11 - j1| + a3 |12 - j2| )
forallc eI, U, I,,1,,U,I;,I, € R and
|U(§, Jl) - U<g7 J2)| S (07) |J1 - J2| ) J17 J2 € R?
and
arjoy < 1.

(B) There exists dy > 0 satisfying

where

A~

U=sup{|U|:ce€I,Y(s) € [—do,do]},
J = sup{‘Ig,T(Q‘ 1 € 1,Y(s) € [—do, do] }

and X
I=sup{[;J*Y(5)]: ¢ € 1,7(s) € [—do,do]} -

(C) |1 (s,0,0,0)] = 0.
(D) there exists a positive solution dy of the inequality

QT asr(s+1)7% L o
cpor + ——— TP 2 (TS 1) <
R CERY akF1T(L) ( )

Theorem 4.1. If conditions (A)-(D) hold, then[4.1] has a solution in E = C(I).
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Proof . Define the operator Q : E — E as follows:
(QY)(<) = I (5, U(s, 7)), [T (<), I°7(<)) -
Step 1: We prove that the function Q maps By, into By,. Let 7 € By,. We have

[(QT) (¢)]

< | (5, U5, T()), TT (<) x I°T(5)) — 1 (<,0,0,0)| + |11 (5,0,0,0)]

< 01 [U(5, T(s)) = 0] + a3 [TYT(s) — 0] + a5 [;3°7(<) — 0] + |1 (5,0,0,0)].
Also,

BT

-l | e
Sy P
= I?(C?) /: (¢B EB§;)17 dt

do
< —Tﬁ'y’
L(y+1)

and

R IT ()]

1—

Hence, || 7 ||< dy gives

Olgdo 1)
T < araudy + —220_pov . 2390
| QT ot + 1= akET(3)
Due to the assumption (D) Q maps By, into By, .

Step 2: We prove that Q is continuous on By,. Let € > 0 and 7,7 € B,, such that || T -7 ||< e.
We have

(QY) (<) - (QT) (<)
< | (5, U(s, 7(s)), 0 %ZJ"‘T( ) = I (5, U(5, 7(5), I} () 4 I°T(<)) |
<o |U(s,7(s)) = U(5, T(s))| + a2 [T} (s) = T (s)| + as [fIV(s) = I*T(s)| -
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Also,

‘Ig’l"(g) — Igf(g)‘

B [T - T(9))
_‘Fm/l (8 — ¢h)1 &

B [T — 1))
= I'(v) /1 (¢B — &8 a
Be 5 e
() / ey

Tﬂ'y’
C(y+1)

A

<

and

= (Sk—lz—Fl?%;k /1 (§s+1 775+1)Z—1 - (T(n) _ T(U)) dn
s+ D)% e L en

- (k—,gp()%) /1 ( o n ) n ‘T |d77
e(s+1)7% o
ak®0(1) (=1

Hence, || 7 — 7 ||< € gives

[e3

—(QY Qg€ Q€ gy, WEBHDTE (48
QD) (6) = (QT) ()] < e + G =3 777 + e = (T — 1) |

As € = 0 we get |(QY) (<) — (QT) ()| — 0. This shows that Q is continuous on By,.

Step 3: An estimate of Q with respect to wy: Assume that 2(# ¢) C By,. Let € > 0 be arbitrary
and choose 1" € 2 and ¢, ¢ € I such that |¢ — ¢1| < e and ¢ > .

Now,

| (§2, U (§2, T(Q)) IWT(Q),Z JQT(Q)) - H(§1, U (§1, T(§1)), IgT(§1)7z JQT(Q))‘
< (2, U (62, 7(2)), I3 (2) 2 I°7 () — H (2, U (2, 7(2)), I} (2) 3 37 (1)) |
+ ’ (§27 U (§2, T(§2)) IVT(Q),Z JaT(Cl)) - H(Cz, U (§2, T(Cz)), IET(Q),Z JaT(Cl))‘
+ ‘H(Q, U (§2, T(gz)) I’YT(Q),Z JQT(Q)) - H(§2, U (§1, T(§1>>7 IET(Q),Z JaT(Cl))‘
+ ’H §2,U (§1 T(§1)) IVT(Q),Z JaT( )) H(§17U (C1,T(§1)),IET(§1),Z JQT(Q))‘

< az[JT(G2) =1 I T ()| + o ‘IWT S2) IgT(§1)|
+ o1 |U (@, (s2) — U, T(a))| +wn(l,e€)

< az |}JY(s) =5 I (q1)] + a2 ‘IZT(Q) — IgT(§1)|
+ a1y [T(s2) = Y1) +wn (1 €)
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where
|I1(s2, U, 11, Io) — (1, U, I, )| ¢ |62 — 1] < €561,5 € I }

- )
wr(l,€) = Sup{ Ue[-U,ULL € [-J,0;1, € [-L1]

Also,

—~
VA
_|_
—_
\/
T

(S+1)1 C’z/Q +1 41\ 71 (S 1

— g_S . S ST d N
e ) ( n) T () = =g )
(s+ 1)~
FE

IN

S—
H

?r\;;
—
[V

o +
—_
N—

—

|

R

and
’I (@) =T T(§1)‘

B e B[ T
i ( == 05 ). (o) =
J:

He & —¢)
<M [2(3‘3—55)7—#(85—1) — (s —1)
— F(’Y"‘ 1) 2 1 2 1
As € — 0, then ¢ — ¢; and so, [7J*T (s2) —5 J*7(s1)| — 0 and |IZ,T(§2) — IET(Q)‘ — 0. Hence

(QT) (2) = (QT) ()]
< a3 [0 (s2) =3 I (1) | + 02 | T} (s

+ araqw (T, €) + w1, €),

) - IgT(Cl)‘

ie.
QT e) < az [3JT(s2) =7 I (s1)| + o |IET(§2) - IgT(gl)’ + ajaqw(T,€) + wi (1, €)

By the uniform continuity of I7 on I x [=U, U] x [=J, J] x [L I] we have w(I,¢) — 0, as € — 0.
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Taking supyc, and € — 0 we get,
wo(Q2) < arawy(£2),

Thus, by Remark , Q has a fixed point in 2 C By, i.e., equation (4.1)) has a solution in E. [
Now, we shall consider an example of integral equations involving both (k, s)-Riemann-Liouville
and Erdélyi-Kober fractional integrals and study the existence of solution of it on C[1,2].

Example 4.2. Consider the following equation

: Lz
1) | HTO BT
6

T pr—
() 7+ g2

(4.2)

for ¢ € [1,2] = I.

Here,

I

Wl Wl

T(s) = 31‘1(%) [ei(s- £) " T(ea

and

win

J

Wl W=

HOR E(—;) /1 6 (F - ) T

Also, II(s,U,I;,I,) = U + % + 4% and U(¢,7) = 7};2. It is trivial that both IT and U are
continuous and

J—J
UG 5) — UG, ) < D22
and ] )
‘H(§7U711,I2)—H<§7ﬁ7il,i2)‘§‘U—ﬁ|+6‘11—11|+m|12—i2}
Therefore, a1 = 1, ag = %, g = 4—(1)0, g = % and ooy = é < 1.
If || 7 [|< do, then
. dy
U=—
87
3 2%—1)%0
J =
'(3)
and )
A 38(25—1) do
I=
32I'(3)
Further,
1 3 4 2
b 1]3(2-10)7d| g (2 1) d
I, UL, L)< —+ - —_ dp.
6 UL L) s 345 (1) T0 T srpE o ®

If we choose dy = 2, then
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which gives B
1 <2.

On the other hand, assumption (D) is also satisfied for dy = 2.
We observe that all the assumptions from (A) — (D) of Theorem are satisfied. By Theorem
it can be said that equation (4.2) has a solution in E = C(I).

5. Conclusion

Here, the solvability of fractional integral equations with both (k,s)-Riemann-Liouville and
Erdélyi-Kober fractional integrals using a new generalized version of the Darbo’s theorem using
Mizogochi-Takahashi mappings has been studied. Also, justify the validity of our results with the
help of suitable examples. This method can be applied to different types of integral equations in-
volving different fractional integrals.
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