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Approximation (M.S.E) of the shape parameter for
Pareto distribution by using the standard Bayes
estimator
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Abstract

In this paper, Pareto distribution was studied using a standard Bayes estimator. A Pareto distribu-
tion of two parameters is investigated to find the approximation of (M.S.E) of the shape parameter
by depending on Tyler series of two variables to propose a model mathematically.
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1. Introduction

The principle of Pareto distribution is used now in many applications, such as oil trading markets
and incomes rule. This distribution also proves that the level of the output and the level of input
is not the same all the times depending on the rule of 80/20, see [3, 2]. Moreover, this principle is
used in economics, population distribution and finance, see [10} [14]. In this work, many theories of
Pareto are used to obtain Pareto distribution from the standard Bayes estimator throughout Tyler
series of two variables, see [13] [I1, [6]. Noninformative prior (p.d.f) depending on Jefferys prior rule
is used to estimate parameters for this distribution, see [5], [15].
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1.1. preliminaries [13]

Let be a random variable r.v that follows a continuous Pareto distribution which is denoted by

Where two parameters the scale and shape parameters respectively , has (p.d.f) probability density
function:

fz) = (1.1)

2 >0, a>0
0 Otherwise

If x = ¢, then f above reaches the greater value and implies that:

€ ¢>0, a>0
flase) = {0 Otherwise

Figure 1 shows some Pareto p.d.f’s:
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Figure 1: Pareto p.d.f’s

1.2. The cumulative distribution function (c.d.f) [13]
(c.d.f) of the r.v X is According to the following formula:

c

F(z) = P(X <) = [f(u)du —1- (—)a (1.2)

X

1.3. Hazard (Failure) Function
h(x)= IJ;((”;)) , where R (z) is the reliability function R(z) = (£)®, and hence:

h(z) = % (1.3)
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1.4. The cumulative hazard function

H(z)=—InR(z)=—1In (g)a:—a(lnc—lnx) (1.4)

1.5. Mean and variance [I1]
1.5.1. The population mean of X is:

Simple simplifying implies that:

ac
E(z) = 1.5
(0) = (15)
1.5.2. Variance of Pareto distribution
a
1% —
R V)

E(z?) = / T2 f(2)da

Again, by solving this integral implies that:

Var(z) = E(z*) - [E(x)]’

Substituting ((1.5)) and ([1.6)) in that last equation then:

C2Oé

Var(z) = @102

1.6. Median and mode

1.6.1. Median for Pareto distribution [6]

A median for any variables are the middle number in a sorted, or is the value of x of r.v X such
that F(X) = p(X <) =1 . For Pareto distribution case, ,,4 = ¢*v/2

1
2 (1.8)

1.6.2. Mode for Pareto distribution
A mode is known in statistics, it is the most frequently occurring value in a set of data, or in a
probability space, the mode for distribution might have more than one or may not exist.

For Pareto distribution the mode is:
Mode = ¢ (1.9)
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1.7. Related theories [4), [12, [1)]

Theorem 1.1. A random sample of size n, let it be x1, x9, T3, ..

(i) The first order statistics
(ii) The limiting distribution of

Proof .
(i) by using equations (1.1)), (1.2)), ee have:

y1 = min{zy, xq,...,2,}
1—Plyr>y), y<c
Ply; <) =
(yl_y) {O, y> e
we have
) c @
P($i§y)=/ f(zi, e, ) da:zl—(—)
c Y
Therefore

vac™®

0 e.w

That is Y1 ~ par(na, c)
(i1) - Y1 ~ par (na, ¢), then c.d.f of Yy is:

— y1+noc 9
0
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.y Xy, from par(a,c) then:-

c<y<oo

c.w

0 Y1 <c¢
h(Yi) = 1—[1—&1} c<Vi <o
1 Y, — o
Then
0 v <
lim h(Y}) = { 1=
n—00 1 Yi>c¢
noc
E(Y}) = 1.10
) = " (1.10)
2
Var(y;) = nae (1.11)
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Theorem 1.2. X ~ par(a,c), where the random variable ¢ is unknown parameter therefore:

Y =InX ~ Exp(S,¢), where f =1Incand ¢ =1/«

Proof .
X =e"
0
|J| = 8_; =Y, Jis the jacobian
ac®
f(l')zﬁ, xr>c
ac®

g(Y) = f(e").]J] = W'ey = ac®e Y

Since B=1Inc, ¢=1/a=c=¢", a=1/¢, then g(Y) = (1/¢).e =Rl Y >0
Hence, Y ~ Exp(B,¢). Then p, = E(Y)&Var(Y)

EY)=¢+=p,=EY)=Inc+1/a (1.12)
Var(Y) = ¢* = Var(Y) = 1/a? (1.13)

O

1.8. Standard Bayes Estimator [7]

The idea of Bayes estimation is relies on the assumption that the parameter is a random variable,
and that there is prior information (Prior P.d.f) about this parameter that is combined with the
Posterior information (Posterior. P.d.f):

h(olx, ... ,x,) < L(xy,...,x, : ¢) where L(xy,...,z,:¢) is Likelihood function
h(plx, ... x) = KL(x1, ..., 2, : @) J(P), where J(¢) textisPriorP.d.f

K= / KL(z1,...,2,: @) J(@) do; where Kk is constant
Vo

Suppose we use the quadratic loss function L(¢, ¢) = (¢* — ¢)? and the risk function E{L(¢, $)}
(L0} = [ (6= 0 holo.....ma) do
Ve

_ / (97 =200 +.6%) hole....au) dg

= &2 — 2q§E(gb|m1, )+ B(PT, . x)

0 A - .
2 B, 0ry =20

Then the critical point is ¢p = E(¢|z1,...,x,) alocal minimum point.
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1.8.1.  Using noninformative prior (p.d.f) of estimation parameters for Pareto distribution:
Relying on the Jeffreys prior method see [5, [I5], prior probability density function which is each
of the two parameters a and ¢, so we can assume:

Ji(a) x 1/a® a>0
Jo(c) x 1/c", c>0
J(a, c) o< Ji(a).Ja(c)
J(a,c) x 1/a’c”

A random sample of size n, let it be x1, 3, x3, ..., x, from par(a, c), Hence the likelihood function
is:
ac® ac”®
. — n _ n _ n
L(x17$27 sy I, @ C) - Hizlf(xi/a7 C) - Hi:l a+1l Hi:l a+1"
i Ty
we get
h(zy, o, ..., Ty, C) X

asc” ' (H?ZIxi)N—H

h(xy, o, ..., 2, ¢) oc " " "Exp | —(a+1) Z In 3:2]
i=1
Let r=1
h(zy, T, ... Tn;,c) = kA" 5" ' Exp | —(a + 1) Z In LUZ]
i=1

0o fE(1) n
/‘i_l _ / / an—scna—lEgjp —(Oé + 1) Z In Z’l] dc do
0 0 i=1
) [ [S] " r (—a 3 me )
— n; — o ap | —« nz; | do
o LNl i=1

i=1

n 00 e n
n—s (1)
_E In z; RSNy o — E Inz; | d
' nx)/o o - xp( Q n:p) o

=1

E — n | i > | -
_ ap (— iy Inx;) / Q" Eaxp | —a <Z Inz; — nlnx(1)>] dov
n 0 i—1

= Brp (i ) /OO ey —ailn( e ) do
" 0 L =

L)

I

S

S
e YR
3
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n—s na—lE _ n 1 .
h(a,c,Xl,...,Xn):na ¢ (=i I i) 0<c<zg <z<oo, a>0.

=9 [Stom ()]

¢ =xq) =min{w, zs,..., 2.} (1.14)

M(O[’Xl,XQ,...,Xn): ]’L(O&,C,Xl,...,Xn) dx
anfsqe(—aZ?:l lnmi)
o[t ()

Suppose we use the quadratic loss function so Bayes estimator for is mean of posterior:

g) __n=s
X s (%)

If s =1, then the standard Bayes estimator is maximum likelihood.
If s = 2, therefore standard Bayes is unbiased & min var of parameter a [9.

d:E(

. n—s
L) o
1.9.  Approximation (M.S.E) of the standard Bayes estimators [8]

Let Xy, X5, ..., X,be ar.v of size n follows Pareto distribution with two parameters. We will
approximation (M.S.E) of the standard Bayes estimator, by depending on Tyler series this series
was named after the English mathematician Brook Taylor creating Taylor theorem (1685 — 1731).
For Tyler series several uses, but the most important it allows to express any mathematical function
through many borders can we find approximate solutions to the problem of whether the exact solution
intractable. Then we take Tyler series of two - variables R, S at point (11, p2) up to second degree
by using the following equations:

1 2 1 2
Elg(R,S)] = g(pr, ps) + §VC”“[R] IR g(R,S) o + §Va7’[5] 752 g(R,S) .
) 1ts s (1.16)
92
+COU[R, S] m g(R, S)
i i
5 2 5 2
Varlg(R,S)] = Var[R] By g(R,S) . + Var[S] B 9(R,S) “R]
- Hs He (1.17)
0
+2Cov[R, S] 3R g(R,S) | as g(R,S) o
Its 1is

by equations (1.14)) and (1.15): ¢ = x) = min{wz1,2s,...,2,} and & = W By Theorem ,
i=1 0\ =

then:

nac
Fle¢| = ElY| = 1.18
4= B = 2 (118)
limy, o0 £[¢] = lim,, 0 2*G = c. Shows that the is asymptotically and unbiased for c.
2
Varld = Var[Y] = nae (1.19)

(na — 1)%(na — 2)
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a= ZL’;]S(%> = Zlelr?;s—nlnyi Let, M; =Inxz; and W = Iny;, we get & = %2373\/1;8—1%
Let R=M, S=W,in (1.16) and (1.17)), then:
— 1 . 0? 1 [
Blg(M, 5)] = g(pzz, ps) + SVarlM] —5 g(R,S)| +SVarlS] oo 9(M,5)
— 02 _
+ Cov[M, S] | — M,S
M 5) | Satas 99,
tis
and
0 i 9 i
Varlg(M,S)] = VarM] | —= g(M, S VarlS) | =5 9(M, S
ar[g(M, S)] = Var[M] laM g(M, )’ng + Varl[S] [as g(M, )I%]

— 1o J— [ p—
2Cov[M,S] | — g(M, S — S
+ OU[ Y ] [3M g( Y )‘uﬁ aS g( Y )
1is
By equations (1.12) and ((1.13]), we get:
| —
par = Inec+ o
— 1
Var(M) = —
ar(M) o
1
pw =Inec+ —
no
1
Var(W) = a?
We has c.d.f from eq.({1.2)), that is:
0 W <lnc
HW)=491-(:7)"" Inc<W <o
1 W = o0

Shows that the r.v W converges randomly (stochastically) to Inc

— L n—2
gAML W) =& =T

From Eq.(1.20) and Eq.(1.22)), we get

NV n—2 aln—2
Q(M,W)|¢As4:n(lnc+é—lnc—i): 51_1)

Og(M, W) —(n—2) _ —n(n—2)a?
oM /ng:n(ﬁ—W)?: (n—1)2

0%g(M, W) . 2n-2) 2(n — 2) _Q(n_Q)nQQQ
oMl n(M=W)  n(mett-le—L)”  (n—1)

(1.20)
(1.21)
(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)
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ogM, W)l (n—-2) (n—2) _ nn - 2)a? (1.29)
ow har n(M — W)? n(lnc+é—lnc—$)2 (n—1) '
FPg(M,W)|  2(n-2) 2(n — 2) _ 2(n—2)n%? (1.30)
oW? nar n(M —W)3 n(lnc+é—lnc— %)3 (n—1)3 '
Pg(M,W)|  —2(n-2) —2(n —2) _ —2(n—2)n%? (1.31)
OMOW iy n(M =W} e+t —Ine—L)° (n—1) '
Since M stochastically - and W stochastically Inec. So MW stochastically - In c, therefore
— 1
EMW] 2 pgrlnce = {lnc—i— a} Inc
— — — 1 1 1
CovlMW| = EIMW] - EM|EW] = (Inc+ — |Inc— (Inc+ — | (Inc+ —
e « no
— —(al 1
Cov[MW] = (O‘n—(’;r) (1.32)
no

sl = pT ) = S0 [ (Rt 2 ] [P )]

N [—(alnc—l— 1)} {2043712(71 — 2)1

na? n—1)3
Ela] = agln_—lz) {1 o 1(1>2( 31 +1+2Inc )} (1.33)
Varla] = Var[g(M,W)] = n; {_7852_(7;); 2}2 + n21oz2 [”&2(_"1_)22}2
e[ B ] P
Varla] = % {204 Inc+3+ H (1.34)
M.S.E(&) = Var[a] + [bias (&)]? (1.35)
and
bias(d) = B(d) — a (1.36)

Put Eq. (1.34) in Eq. (1.36]), then we get

aln —2)
(n—1)

Then put Eq. (1.34) and Eq. (1.37) in Eq. (1.35])

bias(&) =

1
[1+(n_1>2(3n+1+2nalnc)] -« (1.37)

1
(n—1)2

M.S.E(&) = % [20zlnc+ 3+ H + [

a(n —2)
(n—1)

2
{1+ (3n+1+2nalnc)]—a}

(1.38)
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2. Conclusion

From our theoretical result a above, one can conclude that this method of approximate can
be extended to applying other types of Pareto distribution and applying this method to find an
approximation (M.S.E.) of estimation methods for other distributions. Moreover, the approximate
mean squared error become more exact if we used the higher degree of approximation .

References

[1] M.P. Alan,Introduction to statistical limit theory, 1st Edition, Chapman and Hall, 2011.
[2] B.C. Arnold, Pareto Distributions, Second Edition, CRC Press, Boca Raton, Florida, 2015.
[3] J. Chu, O. Dickin and S. Nadarajah, A review of goodness of fit test for Pareto distribution, J. Comput. Appl.
Math. 36 (2019) 13-41.
[4] R. V. Hogg and S.A. Klugman, Loss Distribution, John Wiley and Sons New York, 1984.
[5] D.-H. Kim, Sang.-G. Kang and W.-D. Lee, Non information prior for Pareto distribution, J. Korean Data Inf.
Sci. Soc. 20 (2009) 1213-1223.
[6] A.A. Khaliq, Census of Life, Arabic Edition, Ammaan-Jordan, Dar Yazouri, 2011.
[7] E.L. Lehmann and G. Casella, Theory of Point Estimation, 2nd ed., John Wiley and Sons, NY., 2003.
[8] H. Levy and H.M. Markowitz, Approzimating expected utility by a function of mean and variance, Amer. Econ.
Rev. 69 (1979) 308-317.
[9] H.J. Malik, Estimation of the parameters of the Pareto distribution, Metrika Int. J. Theor. Appl.Stat. 15 (1970)
126-132.
[10] S. G. Meintanis and Y. Bassiakrs, Data — transformation and test of fit for the generalized Pareto hypothesis,
Commun. Stat. Theory Methods 13 (2007) 1965-1979.
[11] A.M. Mood, F.A. Graybill and D.C. Boess, Introduction to The Theory of Statistics, Third Edition, McGraw-Hill,
London, 1974.
[12] S. Nadarajah and S. Kotz, Reliability for Pareto Models, Metro Int. J. Stat. LXI(2) (2003) 191-204.
[13] L. Norman, J.K. Samuel and N. Balakrishnan, Continuous Univariate Distributions, Second Edition, Wiley, 1994.
[14] M. Obradovic, M. Jovanovic and B. Milosevie, Goodness-of-fit tests for Pareto distribution based on a character-
ization and their asymptotics Statistics, J. Theor. Appl. Stat. 49 (2015) 1026-1041.
[15] W. Dong, D.-H. Kim and S.-G. Kang, Non information prior for linear combinations of exponential means, J.
Korean Data Inf. Sci. Soc. 27 (2016) 565-575.



	Introduction
	preliminaries 5
	 The cumulative distribution function (c.d.f) 5
	 Hazard (Failure) Function
	The cumulative hazard function
	 Mean and variance 6
	The population mean of X is:
	 Variance of Pareto distribution

	 Median and mode
	 Median for Pareto distribution 7
	 Mode for Pareto distribution

	Related theories 8,9,10
	 Standard Bayes Estimator 11
	 Using noninformative prior (p.d.f) of estimation parameters for Pareto distribution:

	 Approximation (M.S.E) of the standard Bayes estimators 15

	Conclusion

