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Abstract

In this paper, the dynamical behaviour of an epidemiological system has been investigated. A stage-
structured prey-predator model includes harvest and refuge for only prey, the disease of type (SIS)
is just in the immature of the prey and the disease is spread by contact and by external source has
been studied. The transmission of infectious disease in the prey populations has been described by
the linear type. While Lotka-Volterra functional response is used to describe the predation process
of the whole prey population. This model has been represented by a set of nonlinear differential
equations. The solution’s existence, uniqueness and boundedness have been studied. ”The local
and global stability conditions of all the equilibrium points” have been confirmed. As a final point,
numerical simulation has been used to study the global dynamics of the model.

Keywords: A stage-structured, Prey-predator, SIS disease, Refuge, Harvesting.

1. Introduction

The first model of prey and predators was a simple hypothesis by the famous Lotka and Volterra in
1925. More realistic predator and prey models have been created by ecologists and mathematicians.
Berryman considered in 1992 that dynamic interactions between prey and predator had become
one of the most important topics that play a major role in the social, technological sciences, the
mathematical, natural environment, particularly in research in ecology and biology. One of the
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fundamental topics in ecology is the relationship between prey density and reparative density [8].
In the relationship between predator and prey, there is an essential factor, which is the disease
that must be investigated in eco-epidemiology, which includes epidemiology and environment, to
see how disease affects on the densities of prey and predator. [7] considered the SI disease in prey
population which is transmitted from external sources and by contact between the prey individuals.
[10] investigated and analyzed the stability of an epidemiological system with diseases of types SI and
SIS in the prey population only, the diseases are transmited from external sources and by contact
between the preys’ individuals. [3] studied the infection dynamics of an SIS disease in predator-prey
systems which spread in both species by contact and by predation. and [18] studied prey refuge and
harvested modified Leslie-grower predator-prey model with SIS-disease in predator.

Researchers have taken great interest in the prey and predator system to make it more realistic,
by including stage structure, different types of functional responses, many types of diseases etc. . The
impacts of stage- structure, refuge in the predator- prey ecosystem are the essential topics in the last
years. A lot of researchers have been studies stage structure models like [23, 11, 9, 13, 5, 12, 17, 15].
Also a lot of researchers studied the impact of prey refuges on the dynamical system like [4, 24, 12, 1].

Harvesting has a direct and powerful effect on population dynamics, and there are several studies

that have dealt with this topic, such as [6, 21, 19, 2, 20]. [22] studied a food chain model with
SIS in prey only with harvesting on infected prey, and studied the predation of the first predator of
susceptible and the infected prey and the predition of the second predator of the first predator.
In this work ”an epidemiological mathematical system” involving of stage-structured in prey-predator
model, the prey stages is U(T") = Uy (T) + Ux(T') where U;(T) is the immature prey and Uy (7)) is the
mature prey, the model involving SIS disease in the immature prey [susceptible immature species
S(T) and infected immature species I(T), where Uy(T') = S(T') + I(T) | with refuge and harvesting
in prey population and a predator V' which is predate all kinds of the above preys. In fact, because
of the complexity of the proposed model mostly between the disease of immature prey and the
stage-structure of prey, it was difficult to find an example

of this model in the environment, but it was not hopeless, so with the help of a biologist, we
could find an example represented by prey is Sheep with the SIS disease in Lambs and the predator
is a Wolf, where the disease is Hemorrhagic fever.

2. The Mathematical Model

In this section, an epidemiological mathematical model has been suggested. The model includes
of a stage-structured in "prey whose population density at time 7" is represented by” U(T) and a
predator is represented by V(7). The following assumptions are assumed for this model:

1. The population density of the prey consists of stage structured, the immature represented by

Uy (T) and the mature which represented by Us(T"), where U(T) = Uy(T') + Us(T) .

2. An epidemic of type SIS disease in the immature prey’s population which divides the population
into two classes, namely S(T) that represents the susceptible immature prey’s at time 7" and
[(T) that represents the infected immature prey’s at time 7', where Uy (T) = S(T') + I(T).

3. This disease is transmitted through contact between S and I and through an external source,
it does not spread to the mature prey and predator. The proposed disease can be treated and
does not give immunity to the immature.

4. The immature prey depends on the mature prey on their feeding.
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The predator predate the immature (susceptible and infected) and the mature of prey by Lotka
Voltera of functional response. Also, this model involving refuge and harvesting, and the parameters
are described in Table 1.

Table 1: The model’s parameters

Parameters Symbolizing from a biological point of view
r>0 The growth rate of tmmature’s prey.
K >0 The carrying capacity of the susceptibleprey.

B, 1=1,2,3. The maximum predation rate (MPR) of the predator over
the susceptible, infected and the mature of prey respectively
which are outside refuge.

Ao =1l The infection rate.

m;, t=1,2,3 The refuge rate of the susceptible, infected and the mature
of prey respectively.

Y3 The recovering rate.

a>0 The grown up rate of the immature into mature (in prey
population).

i, t=1,2,3 The conversion rate of food from susceptible, infected and

the mature of prey respectively.
d The natural death rate of the predator.

0;, 1=1,2,3 The harvesting rate of the susceptible, infected and the ma-
ture of prey respectively.

According to these assumptions, we propose the model by "first order non-linear differential
equations”.

ds U.
d_T :TUQ (1-%) —aS—els—Bl(l—ml)SV—715[—725+75[
dlI

IT = VST + 7S —y3l — Bo (1 —mg) IV — 6o (2.1)

dU.
d—T2 :&S—ﬁg(l—M3>UQV—93U2
dV

Note that, the model has eighteen ”parameters which make the analysis difficult, so to simplify
it, we reduced the number of them by using dimensionless variables and parameters” as follows:

S I Uy Vv o V2 0 i V3

riL, K, 2 K7 3 K’ 4 K7p1 r7p2 Tap3 r7p4 r y D5 7"’
_ﬁl(l—ml)K _ﬁg(l—mg)K _92 _ﬁg(l—mg)K _63 _nl(l—ml)K
po=—" P —"— P8~ P9~ SPo=—, PuT—

r r r r r r
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ng(l—mg)K ﬂg(l—mg)K d

Po=—7"""—Pi3=—" ", Puua= —.
r T T

So the dimensional system (2.1) can be formulated as:

% = hy (1= hg) = (p1 +ps + ps) b — pabahy + pshs — pshaha = fi (ha, ho, g, ha)

% = pohy + pahihy — psha — prhahy — pshy = fo (hy, ha, hs, hy) (2.2)
% = prhy — pohshy — prohs = fi (hu, ha, hy, g)

% = prihiha + piohoha + pishshy — prahs = fi (h1, ha, h3, ha)

With hy (0) > 0, ha(0) > 0, h3(0) > 0 and hy(0) > 0. It is noticed that the parameters’
number have been reduced from eighteen in system (2.2) to fourteen in system (2.2). Clearly, the
"interaction functions of system (2.2) are continuous and have continuous partial derivatives on the
following positive four dimensional space”.

RY = {(h1,ho,h3,ha) € R% : hy1(0) >0, ho(0) >0, hy(0) >0, hy(0) >0}. So, ”these func-
tions are lipschitzian on R’ , and hence the solution of system (2.2) exists and unique. Moreover, all
the solutions of system (2.2) with positive initial conditions are uniformly bounded as proven in the
following theorem?”.

Theorem 2.1. The solutions of the system (2.2) are uniformly bounded.
Proof . Let H(T) = hy (t) 4+ ho () + h3 (t) + hy (1)

A _dhy | dh | dh | dhy
dt  dt dt dt dt

= h3 (1 — h3) — psh1 — ph1hy — prhohy — psho—pohsh, — prohs + pr1hiha + piohohy + prshshy — p1aha.
dH

E < hs (1 - ha) - (pﬁ —pn) hihy — (p7 - pu) hohy — (pg - p13) hshy — pshi — pgha — piohs — piaha.

So, dd_lj < 411 — MH , where M = min {ps,ps, P10, P14} ,

JH 1
at o<t
a TS

For the initial value H(0) = Hy and by the comparison Theorem [16]. It becomes:

1 1
H(t) < — + (Hy— — ) e,
(t)<41\/[+<0 4M)€

, and therefore, 0 < H < = vt>0.0

Thus, lim;_,, H (t) < ik

L
aM
3. Existence of Equilibrium Points (EPs)

In this section, all the (EPs) of system (2.2) have been found. System (2.2) has six (EPs) as
bellow:

1. The trivial (EP) Ay = (0,0,0,0) always exists.
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2. The (EP) Al = <E1,07E3,0> where ﬁl = %(pl (1 _pl()) —pgpl()) and ?Lg = Iw
1
provided that:

P1o < 1a (31)
p1 (1 —pio)

p3 < T (32)

Hence A; = <El,0,%3,0> exist under conditions (3.1) and (3.2)

3. The (EP) Ay = (51,52,%, O) where hjg is the unique solution of the equation :
a1h§ + CLth +as = 0, (33)

where a; = pipapio > 0, az = —p1 (p1 (ps + ps) + p4p10_[1 - p10])_+ p3p4pio,
as = p1 [(p5 + ps) [pl (1 - pw) - psplo] - pzpsplo] ,and hy = hy (h3) = buhs

p1

hy = hy (h3) = p1(p5fi)§)lojimoﬁs exists if in addition to condition (3.1) and (3.2) the following

conditions hold:

p1 (p1 (ps + ps) + papio [1 — pro]) > pspapy (3.4)
1 — —
(ps + ps) [ (p P10) — P3P1o) > paps (3.5)
10

Hence A, (51,52,53, O) and Aj (Wl,ﬁg,ﬁl;;, O) exist under conditions (3.4) and (3.5)

4. The free disease (EP) Ay = (ﬁl, 0,33,};4) where hy is the unique solution of the equation:

bihd 4 byh? + bshy + by = 0, (3.6)
where
b1 = —pepy (Pop11 + p1p13) < 0,
by = (pop11 + pP1p1s) (p1 + P3 + Pep10) + PePop10P11 > 0
bs = (pop11 + p1p13) [p1 (1 — pio) — piops] — Propir (Po (P1 + P3) + PePro) — Pipia,
by = prop11 [p1 (1 — p1o) — props)
and };3 _ h3 /};4 _ P1—<P10+P9h4)(P1+P3+P6h4) 7’}21 _ hl /};3”}24 _ hs(P10+P9h4) exists if in

P

addition to condition (3.1) and (3.2) the following conditions hold :

p1

p1 > (]910 + p9ﬁ4> (p1 +p3+ pﬁﬁzl) ) (3.7)
(pop11 + p1p13) [p1 (1 — p1o) — props] > propay (Po (p1 + p3) + Pepio) + Pipia. (3.8)

5. The coexistence (EP) A5 = (h], hi, hi, h}) existsif and only if the set of the following equations
have a positive solution:

hs (1 — h3) — (p1 + p2 + p3) b1 — pshihy + pshy — pshihy = 0, (3.9)
p2hy + pahihy — psha — prhahy — pshy = 0, (3.10)
p1hi — pohshy — prohs = 0, (3.11)
p11hihy + piahahy + p13hshs — prahy = 0 (3.12)
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From equation (3.12) we have,

_ D14 — P11h1 — pi2he

h 3.13
3 P13 ( )
By substituting (3.13) in (3.11) we get
hy — — hy — h
hy = P1P13t1 — P1o [p14 P11h1 — P12 2]' (3'14)

P9 [P14 — prihy — praho]
Now by substituting (3.13)and (3.14) in (3.9) and in (3.10) yield the following two isoclines:

Fy (ha, hy) = popti BT + popiahs + popis(p1s — pra) + hiho[popripia (P13 — 4p1a + 3pizhs)

+ pis [Po (Pa [P12h2 — 2p14] — Psp11) — Pepropr2]] + hilpopriho (31?%1]012 + p4p%3)

+ pislpopii(p1 + P2 + p3) — Pe(P1P13 + Prop11)] — 3popiypispia] + Praha[pop11 (3pia — 2py3)

— pis[pepio — po(p1 + 2 + p3)]] + Popr12h3[p12(p1s — 3p1a) — pspis)

+ pop12p1ahs(3p1a — 2p13) = 0, (3.15)
Fy (hy, hy) = papohi(pra — pi1ha) + holhi(pe[papra+pi1 (ps + pr + ps)—p7(P1p13 + Propi1)] — papepiiha)

+ pr2ha(po[ps + pr + ps] — prp10 — Pohilp2 + pa]) + Pralprpr0 — Po(ps + pr + ps)]] = 0.
(3.16)

Now from (3.15) we observed that, when hy — 0, hy — h}’ , where h}’ is the unique solution of the
equation:
c1h34coh? + cshy + ¢4 = 0, (3.17)

where ¢ = pop3, > 0, o = piy [pop11 (P1 + P2 + P3) — Pe [P1p13 + Propi1]] — 3pop3iPr3pia s
c3 = P14 [Pop11 (3p1a — 2py3) — p%z [Pep10 — Po (1 + D2+ p3)]] , ¢4 = popiy (P13 — Pra) -
According to the following conditions

pop11 (p1 + P2 + p3) > pe [Prp1s + Propia] (3.18)
Pis [pop11 (p1 + P2 + p3) — P [Prp1s + Prop11]] > 3popiipispia, (3.19)
3p14 > 2py3, (3.20)
peP1o < Po (p1 + P2 + p3), (3.21)
Pop11 (3p1a — 2p13) > Pis [po (D1 + P2 + p3) — Pepro) (3.22)

Further, from eq. (3.16) we notice that, when hy — 0, then h; — hj = 24

P11’
Ok
Now, from eq. (3.15) we have: 9 = — Egﬁ?g . So % < 0 if one of the following of conditions hold:
971 2

dha
ok,

6F1 8F1 8F1 aFl

aFy
Further, from eq. (3.16) we we have: 91 = — EZE%

dhsa
ol OF OF OF OF
2 2 2 2

. So 3—2; > ( if one of the following of conditions
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Then Ay = (hf, hi, hi, h}) where hi = hs (h{, h3) and hj = hg (b7, h}) provided

P1a > puhi + prahs (3.25)
hi (p1p13 + propi1) + Propizhy > piopia- (3.26)
nE < ht (3.27)

These are presents the conditions of existence of A5 = (h, h%, h}, h})

4. The Local Stability Analysis

In this section, by linearization method the stability analysis of all the (EPs) of system (2.2)
has been studied analytically. Note that; Ain,, Ainy, Ains and A, denote the ”eigenvalues of the
Jacobian matrix (JM) J; = J (4;);i = 0,1,2,3,4,5 which describe the dynamics in the direction of
hi, hae, hy and hy4 respectively. We can write” it for each (EPs)

— (p1 +p2 + p3 + pahy + pehy) s — pahy 1—2hs —pehy
J = p2 + pahy pahy —prhy = (p5 + ps) 0 —prhy (4.1)
’ p1 0 — (pohy + p10) —pohs :
p11hy p12hy p13hy p11hy + p12hy + p13hs — p1a

4.1. local stability of (EP) Ao= (0,0,0,0)
The (JM) at Ay become

— (1 +p2+p3) Ps 1 0
—(ps + 0 0
Jo=J (o) = b R (42)
0 0 0 P14

The characteristic equation of Jy can be given by:

(Apra) (A + S1A% + SaA + 53) =0

where S1 = p1+po+p3+ps+ps+pi0 > 0, So = pro (P2 + p3 + ps + ps)+(p1 + p3) (ps + ps) +p;1 (P10 — 1)+

Paps, S5 = Dio (P2ps + p3 (ps + ps)) + 1 (P10 — 1) (ps + ps) -
Now either

)\+p14 = 0, SO )\0h4 = —puu < 0. Or

4.3
)\3+Sl/\2—|—52/\+53:0 ( )

Routh-Hurwitz principle have been used to find the roots of eq. (4.3) . So, all the roots of eq.(4.1a),
have real parts less than zero if and only if S; >0, i = 1,3 and A = 5155 — S5 > 0.

Through direct calculations shows that S3 > 0 by negating condition (3.1).

Also, A = pi(pio — 1)(p1 + (p5 + ps)(p2 + ps + 5 + Ps + P1o) — s — Ps)

+ (p5 + ps) [P10(p1 — p3) + p1(p1 + p3)] + Papro(Pr — Ps) + p1(1 4 P3p1o) + Paps + (P2 + p3 + ps + ps
+p10) [Pr0(paps + p3(ps + ps)) + paps] > 0, by negating condition (3.1) and the following condition
holds

p1 > max {p3 , ps} (4.4)
1+ (ps + ps) (P2 + p3s + s + ps + pro) > s + s (4.5)

Thus, the (EP) Ajg is local asymptotically stable (LAS).
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4.2. Local Stability of (EP) A1= (Hl, 0.hs, O>
At Ajthe (JM) become

Ji = J (A1) = [aij]axa

—(p1+p2+ps)  ps—pau 1 —2hs3 —pshi
_ D2 pah1 — (ps + ps) 0 0 (4.6)
P 0 —P1o _ —pg@
0 0 0 p1ihy + pishs — pus

The characteristic equation of J; can be given by:
(a44 — )\) ()\3 —+ Kl)\2 —+ KQ)\ + Kg) =0

where Ky = — [a11 + ag + ass], K = a1y [age + as3] — agea3s — a12a21 — aq3as;,

K3 = ay3a31a00+ass <P4h1 — (p5+p82g1_~_;§:;)+p2p8>.

Now either asy — A = 050 A\jp, = aqq < 0 if the following condition holds

puha + pishs < pua. (4.7)
Or )\3+K1)\2+KQ>\+K3 =0 (48)
Routh-Hurwitz principle have been used to find the roots of eq. (4.8). So, all the roots of eq.(4.8),

have real parts less than zero if and only if K; >0, i =1,3 and A = K; Ky — K3 > 0.
The direct calculations shows that K; > 0, ¢ = 1, 3 if the following conditions hold:

p4ﬁ1 < min {P& (ps + ps) (p1 +ps) + p2p8} ; (4.9)
(p1 + ps)
1 < 2hs (4.10)
+ +ps) + ~
A = (a11 + a2 + ass) (a12a21 + a13a31 + axass — ay1 (ag2 + ass)) + ass ((p5 ps) (P14 ps) + paps - p4h1)
(p1 + p3)
— ay3asz1a92 > 0,
if (4.9) and (4.10) and the following conditions hold
A12G21 + Aa33 < a11 (G2 + ass) — a13as1, (4.11)
(@11 + ag2 + as3) (a12a21 + a13a31 + a2eass — ary (aga + ass)) + a13a31a22
> ass (pjzl (s +ps) (p1 +ps) +P2p8) ’ (4.12)
(p1 +ps3)
Thus the (EP) A; becomes (LAS).
43 Local Stabzlzty Of (EP) A2 (El,Hz,Hg, 0) and A3 (Wl ,Wz,ﬁ& 0)
The (JM) at A, is the same for Aj is become:
Jo = J(A2) - [nij]4x4
—(p1+p2+ p3 + pihs) _Ps — paln 1 —2hs —peha
_ p2 + pahe pahi = (ps+ps) 0 —prhs (4.13)
b1 0 —P1o —pohs

0 0 0 p11hy + piaha + pishs — pua
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The characteristic equation of J, can be given by:
(n44 — )\) ()\3 -+ l)l)\2 —+ Dg)\ + Dg) =0

where Dy = — (n11 + nag + nag) , Do = noongs + nay (a2 + nss) — nianar — nisna,
(p5+ps)(p1+p3)+ps(p2+paha)

(p1+p3)
Now either ngy — A =0 50 A9, = nyy < 0 if the following condition holds

D3 = nignzingg — ngs <p4h1 -

pithi + piaha + pishs < pu (4.14)
Or X+ DiA° + Do)+ D3 =0 (4.15)

Routh-Hurwitz principle have been used to find the roots of eq. (4.15) . So, all the roots of eq.
(4.15), have real parts less than zero if and only if D; > 0,i=1,3 and A = D;Dy — D3 > 0.
The direct calculations shows that D; > 0,7 = 1, 3 if the following conditions hold:

(ps + ps) (P1 + ps) + ps(p2 +P4E2)} (4.16)

(p1 + p3)
2h3 > 1, (4.17)

p4E1 < min {p57

A= (TLH + M99 + ’I’L33) (n12n21 + M13MN31—N11 (n22 + TL33)) > 0, if (414) and (415) and the following
condition holds:
ni1 (Nag + Naz) — Nagnz > Nianar. (4.18)

Thus, the (EP) Az becomes (LAS) .

4.4. Local Stability of (EP) A4= (hy,0,h3,hy)
At A, the Jacobian matrix become:

Jy = J(A4) = [mij]4x4

<p1 +p2+p3+ Pa/fzz;) ps — paln 1 — 2hg, miy = —pehy
_ P2 pahy — (ps +ps) — prha 0 0 (4.19)
N D1 0 - (Plo + p9ﬁ4> —pohs
puihy Praha pishy 0

Then the characteristic equation of J, is given by:
M A4 LN 4+ Lod* + Lad + Ly = 0, (4.20)
where,

Ly = — (my1 + maog + mg3) ,
Ly =my (mzz + m33) + MooMi33 — MMl — M3M31 — MigMy1 — My3M34,

L3 = mysmgq (ma1 + mag) + mayg [mag (mss + mag) — Marmas — Mg1mMas] — Ma3miiMag + MyaMa1Mas
+ mas[p1paha + popi1hshs — p1 (p5 + ps + p7h4>]7

P11 + P13 (pl + p2 +p3+ p6ﬁ4> -
— 2h3)

Ly = myg[mss(ma1mas — Maogmyr) + maoamsimys] + magmiy( »
11

+ marmga(Miamas — M13mys).
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Routh-Hurwitz principle can be used to find the roots of eq.(4.20). So, all the roots of eq.(4.20) ,
have real parts less than zero if and only if L; >0, i =1,3,4 and A = (L1Ly — L3) Ly — L?L, > 0.
Through direct calculations shows that L; > 0, ¢ = 1, 3,4 if the following condition hold:

pah1 <ps (4.21)
p1pahy 4 poprihshy < pi(ps + ps + prha), (4.22)
M12M21M33 > M11MoaM33 + Mg [Ma1Mag + M31Mys — Mgy (Mg + Maz)| — Muzmag (M1 + Mma2)
+ mi3 (pl (ps + ps + prha) — P1pahy — p9p11h3h4> ; (4.23)
N P11 + P13 (pl + p2 + p3 +p6h4>
1 <2hg < : (4.24)
b1
P11+ P13 <p1 + p2 + p3 + P6h4> -
miq [m33 (m21m42 - m22m41) + m22m31m43] + M3gaMmao » —2hsg | >
11
Ma1M34 (M13Maz — M12My3) (4.25)

A = g1 — ¢z , where

¢ = (M1 + mag + ma)( [(pl + 3 + p1o + ha [ps +p9]> (mﬁl — D5 —DPs — p7ﬁ4> — paps
—hy <p2p7 + p6p11/f21> - <p1 +p2+p3+ P6ﬁ4> <p10 + pg/fzzx) —hy <2p1 + p9p13/f24>] [mazmza(may + mag)
—mg3(M11mMaz — M1aMa1) + Mag[mar (Mag + Maa) — MarMyg — Mz1Mys] + Maz(Ma1Mmag — Ma1May)]
— (may + maa + maz3) (M4 HPH + P13 <p1 +p2+p3+ P6E4>] [ps + ps + prhy — p4ﬁl:| + pahy [%1123
+p2p13] — P2 [p5p13 + P12 (2?14 - 1)] + 2]911%4 (p5 +ps+ p7ﬁ4)] + maa(mas [marmas — mazma]

+ Mmaamzimys))),

¢2 = [magmsa(may + mag) + Mmay [Mar (Mg + Maz) — MarMas — Ma1Mmas] — Maz(Mi1Mag — MiaMay )

+myz(maimag — m41m34)]2
A > 0 if conditions (4.21)-(4.24) and the following conditions hold
(Pl +ps+pro+ ha [ps + p9]> (p4/f;1 —DP5 —DPsg— P7ﬁ4> < pops + ha <p2p7 + p6p11/f21>
+ (pl +p2 +p3+ P6ﬁ4) <p10 + pgﬁ4> + Dy (2171 + P9p13/f\b4> ) (4.26)
[pn + P13 (pl +p2+p3+ p6ﬁ4)] [ps +ps + prha — p4ﬁ1} + pahy [21711713 + p2p13] >
D2 [p5p13 + P12 <2ﬁ4 - 1)] + 2p11ﬁ4 (p5 +ps+ p7ﬁ4> ; (4.27)
M34 lel + P13 <p1 +p2+p3+ p6ﬁ4>} [pf) + ps + prha — p4/fz1] +pahy [2]?11/};3 + p2p13}

—D2 [p5p13 + P12 <2h4 - 1)] + 2pi1ha (p5 + ps + p7h4>] > Mg (M3g [MaaMar — Ma1Mas] — Mooz Mas)
(4.28)

G > G2 (4.29)

Thus, the (EP) A4(Tll,0,ﬁ3,/ﬁ4) becomes (LAS) .
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4.5. local stability of (EPS) As= (h},h3,hj h})
The JM at As, can be written as:

Js = J (As) = [ryj]

4x4
— (p1 + p2 + p3 + pahs + pshy) ps — pahi 1 —2h3 —peh
_ P2 + pahi pahi — (ps + ps) — prhj 0 —prhy | (4.30)
D1 0 — (poh}y +p1o)  —pohj
piih; p12h p13h; 0

Then the characteristic equation of J, is given by:
M4+ EXN + BN+ Es\+ E, =0, (4.31)
where

Ey = —(r11 +7ra2 +733),
Ey =113 (7’22 + 7”33) + 7991’33 — 12721 — T13731 — 734743 — 714741 — 724742,
B3 = 134743(7r11 + 722) + roaTa2 (111+733) + 11474 (722 + 733) + 733 [(py + pahy) (ps + prhy)

— (p1 + ps + pehy )(pahl — ps — ps — prhy) | + ra1(risras — r1aTa3) — T1aT917Ta2 — Ta1 (12742 + T13734)

Ey = r3ar43 ([(py + pah3) (s + prhy) — (P + ps + phy ) (pahl — ps — ps — prhy)) + Taorss (T1ar21 — T11794)

+ 712724 (7’417“33 - 7“317’43) + 714722 (7"317“43 - 7“417“33) + 113724742741 + 713734 (7’227"41 - 7“217“42) .

Routh-Hurwitz principle can be used to find the roots of eq. (4.31) . So, all the roots of eq.(4.31),
have real parts less than zero if and only if E; >0, i =1,3,4 and A = (E\Ey — E3) B3 — E?E, > 0.
Through direct calculations shows that E; > 0, ¢ = 1, 3,4 if the following conditions hold:

ps > pahi, (4.32)
1< 2R, (4.33)
(py + pah)(ps + prhy) > (p1 + ps + pehy )(pshi — ps — ps — prhy) (4.34)

T34743[r11 + To2] + roaTaz (r11+rs3) + riaryy (o2 + 133) 4 733 [(py + pahi) (ps + prhy) — (01 + ps
+pehy )(pahi — D5 — ps — prhy) | + 131 (113722 — T14743) — T1aT2 T4z > Ty (T12742 +T13734) ,  (4.35)
r3araz ((p2 + pah3) (ps + prhi) — (p1 + ps + pehy )(pahi — ps — ps — prhi)) + raarss (T1ara — riras)
+ 12724 (7”417’33 - 7”317”43) + 714722 (7’317“43 - 7”417’33) + T13724T 42741 > T13734 (7’217”42 - 7”227’41) (4-36)

A = uy — ug, where

uy = (111 + 122 + 7r33) [(r13731 + 34743 + 712791 + T1aTar + ToaTa2 — r11(rea + 733) — To27s3) (T3a743) (111 + T22)

142724 (111 + 733) — T1aTo1 + 741 (T4 (T22 + T33) — T12T42 — T13734)

+733 ((p2 + pah3)(ps + prhy) — (p1 + p3 + pehy )(pahi — ps — ps — prhy)) (P2 + pahy)

(ps + prhy) — (1 + p3 + pehy )(pah] — ps — ps — prhiy)) + 131 (113722 — T14743)

+(r11 + 122 4 1r33) (r3a[ras((p2 + pahs) (ps + prhy) — (p1 + ps + pehy ) (pahi

—ps — ps — Prhy)) 4 713 (roiTa2 — Ta2Ta1)]

742 [r33 (111724 — T14721) — T13724714] + 712724 (731743 — T41733) + T1aTo2[ra1733 — Ta17as])]]
Uy = [134743(711 + T22) + Tao(r2a(r11+733) — T1aro1) + 7ar(T14(722 + 733) — 712742 — T13734)

+133((p2 + pah3)(ps + prhy) — (p1 + p3 + pehy)(Pah] — ps — ps — prh})) + T31(r13722 — 7”147"43)]2
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A > 0 if in addition to conditions (4.32)- (4.36), the following condition hold
U1 > Usg (437)

Thus, the (EP) As (ht, b3, h%, hi) is (LAS) .

5. Global Stability Analysis (GS)

In this section, by Lyapunov method the (GS) analysis for the (LAS) (EPs) have been considered
analytically as in the next theorems

Theorem 5.1. Assume that Ag = (0,0,0,0) is the (LAS) in the R:. Then Ay is global asymptoti-
cally stabile (GAS) if the following condition hold:

hs > 1 (5.1)

Proof . Suggest the following function

~

Vo (b1, ha, hs, hy) = hy + ha + hs + hy

Clearly ‘70 : RY — R is a C' 7positive definite function. Then by differentiating v for time t and
by some algebraic manipulation 7 we get:

dVy dhy dhy dhy  dhy
@ a o a T a T a
= h3 (1 — hs) — pshy — pehahy — prhohy — psha—pohsh, — piohs + pr1hihy + prohohy + pishshy — praha,

dV;
Tto < h3 (1 = h3) — pshy — psha — prohs — praha — (ps — p11) hihy — (p7 — p12) hahy — (po — p13) hsha,
(5.2)

By the biological facts pg > p11 , pr > p12 and py > pi13 we get

v

7; < hg (1 — h3) — pshy — psha — p1ohs — praha (5.3)
Now according to the condition (5.1)

dVy

— < 0. 5.4

Hence Ap is a (GAS). O

Theorem 5.2. Assume that A} = (El,O,TLg,O) is (LAS) in the RL. Then Ay is (GAS) if that the
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following conditions hold:

2

1) - \/ﬁ (h3 - %3> + pgha + Iy (p14 —p9%3> + (]%1—1?5) haly >

p2hy +p677:1h47 (
psh1 <ps , (
p9E3 < P4, (
1> hs, (

1— <h3 + ﬁ3>
hy

Proof . Suggest the following function

~ — . h _ _ h
‘/i(hlah27h37h4) = (hl_hl —h11n~—1> +h2—|— <h3—h3—h3111~—3) —|—h4

1 3

Clearly ‘71 : RY — R is a C' 7positive definite function. Then by differentiating ‘71 for time t and
by some algebraic manipulation 7 we get:

ey (M) oy oy () el

— hyhy (ps — p11) — haha (p7 — P12) — haha (P9 — p13) + P2h1 — Pshe + hy (Pgﬁs - P14) + %1h2 [p4 — %
1
+ pehiha, (5.10)

By the biological facts pe > p11 , pr > p12 and py > p13 we get

D e R L A T

+ pahy — pgho + hy (pgﬁs - p14) + %1h2 []M - %} +p6ﬁlh47 (5.11)
1

Now according to the conditions (5.8) and (5.9)

L) ) 22 )| i - )

2

hi — ~ ~
+ (p4 1 p5) hlhg +p6h1h4 (512)

Now according to the condition (5.5) - (5.7) we have Cfi—‘A/Tl < 0.
Hence Ay is a (GAS). O
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Moreover since there are two (EPs) A, (El,ﬁg,ﬁg, 0) and Az <W1,E/2,W3, 0) in the interior of R}

having exactly the same conditions of local stability but with various neighborhood of starting points
then it is impossible to studying the global stability of them using Lyapunove function. So we will
study it numerically instead of analytically as shown in the next section.

Theorem 5.3. Assume that the (LAS) Ay = (ﬁl,O,/ﬁg,/lﬁ) in the RY. Then Ay is (GAS) if the
following conditions hold :

~

- h -
ps + pi2ha + p; L > pahy (5.13)
1
i (1-7) 2
B (1= Ty ~ 5 ~  on
S — <h1 - hl) - p1A1 (h:s - h3> + ho | ps + p12ha — M > pahy,
5.14)
1>hs>1—hs, (5.15)
1— (hg + hg) 16
hy

Proof . Suggest the following function

‘/}Q(hl,hg,hg,ful) = (hl —/};1 —ﬁlln,@) +h2—|— (hg—/fzg —Egln,@) + (h4—/};4 —ﬁﬂng) .
hl h3 h4

Clearly ‘72 : Ri — R is a C! "positive definite function. Then by differentiating \A/Q for time t and
by some algebraic manipulation ” we get:

o) (RPN iy [ ]

— (pr — p12) h2ﬁ4 — (po — p13) (hg - Bs) <h4 - E4> — (ps — p11) <h1 - El) (h4 - /]{4>
~ ~ By —
— hy (ps + p12h4> + pahy + hohy <%) : (5.17)
1
By the biological facts pg > p11 , pr > P12 and pg > p13 we get

L G B ST O el G I TS

~ ~ hy —
— hy <P8 + p12h4> + p2ha + haly <u) (5.18)

Now according to the conditions (5.15) and (5.16) we have
2

h ~ Ty (pahy —
plAl (hs - h3> — hy (ps + p12hy — M) + pahu
1

(5.19)
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Now according to the conditions (5.13) and (5.14) we have dV2 < 0. Hence Ay is a (GAS). O

Theorem 5.4. Assume that the (LAS) As = (hj, hy, b, h}) in the RY. Then As is (GAS) if the
following conditions hold :

hy > hT, (520)
hs > h, (5.21)
hg (hg -+ h; — 1) > plhlu (522)
1> hi>1—hs, (5.23)
psha + pahy p2 [P (1 = h) + pshi]
_— <2 . .24
by \/ Tl (5:24)
Proof . Suggest the following function
\A/;),(hl,hg,hg,h4): hy —hi — hiln il + hg—hg—h;‘lnﬁ + | hs —h3 — h3ln iy
h* h h§
h
+ (h4 —hi—hiln —4) (5.25)
hi

Clearly ‘73 : Ri — R is a C! "positive definite function. Then by differentiating \7}, for time t and
by some algebraic manipulation” we get:

p2h]

d‘73 o (I3 (1 —h3) + psh; psha + pahy 2
(- h hy — 1Y) (he — hE) — ha — I
7t (7 ) ( Il + Toih (P 1) (ha 5) hgh;( 2 5)

; [—1 - “;i* ) flj (hy = 1) (s — B3) — 2—2 (hs = 13)” = (ps — pr1) (1 — A7) (s — B)
— (pr = p12) (h2 — h3) (ha — h) — (po — p13) (hs — h3) (ha — h}). (5.26)

By the biological facts pg > p11 , pr > p12 and py > p13 we get

dVs oz (B3 (L= h3) +pshs\ | psha + paha . o Dby "
— < —=(h1 —h hi—h7)(hs — h h h
dt < ( 1 1) ( hlhj].j + hth ( 1 1)( 2 2) h2h2 ( 2= 2)
1-— (hg + hj ) p1 h
e hy — hy) (hs — h; hs —h 5.27
+ |: hl hg ( 1= 1)( 3 3) hgh* ( 3 3) ( )

Now according to the conditions (5.23) and (5.24), we have

~ 2
dVs hs (1 = h3) + psh; p2hy p1hy 2
GACIP o — Rt — P20 gy gy P g e
dt < [\/ hlhT ( 1 l) hgh; ( 2 2) h3h§ ( 3 3)

[P ) - (5:29

Now according to the conditions (5.20)- (5.22), we have dV3 < 0. Hence As is a (GAS). O
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6. Numerical Simulation

In this section, the earlier results are proven ” numerically by Runge-Kutta method with predictor-
corrector method. Note that, we used MATLAB for plotting and turbo C++ for programming and
then the results obtained were discussed. For one set of parameters and different initial points system
(2.2) has been studied numerically. It is observed that, for the set of parameters eq. (6.1) that is
satisfies the conditions of existence of the positive (EP) system (2.2) has a (GAS) positive (EP)”.

p1 =05, p,=06, p;=0002 p,=04  p;=09  ps=01 p; =02, } 6.1)
p8 - 017 pg — 017 plO — 0067 pll - 0097 p12 — 01, p13 - 009, p14 = 01 '

The solution of system (2.2) is a (GAS) which converges to A5(0.259,0.136,0.720, 1.243). It starts
from four different initial points (0.9,0.3,1,1),(1.3,0.5,0.4,0.9), (0.1,0.7,0.5,1) and (0.6,0.1,0.3,4),
this approves our analytical result that was achieved.

To discuss the behaviour of the dynamicl system and the effect of the parameters on it, we change

only one parameter at a time from the given data in (6.1) and Table 2, shows the results for the
affected parameters p;, 1 =1,2,3,8,10,11,12,13 and 14 .

Table 2: The affected parameters

Parameter’s Range Converge to  Parameter’s Range Converge to
0.01 < p; <0.63 As 0.63 < p; <0.98 Ag

0.01 <py <0.25 Asy 025 <py <1 As
0.001 < p3 < 0.2 As 02<p3<l1 As

0.01 < pg < 0.36 As 0.36 <pg <1 Ag
0.001 < p1g < 0.55 As 0.55 < p1p < 0.9 As
0.9<pp<l1 Ay

0.01 < p1; <£0.064 Ay 0.064 < p11 <0.09 As

0.01 < p1p < 0.057 As 0.057 < p12 < 0.1 As

0.01 < p13 < 0.085 As 0.085 < p13 <0.09 As

0.01 < P1a < 0.105 A5 0.105 < P1a < 1 A2
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But Table 3 shows that the unaffected parameters p;, 1 = 4,5,6,7 and 9.

Table 3: The unaffected parameters

Parameter’s Range Converge to  Parameter’s Range Converge to

001 <ps <1 As 02<p; <15 As

Now Figure 1. shows changing the harvesting rate of the mature of prey p;o. As it is noticed in
Table 2.

[#)

=
]
]

[ |
[T i i

[ ¥ & LE] ]

R T TR T T T —r—trtr—r— Tt B R R E
Pisg on’ Pl o Fime

Figure 1: (a) Time series (TS) of the solution converges to As = (0.309,0.189,0.592,0.532), for
typical value p1g = 0.1. (b) (TS) of the solution converges to A = (0.283,0.192,0.202,0) , for typical
value pyg = 0.7. (¢) (TS) of the solution converges to Ay = (0,0,0,0) , for typical value p;o = 0.99.

Now, changing only the parameters ps, ps, p7, ps, P12 and py4 at the same time with the rest of
parameters as in equation (6.1), it is noticed that for 0.001 < ps < 0.006 , 0.001 < py < 0.14 ,0.85 <
pr < 1, 0.71 < pg <1, 0.001 < p13 < 0.7 and 0.01 < py4 < 0.093 ”the solution converges to” Ay as
seen in Figure 2., for typical value po = 0.01 , py = 0.1, py = 0.9, ps = 0.9, p1o = 0.01 and pyy =
0.09 .

EEEE

]

E) [] x (] w
Tima -

Figure 2: (TS) of the solution converges to A, = (0.318,0,0.682,1.729) for typical value py =
0.01, p4, =0.1, pr = 0.9, ps = 0.9, p12 = 0.01 and py4 = 0.09

Now, varying only the parameters po, p4, pg , pjand py3 at the same time with the rest of param-
eters as in equation (6.1), it is observed that for 0.001 < py < 0.0013, 0.001 < p; < 0.0013, 0.23 <
ps < 1, 0.001 < py; < 0.05 and 0.01 < py3 < 0.106 ”the solution converges to” A; as seen in Figure
3. for typical value po = 0.001, py =0.01, ps=0.5 p;; =0.01 and p13=0.1.
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Figure 3: (TS) of the solution converges to A; = (0.113,0,0.940, 0) for typical value ps = 0.001, py =
0.01, ps = 0.5, p1; = 0.01 and py3 = 0.1.

7.

has

Discussion and Conclusions

In this work, a stage-structured prey-predator model includes harvest and refuge for only prey

been studied. The disease of type (SIS) is just in the immature of the prey, and the disease is

spread by contact and by external source has been suggested. The transmission of infectious disease
in prey population has been described by the linear type. While Lotka-Volterra functional response
is used to describe the predation process of the whole prey population. System (2.2) has been solved
numerically for one initial point and one set of parameters given by (6.1). This model by a set of
differential nonlinear equations has been represented, and we obtained that:

1. For the set of parameters given that we have proposed in (6.1) the system (2.2) has no periodic

solution.

For the set of parameters given in equation (6.1), the most effectiveness parameters on the
stability of system (2.2) are p1, p2, 3, Ps . DPio , P12, P11, Przand pis. Varying only the parameters
P2, PaP7, Ps, P12 and piy at the same time with the rest of parameters as in equation (6.1) it is
noticed that for 0.001 < py < 0.006 ,0.001 < py <0.14,085 <pr < 1, 0.71 < pg <1, 0.001 <
p12 < 0.7 and 0.01 < py4 < 0.093 "the solution converges to” Ay .

Changing only the parameters po, ps, pg, , P11, P13 and pi4 at the same time with the rest of
parameters as in equation (6.1), it is observed that for 0.001 < ps < 0.0013 ,0.001 < p; <
0.0013, 0.23 < pg < 1, 0.001 < py; < 0.05 and 0.01 < p13 < 0.106 "the solution converges
to” Aj.
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