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Abstract

The purpose of this article, is to establish the existence of solution of infinite systems of fractional
differential equations in space of tempered sequence m”(¢) by using techniques associated with
Hausdorff measures of noncompactness. Finally, we provide an example to highlight and establish
the importance of our main result.
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1. Introduction and Preliminaries

The degree of noncompactness of a set is measured by means of functions called measures of
noncompactness. The first measure of noncompactness, the function «, was defined and studied by
Kuratowski [16] for purely topological considerations. In 1955, Darbo [9] used a measure of non-
compactness to investigate the operators whose properties can be characterized as an intermediate
between those of contraction and compact mappings. Darbo's fixed point theorem is useful in es-
tablishing the existence of solutions of various classes of differential equations, especially for implicit
differential equations, integral equations and integro-differential equations, (see [5, [7, [T4] ).

The fractional calculus, an active branch of mathematics analysis, is as old as the classical calculus
which we know today. The original ideas of fractional calculus can be traced back to the end of
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the seventeenth century when the classical differential and integral calculus theories were created
and developed by Newton and Leibniz; see [11]. Fractional integral and differential equation have
applications in different topics such as control theory [24] , image processing [§] etc. Certain types
modeling of real life problems leads to the fractional differential equation found in Deng [10] and
such types of equations have been studied by many authors [3, 23] and reference there in.

The Hausdorff measure of noncompactness y was introduced by Goldenstein et al. [12] in the year
1957, and it was further studied by Goldenstein and Markus [I3]. Recently, measures of noncom-
pactness have also been used in defining geometric properties of Banach spaces and in characterizing
compact operators between sequence spaces. The study of sequence spaces has been of great inter-
est recently. A number of books have been published in this area over the last few years (see, for
example, [7]). Sequence spaces have various applications in several branches of functional analysis,
in particular, the theory of locally convex spaces, matrix transformations, as well as the theory of
summability invariably depends upon the study of sequences and series.

In recent years, a lot of scholars (see e.g. [I, [6] [17]) studied the existence of solutions of integral
equations in one or two variables on some spaces. The sequence space m(¢), introduced and studied
by W.L.C. Sargent in 1960, is closely related to the space [P. Mursaleen obtained an explicit formula
for the Hausdorff measure of noncompactness of any bounded subset in m(¢) [20]. Also, Mursaleen
et al. [23] established the solvability of an infinite systems of fractional differential equations in the
spaces ¢g and [, then M. Rabbani et al. [26] discuss the existence of solutions of an infinite system
of fractional differential equations in tempered sequence spaces cg and lg.

The aim of this paper is to investigate the solvability of the following infinite systems of nonlinear
fractional integral equation

Du;(t) = fi(t,u(t)), t € (0,T)
ui(0) =ud =0, u;(T) = aw;(§); i =1,2,... (1.1)
l<a<?2, af® ! <To 1

where each u;(t) is a differentiable function of class Cl®I*!. Also, we will denote the sequence

{wi(®)}2) = u(t), {w:(0)}32) = wo, {wi(§)}2) = u(§) and {fi(t,u(t))}2, = f(t,u(t)) which is an
element of some Banach sequence space m?, for each i € N.

Also, we construct the Hausdorff measures of noncompactness in space of tempered sequence
mP(¢) and we give an example to verify the effectiveness and applicability of our results.

In the following, we give a few auxiliary facts, which will be used in our further considerations.

By the symbol R we will denote the set of real numbers, and by N the set of natural numbers
(positive integers). We write R, to denote the interval [0, +00). Assume that E is a Banach space
with the zero element 6. Denote by B(x,r) the closed ball in E centered at x and with radius r and
B, = B(0,r).
Suppose My is the family of all nonempty bounded subsets of the space E and let iy be its subfamily
consisting of all relatively compact sets. If A is a nonempty subset of E then by A and Conv(A) we
denote the closure and convex closure of A, respectively.
In what follows we will accept the following axiomatic definition of the concept of a measure of
noncompactness.

Definition 1.1. [5/ A mapping p : Mg — Ry is called a measure of noncompactness (MNC' for
short) if

(1) ker v is nonempty and a subset of Ng.

(ii) p(X) < p(Y) for X C Y.



tempered sequence space m®(¢) 1025
(i1i) p(X) = p(X).
(iv) w(CovX) = u(X).
(v) For all X € [0,1], u(AX + (1 =N)Y) < u(X) + (1 = Mu(Y).
)

~

(vi) If (Xp)nen s a sequence of closed sets from Mg satisfying X1 C X, for all n € N and

(
w(X,) — 0 asn — oo, then

XOO:ﬁan;«éQ.

Definition 1.2. [J] Let (X,d) be a metric space and let Q) € Mx. Then the Kuratowski measure
of noncompactness of Q, denoted by o(Q), is the infimum of the set of all numbers € > 0 such that
Q can be covered by a finite number of sets with diameters €, that is,

&(Q):inf{€>O:QCUSi,SiCX,diam(Si) <e(i=12,...,n); nEN},
i=1

where diam(S;) = sup{d(z,y) : z,y € S;}.
The Hausdorff measure of noncompactness for a bounded set () is defined by
X(@Q) = inf{e >0:QC UB(ZL%,T@'),J% eX,r;<e(i=1,2,...,n); n€ N}.
i=1

The Hausdorff measure of noncompactness is often called the ball measure of noncompactness.
Lemma 1.3. [J] Let Q, Q1 and Q2 be bounded subsets of a metric space (X;d). Then

1° X(Q)=01if and if @ is totally bounded,

2° Q1 C Qo implies that X(Q1) < X(Q2),

3° X(Q) = X(Q),

X(Q1) U X(Q2) = max{X(Q1), ¥ (Q2)}.

In the case of a normed space (X, ||.||), the function Xx : M — R has some additional properties
connected with the linear structure for example, we have

(1) X(Q1+ Q2) < X(Q1) + X(Q2),
(1) X(Q+x) =X(Q) for all x € X,
(171) X(AQ) = |NX(Q) for all XA € C,
v) X(Q) = X (ConvQ).

In 1969, Meir and Keeler [18] introduced the concept of Meir—Keeler contractive mapping and
proved some fixed point theorems for this kind of mappings. Thereafter, Aghajani, Mursaleen,
and Haghighi [2] generalized some fixed point and coupled fixed point theorems for Meir-Keeler
condensing operators via measures of noncompactness.

(i
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Definition 1.4. [2] Let C' be a nonempty subset of a Banach space E and let p be an arbitrary
measure of noncompactness on E. An operator T : C — C' is called a Meir-Keeler condensing
operator if for any € > 0, there exists § > 0 such that

e<u(X)<e+d6 implies p(T(X)) <e,
for any bounded subset X of C.

Theorem 1.5. [2] Let C be a nonempty, bounded, closed, and convex subset of Banach space E
and let p be an arbitrary measure of noncompactness on E. If T : C — C is a continuous and
Meir—Keeler condensing operator, then T has at least one fixed point and the set of all fixed points
of T in C' is compact.

Let I =[0,S5] and let C(I, E) be the Banach space of all continuous functions defined on I with
values in the space E. The space C(I, E) is furnished with the standard norm

el = sup{lla@®)] : t € I},  x € CU,E).

Proposition 1.6. [5/ If W C C(I, E) is bounded and equicontinuous, then the function x(W(.)) is
continuous on I and

VW) = supx(W (1), x( / W (s)ds) < / (W (s))ds. (1.2)

tel

In the sequel, we shortly recall some basic facts about fractional calculus (for more details see [15, 25]).

Definition 1.7. ([25]) The fractional integral of order « is defined as

S B O R
0=t || et a0

where T'(.) is the gamma function, provided that the integral ezists.

Definition 1.8. ([25]) For at least n-times continuously differentiable function f : [0,00) — R, the
Caputo fractional derivative of order o > 0 is defined as

c o _ 1 ! f(n)(s) s
D0 = = |, e

where n = o] + 1, o denotes the integer part of the real number «.

Proposition 1.9. [25] Let f € C[0,T] be a given function and 1 < o < 2. Then the unique solution

of
“Du(t) = f(t), u(0) =0, w(T) = au(§),

s given by

ut) = [ Ks)as
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where K (t,s) is the Green’s function, given by

B 1 Kl(t,S), O§t§€7
) = Fay = {f@(t, 5, €<i<T.

(t—s)2 1 (T —ag ) =t (T = s)* !t —a(§ —5)*'; 0<s<E,

Ki(t,s) = ¢ —t*7H(T = s)*7" —a(€ — s)*'; t<s<§,
(LT —5)*71); £<s<T.

(t—s5)2 "1 (T —ag® ) =t (T = s)* ' —a(§ —5)*7'; 0<s<E,

Ka(t,s) = q (t—s) 1 (T —ag* ) = ((T - 5))* §<s<t,
—(H(T — s)) L t<s<T.

Remark 1.10. [23] It can be verified that the Green’s function K(t,s) defined on rectangle [0,T] X
[0,T] as Ki(t,s) : [0,&] x [0,T] = R and Ks(t,s) : [§,T] x [0,T] = R is continuous w.r.t to t and s.

2. Hausdorff Measure of noncompactness of tempered sequence space m”(¢)

In this section, we introduce and formulate the Hausdorff measure of noncompactness in the
tempered sequence space m®(¢).

The theory of F'K spaces is the most powerful and widely used tool in the characterization of matrix
mappings between sequence spaces, and the most important result was that matrix mappings between
F K spaces are continuous.

A sequence space X is called an FK space if it is a locally convex Frechet space with continuous
coordinates p, : X — C (n € N), where C denotes the complex field and p,(z) = z, for all
r = (x) € X and every n € N. A normed space FK is called a BK space, that is, a BK space is a
Banach sequence space with continuous coordinates.

On the other hand, the classical sequence spaces are BK spaces with their natural norms. More
precisely, the spaces [, ¢ and ¢q are BK spaces with the sup-norm given by ||z||;., = supy, |zx|. Also,

the space [,(1 < p < 00) is a BK space with the usual /,-norm defined by ||z||;, = (3, ]xk]p)% (see
[19, 211 22] and the references therein).

Let 1Y be the set of all real sequences and let C denote the space whose elements are finite sets of
distinct positive integers. Given any element o of C, we denote by ¢(o) the sequence ¢, (o) for which
cn(o) =11if n € 0, and ¢,(0) = 0 otherwise. Further, let

Cr:{UGCIicn(0>§T}7

the set of those o whose support has cardinality at most s, and let

(I) = {¢ = (¢n) € ZO : 0 < gbl S gbn S ¢n+1 and (n+ ]-)an Z n¢n+1},

(see [20]). For ¢ € @, we define the following sequence space which were further studied in [27].

m(¢p) = {x = (2n) € 1°: ||]lim(e) sTup sup <¢T Z |:1cn|> < oo}

_O'Er
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Remark 2.1. (1) The space m(¢) is a BK space with its respective norm.
(2) If o =1(n=1,2,...,), then m(¢) =1y and if o, =n(n=1,2,...,), then m(¢) = l.
(3) I Cm(¢) Cl for all ¢ € P.

Theorem 2.2. [20)] Let Q be a bounded subset of m(¢). Then

. 1
Xn(e)(Q) = lim sup (sup sup — Z |xn|>

k=00 3eQ \ r>k reC, Pr er

Assume that 8 = (5;)2, is a sequence with positive terms which is nonincreasing. The space c;

consists of all sequences (z;) such that the sequence (3;z;) converges to zero. The norm in the space
cf is defined by the formula

lels = ll(ei)lle = sup{Bilail - i = 1,2,....}.

It is trivial that cg forms a linear space over the field of real (or complex) numbers.
Based on the similar approach we introduce a new tempered sequence space m®(¢). The set R
consists of all real sequences z = (z,,)$2; such that

1
sup sup <¢— Z ﬁn|xn|> < 00. Clearly R forms a linear space over the field of real numbers and it
r>1 oeC, T

neo
becomes a Banach space if we normed it by norm
1
Z||ms(s) = SUP SUP (— Bnlxn > 2.1
el = supsup (53l 2.)

Proposition 2.3. The spaces mP(¢) and m(¢) are isometric.
Proof . We consider the mapping F : m”(¢) — m(¢) defined by

F(x) = F((“’n)?:l) = (Bnn)pey = B,

where x = (x,)°2, and (B,x,)°2, = Bz belong to m(¢).
Let us fit y = (yn)2y, 2 = (2,)°2, € mP(¢) so we have

1E () = E)llmes) = 1(Bnyn)azs = (Brzn)nZillmio)

= ||By — B2|m(e)
1
= sup sup (— Biyi — Bizi )
r>1 oceC, ¢r ieza ‘ ’
1
= sup sup (— Bil (yi — 2 )
supsup (5 2 Gl = =)

This means that |F(y) — F(2)|lm@) = |y — zllms(g) and F is an isometry between m®(¢) and m(¢).
0

Now, we determine the Hausdorff measure of noncompactness on m”(¢).
In view of Theorem [2.2] and Proposition [2.3] we have

1
Xmﬁ(¢)(1835) = lim sup (sup sup — Zﬁn|xn|>, (2.2)
eT

k=00 Lcps \ r>k rec. Or -

where B € M)
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3. Existence of solution of infinite system of fractional differential equations in m?(¢)

In this section, we investigate the solvability of the infinite systems of nonlinear fractional integral

equations ([1.1). We provide an illustrative example to show the effectiveness and applicability of our
results.

Consider the following conditions:
() ui(0) = 0 and {u;(§)}2, € m?(¢).

(ii) f = (f1, fo,...) continuously transforms the set I x m”(¢) to m?(¢) . Also, the family of
functions {(fu)(t)}swes is equicontinuous at each point of m?(¢).

(4ii) For each t € I and u € mP(¢) there exist non-negative real valued functions p;(t) and ¢;(t) on
I satisfying the following inequality

|fi(t,u()] < pit) + ()| (t)| fori=1,2,...

such that p;(t) are continuous, # Z Bipi(t) is uniformly converges on I and ¢;(t) is equibounded
€0
in I.

Theorem 3.1. Let the system satisfies the above conditions (i) — (iii), then if MTH < 1 it
has at least one solution u(t) such that u(t) = {u,(t)}2, € mP(¢) for all t € I = [0,T), where
M = sup |K(t,s)|, sup ¢(t) < H.

t,sel t,el1,ieN

Proof . Suppose that u(t) = {u,(t)}:2, is a function which satisfies the boundary conditions of the
problem , and each u;(t) continuous for all t € I.

Define an operator F : C(I,mP(¢)) — C(I,mP(¢)) as follows

T
= /0 K(t,s)f(s,u(s)). (3.1)

By condition (ii), F is well defined on C(I,m?(¢)). Now we claim that F is bounded in the classical
supremum norm ||u|| = sup |[w(t) |54 -
tel

[(Fu) () [lms o) = ||/ K(t,s)f(s;u(s))ds|lms o)
= sup sup (i 26’| / K(t,s)f(s, u(s))ds)|)

r>1 oeC, ¢r ico

<swp s (53 [ A utslas])

r>1 oceC,

< sup sup (¢r Zﬂz[/ ‘K (t, 3)\(?1‘(5) + sup ql(s)|uz(3)|)}d5])

r>1 oceC, sclico

< M/OT Sup sup (—Zﬁipi(s))]ds"”MH(/oT [sup SUup = ZﬂJUz } )

r>1 oeC) ¢T ic r>1 oeC, ¢r

T
<21 [ [supsup (5 5, 2 B )|ds + MTH{[ulo(r o0

r>1 oeCy Qbr ic
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Above inequality can be written as

sup || (Fu) ()|l megy < MTP + MTH |[ullc(1.m4))»

tel

where sup (sup Sup Z Bipi(t) ) = P for each t € I.

tel \ r>1 oeC, o P
Hence

I(F(@)llcimoey < MTP 4 MTH|[ull¢1ms()):
Let dy be the optimal solution of the following inequality

d< MT(FHM).

Consider the set BP = BP(ug,ro) = {u(t) € C(I,m"(®)) : [ullcimew)y < d, u(0) =0; u(T) =
au(§)} which is conver, closed and bounded. Now, we show that F is continuous. To prove this fact,
let v be an arbitrary fized point in B and let ¢ > 0 be given. By using condition (zz) there exists
6 > 0 such that if u € B® and ||u — v||cizms@) < 6, then |(fu) — (f)llcamee) < 157
each t in [0,T), we have

(Fu)(®) = (Fi) ()l ooy = sup sup (%Zm | Ko uenas = [ Ko vis)as)

r>1 oeC,

< supsup (- > [ IRt = 55 6]

r>1 oceC,

< MTsup [sup sup (537 At u(t) = it v(0)])]

tel L r>1 o€l

T[H(fu) - (fV)Ilcu,mB(@)]

E.

IN

Taking the supremum on the left side over all t € [0,T], we deduce
[(Fu) = (Fv)llcume @) < e

Therefore, we infer that F is continuous.
Next, we prove the continuity of (Fu) in I. Let ty € (0,T) and ¢ > 0 be arbitrary. By using the
continuity of K(t,s) w.r.t t, we have 6 > 0 such that for [t —ty| <9,

€

|K(t,s) — K(tg,s)] < —— .
T<P+H||U||C(1,mﬂ(¢))>
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In view of condition (iit) we observe that

[(Fu)(t) — (]:U)(tO)HmB(da) = Sup sup er Zﬁz|/ K (t,s) fi(s,u( ds—/ K(to, s)fi(s,u(s ))d8)|

r>1 oeC, ico
<su su( Z[/ Kts to, s)|| fi(s,u)s ds])
Sup SUp ¢T;ﬁ | ) — K(to, 5)I| fils,u)s))]]
<sup su ’ Kts K(to,s)|(pi(s) + sup q;(s)|u;(s)|)|ds
—Tﬁae&(@;@[/ 1 (1 5) = K(t0,9)](p(s) +_sup_ (o)) ]s]
€
<— Tsup sup sup( Z@pz >
T<P+H||u”C(I7mﬁ(¢))) tel r>1 oeC, ¢r co
+ —— € HTsup( sup sup( ZBJU(t ) )
T(P+H|’u’|C(I,m6(¢))) tel r>1 ocCy \Or Py
€

<——
T(P+ Hlullow oo

T(? + HHUHC(LmB(qﬁ))) < €.

Then (Fu) is continuous for each t € I.
In order to finish the proof, we show that F is a Meir—Keeler condensing operator with respect to

the Hausdorff measure of noncompactness x on the space C(I,mP(¢)), In view of formula and
Proposz'tz’on we conclude that the Hausdorff measure of noncompactness for B? C C(I,mP(¢))

is defined as

Taking into account condition (ii) and (iii), we get

Xm5(¢)[(FBf3)(t)] = lim sup (sup sup ( %, - Zﬁl\}"ul ))

k=00 cBB \ r>k r€C, o

< lim sup (Sup sup (EZ@I/ K(t, S)fi(S,U(S))dSD)

k—oo , cps \ r>k reC,

< lim sup (sup sup Zﬁz[/ | K(t, S)|[pi(8) + sup q2(3)|uz<5)”d5})>

k=00 ,ep8 \ r>k TeC, selico
T
< MH lim sup (/ [Sup sup (— Zﬁzlul\)}ds)
k=00 ,ems o r>k 7€Cr Qbr icr

< MTHXg (1 o (4))(B”).

By we can write
Xe(1.mo () (FB”) < MTHXc (1 mp())(B”).

This implies that
Xermp(e)(FB?) < MTHXc(1 s (6 (B”) < €
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Then
1

X B”? .
oumae)(B%) < grmpe

Let us choose 6 = (55777 T —1). It is easy to see that F is a Meir-Keeler condensing operator on
B? C mP(¢). Now, by applying Theorem . we find that F has a fived point in B?, and thus the
infinite system of integral equations has at least one solution in C(I,m?(¢)). O

Example 3.2. Consider the following system of fractional differential equations

sin(t
\/_4—2 1—i—m2 'n:1,2,...andt€[O,T],

un(0) = 0,u,(T) = \/_un(4>7

u(E) = {un(E)}32, € mA(9). o
ﬂmwﬁwzﬁ,Ez%azé@ﬁﬁwwﬁ=%+§:g%%%%ym®=€ﬁmmwﬂ=

m=n

1

L2z:1—1—7712

Above Eq. is a special case of Eq. (1.1). Here kernel K1(t,s) and Ks(t,s) are given as

Kit.5) = 1 {fﬁ(t,s), 0<t<e,
PEWT = ) el esi=T
(t—8)i(VT = /5) = t3i[(T = )i = {/3(T—28)i]; 0<s<t,
Kalts) = ) (T = )t = /31 —29)1); t<s<E
—(H(T — $)7); §<s<T

K(t,s) = (¢t — 8)3)(TH — ¢ )—(t(T—s))i, E<s<t,
(—(H(T = 5))1; t<s<T.
Clearly, the functions p,(t) , fu(t,u(t)) and qn( ) are continuous and equibounded in I respectively.
Also, It is easy to prove that - Zﬂl i ¢S Z \H/j converges uniformly to i in I for any
KREo KRET

sequence ¢ € © and q,(t) is equibounded by = F =H.
On the other hand, we have

o0

Faltu(t))] = |+ zjm‘ |_f+ EJTL—WMM=M®+MWw®h

1+ m?2)

form=1,2 ...
Now, we show that f(t,u(t)) € mP(¢). For this aim assume thatt € [0,T) is arbitrary and u € mP(¢)
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then for any sequence ¢ € ® we have

supsup (=37 A (s ult))]) = supsup (537 40+ Z s )|)

r>1 oceC, o r>1 oceC, weo
|um ()
< sup su ( \/_ t+ )
7‘211) O'GCpr ¢r ; ﬁ’i Z 1+ m2 ) )

2

T
< T s s (3 o))

r>1 oeC, o
Tr?

=5t H||w(t)|lms g)-

Next, we show that the family of functions {(f(u)(t)}ier is equicontinuous at each point of mP(¢).
Lett € I, v e mP(¢) be arbitrarily fived, take any ¢ > 0,

[(fu)(t) — (fv)(t)]ms(s) = sup sup <¢r Zﬁd\/— Z sin(t (t> i Z sin(t )|>

r>1 oeC, weo ’%2 1 + m2
sin(t = sin(t)um(t) )
= sup su " — S PmAR)
wpsup (5305 '; ) §n<1+m2><n2>'

=supanp (530 > ) lute) - o)

r>1 oeC, H>m

1
<oupap (5 32 o) 0)
7T2
< Gaupap (5 2 A =0

7T2
= Tlut) = vOllwsio) <

where |[u(t) — v(t)||msg) < 6 = 5. Therefore, by Theorem , the system has at least one
solution in C(I,m"(¢))
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