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On the maximum number of limit cycles of a planar
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Abstract

In this work, we are interested in the study of the limit cycles of a perturbed differential system in
R2, given as follows

T =y,
{ y=—x—e(l+sn"(0))(z,y),
where ¢ is small enough, m is a non-negative integer, tan(f) = y/z, and ¢(z,y) is a real polynomial
of degree n > 1. We use the averaging theory of first order to provide an upper bound for the
maximum number of limit cycles. In the end, we present some numerical examples to illustrate the
theoretical results.
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1. Introduction

One of the main problem in the qualitative of planar differential system is the determination of
limit cycles. This notion was defined first by Poincaré [12] as a periodic orbit isolated in the set of all
periodic orbits of a differential system. In contrast, a center is a critical point in the neighborhood
of which all orbits are closed. Existence, number, stability and other properties of limit cycles were
studied extensively by mathematicians and physicists and also by chemists, biologists, economists,
ete (see [11 [7, 10]).

One of the main tools for studying the limit cycles is the averaging theory. This method appears
early in the works of Lagrange and Laplace, and later in the first half of XXth century, in the works
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of Fatou, Bogoliubov and Krylov (see [I1]). It is still a powerful tool in studying various types of
dynamical systems (see [I}, 3, [6, [0 [10], 13, 14] and the references therein).

In [5] T. Chen & J. Llibre considered a second-order differential equation
Z+e(l+cos™(0)Q(z,y) +x =0, (1.1)

where € > 0 is a small parameter, m is an arbitrary non-negative integer, Q(z,y) is a polynomial of
degree n > 1 and 6 = arctan (y/x). They determined an upper for the maximum number of limit
cycles in equation (1.1) in the four cases where m and n are even and odd.

In our work, by using the averaging theory of first order, we study the maximum number of limit
cycles of the following planar differential system

{ §— Vo (L4 s (8)) 0o, y). (12)
where € > 0 is a small parameter, m is an arbitrary non-negative integer, 1 (x,y) is a polynomial of
degree n > 1 and tan(f) = y/x.

2. Fundamental tools
In this section, we recall some preliminary notions and results, which will be useful in the sequel.
Theorem 2.1 (Averaging theory of first order). Consider the differential system
i(t) = eF(z,t) + 2 R(w,t,¢), (2.1)

where F: D xR = R", R: D xR x (—¢y,e5) = R™ are continuous functions, T-periodic in the first
variable, and D is an open subset of R™. Assume that the two following hypotheses hold.

1. F' and R are locally Lipschitz with respect to x.
2. We define f : D — R"™, called the averaged function associated to system , as

f(z) = %/0 F(z,s)ds.

For z. € D with f(z.) = 0, there exists a neighborhood V' of z. such that f(z) # 0 for all
z e V\A{z} and dg(f,V,z.) #0.

Then, for |e| > 0 small enough, there exists a T-periodic solution ¢(.,€) of system such that
©(0,8) = z, as e — 0.

For a proof, see [4], 9].

Remark 2.2. The expression dg(f,V,z.) # 0 means that the Brouwer degree of the function f :
V' — R"™ at the fixed point z, is not zero. A sufficient condition for this inequality to be true is that
the Jacobian of the function f at z, is not zero.

Next, in order to calculate the averaged function, we will use the following formulas (see [15]).

7 P(6) sin% = (2g — D! 7 cos?
/0 cos? () sin(0)d8 = s A /0 (0)d0. (2.2)
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p S R\{_27 _47 }7 q € N7

2w
/ cos”(0) sin®**(0)dd =0, peR\{-1,-3,..}, ¢ €N. (2.3)
0
2m o "
/ cos? (0)df = (2l—ll)”27r, [ >0, (2.4)
0 21
2

/ cos®H(0)dh =0, >0, (2.5)

0

Theorem 2.3 (Descartes Theorem). Let us consider the real polynomial
p(r) = a,r'" + a;,r? + .. 4 a;, ',

with 0 < iy <y < ... < i, and a;; # 0 real constants for j € 1,2,...,n. When a;,a;;,, <0, we say
that a;; and a;;,, have a variation of sign. If the number of variations of the signs is m, then p(r)
has at most m positive real zeros. In addition, it is always possible to choose the coefficients of p(r)
in such a way that p(r) has exactly n — 1 positive real zeros.

For the proof, see [2].

3. Main result

The main contribution of this article is summed up in the following theorem.

Theorem 3.1. Suppose that f(r) the average function of first order is non-zero and € > 0 is small
enough. The maximum number of limit cycles bifurcating from the periodic solutions of the center is
at most

(a) n—1, if m is odd and n is even.

(b) n, if m and n are odd.

(c) (n—2)/2, if m and n are even.

(d) (n—1)/2, if m is even and n is odd.
Remark 3.2. When m = 0, system reads

T =y,

izl eninn e
By Theorem for system , the mazximum number of limit cycles bifurcating from the periodic
solutions of center is at most (n —1)/2 or (n — 2)/2, when n is odd or even, respectively.

Proof .[Proof of Theorem 3.1] Suppose that the polynomial ¢(x,y) = 377, ._j a;;x'y’. By performing
the change of variable, (z,y) — (r,0), where z = rcos(f), y = rsin(f), with r > 0, system (|1.2)) in

polar coordinates (r, ) writes

F= e R (),
0=—1—e3 ) ;_Oy@)r+
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where , , ' ,
Ri;(0) = a;;(cos’(0) sin’ ™1 (6) + cos’(0) sin™ 1 (0),
0;;(0) = a;;(cos™ () sin () + cos™(0) sin™ 1 (0).

Taking 6 as the new independent variable, the previous differential system becomes

dr - i
=2 Y Ryl + () = eF(1,0) + O(2). (3:2)
i+35=0
Note that this differential equation is written in the normal form (2.1) which allows us to apply the

averaging theory of first order. Therefore, from the previous section, we consider two four cases in
order to study the averaged function associated to the differential equation ([3.2)).

Case (a) If m is odd and n is even, we have

1 2w

fi(r) = F(r,0)do

21 Jy

< L , ‘ ‘
— 2—/ Z aier—](COSZ(Q) Sinj-i—l(e) —l—COSZ(Q) Sing+m+1(9))d0
T Jo

i+5=0

e o ,
= Z a;jr* cos'(0) sin/ ™ (0)
27 Jo i+j=0
+ Z aijr7 cos'(6) Sinj+m+1(9)] do
i+j=0
1 2 n ) )
= [ Z aiop 1771 cos'(0) sin® (0)

2 Jo ,
i+2p—1=0

+ Z 07 P cos' (0) sin2p+m+1(0)] df

i+2p=0

1 o2 n+1
= 5 g aiop 17 P71 cos'(0) sin® (0)
0 Livop=2

n+1
+ Z ;97 cos' (0) sin2p+m+1(9)] df

i+2p=1

1 2 n+1
— [ Z (Igl’gp_17’2l+2p_1 cos? () sin* ()

2 Jo
2042p=2

n+1
+ E 1,252 2P cos? (6) sin2p+m+1(9)] df
21+2p=1

n

1 2m
= [ Z agt.2p 17271 cos? () sinP ()

2w Jo
20+2p=2

+ Z a2l72p7"2l+2pC082l(9) sin2p+m+1(0)] do

20+2p=2
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n

2
1 21

Z azz,Qp—17“2l+2p_1 cos? () sin* ()

2
0 l+p=1

n

5
+ Z Q1,257 cos? (0) sin* () | db
I+p=1

1 % 2m
5 Z agmp_lrm”p_l/ cos () sin*(6)d6
T 0

I+p=1

1 % 27
—l—% 1+21 Qg 2p 2 TP /0 cos? (0) sin?® ™+ (9)db.
p:

By using (2.2)), (2.4) and (2.5)), we get

fi(r)

1 : 2A+2p—1 (2p—1)N (20 — D)2
2 l§1 . “lepr2@p+2a-2)..2l+2) 2
v
+t52 Qg 27 2P
2 vl
(2p+m+1-1 (21 — 1)112
Cp+2+m+1D)2p+2+m+1-2)..20+2) 2
i Aoy 2l42p—1 { (2p — D20 — )N }
lip=1 R 2(p+0)2(p +1—1)..2(1 4 1)2(1)!
%
2+2p (2p +m)N(20 — !
+ l§1 (1,2pT {(Qp +2+m+1)(2p+ 2 +m —1)...(2L + 2)2/(1)!
3 aargpar 401 { (2p — 1M(2L = 1! }
+p=1
%
2042 20 — D)I(2p + m)!!
’ z+zp:1 et [ZZ(Z)!(% F2+m+1)(2p+20+m—1)...(2l +2)

> At (3.3)
k=1

Case (b) If m and n are odd, we have

fa(r)

1 2w
= [ F(r,0)d0
2w Jo

1 2r N



On the maximum number of limit cycles of a planar differential system

1 [ & P ,
= — Z aijr7 cos'(0) sin’ ()
2m Jo i+j=0
+ Z aijr7 cos'(0) sinj+m+1(0)] df
i+j=0

n

1 2 ) )
= [ Z i op_17 T cos'(0) sin* (0)

2 Jo ,
i+2p—1=0

+ Z i 07 P cos' (0) sin2p+m+1(9)] df

i+2p=0

1 21 n+1 ) )
= o [ Z aiop 17 P71 cos'(0) sin® (0)
T Jo

i+2p=2

n+1
+ Z ai9pr T cos'(0) sin2p+m+1(9)] df

i+2p=1

1 2 n+1
_ 2042p—1 . 20 () <inr2P
= 5 E A912p—17 cos™ () sin?(0)
0
20+2p=2

n+1
+ Z a2l72pr2l+2pcos2l(9)sin2p+m+1(0)] do

20+2p=2
n+tl
1 2 2
= — E agt.2p 1721 cos? () sin* (0)
2 Jo
I+p=1
ntl
2
+ E ag1,2p7° T2 cos? (0) sin? T (9) | df
I+p=1
ntl
1 2 2
= — E Y e cos? (#) sin*(6)d6
2m 0
I+p=1
ntl
1 2 2
+o - agp2p7 > " p/ cos? (0) sin® ™+ (9)dh
T 0

Thus, by using (22), [@4) and (2F), we get

n+1

1 2A+2p—1 (2p — 1N (20 — D)N27w
folr) = %lglazl,%w T2l [(2p+2l)(2p+21—2)-‘-(214‘2) 9]
=3
—l—% HPZZI a2l72p?,,2l+2p
(m+2p+1-1U (20 — )27
{(2p+2l+m+1)(2p+2l+m+1—2)...(21+2) 2L(0)! ]

|

1467
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n+1

- i (g gy 11221 [ (2p — D20 — 1N ]
e 2p+D2(p+1—1)..2(1 + 1)24(1)!
n+1
s 2+2p (2p +m)!(20 — D!
: lerZ=1 o {(21’ +2l+m+1)(2p+ 2l +m — 1)...(21 + 2)2/(1)!
nT«H
= > gy { (20— 121 — 1! }
el 2D p+Dp+1—1)...(1+1)
nt1l
2
2042p (2p + m)!(20 — 1)!!
+ z§1 (1,27 [gz(z)!(zp T2+m+1)2p+20+m—1)...(20 +2)
n+1

= ZBkrk. (3.4)

Case (c) If m and n are even, we have

1 27
f3(r) = F(r,0)do

2 Jo

1 2r N o ] ) ) )
= — Z aijr" (cos'(0) sin’ T (0) + cos’ (0) sin? T (6))do

21 Jo i+5=0

27 n

S Z aijr'7 cos'(0) sin’ T (0)

27 Jo i+j=0

+ Z a7 cos'(0) sinj+m+1(9)] db

i+5j=0

_ 1 o Zn: i+2p—1 ( 10 2p
= Qi 2p-1T cos'(#) sin*?(0)

2m J, 4
i+2p=1

+ Z igp 17T  cos'(6) sin2p+m(0)] de

i+2p=1

1 2 n+1
= — E i ap 17 TP cos'(0) sin* ()
2m Jo ‘
i+2p=2

n+1
+ Z ip 17T cos'(6) sin2p+m(6)] df

i+2p=2

1 2 n
= Z agrop 17271 cos? (0) sin® ()

2m Jo
20+2p=2

+ Z agl,gp11”2”2”lcos2l(ﬁ)sin2p+m(9)] df

2042p=2
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1 n
_ 204+2p—1
= - @21.2p—17
o D
20+2p=2

2m 2m
X {/ cos? () sin* () +/ cos?(#) sin2p+m(9)] df
0 0

n
Ly
_ 20+2p—1
= a21,2p—1T
2 P
I+p=1

27 27
X {/ cos? (6) sin? () +/ cos?(0) sin2p+m(0)} de.
0 0

Hence, by using (22), (24) and (23), we get

n

_ 15 2+2p-1 (2p — D! (20 — 1)127
) = 5 Hzp;l @21,2p-17 2p+20)(2p+20—2)..(2l+2) 2
N (m+2p— 1! (20 — )27
Cp+204+m)2p+20l4+m —2)...20+2)  2Y(1)!

— 20+2p—1 (2p — D20 — D)

= lél Q21,2p—17 |:21+P<l)!<p +D(p+1-1)...(1+1)
(2p+m — N2 — )N

+2[(l)!(2p+21+m)(2p+21+m—2)...(2[4—2)]

n
2

= E Ckr%’l.
k=1

Case (d) If m is even and n is odd, we have

1 2

falr) = F(r,0)do

27 Jo

1 [ & P , , ,
- 2—/ Z aijr7 (cos(0) sin T (0) + cos’ (0) sin? T 1(6))do
TJo i35

1 [ & S :

= a;; 7" cos'(6) sin’ (0

| 32 o

+ Z aijr7 cos'(0) sianrm“(H)] df
i+j=0

1 2w n ] ]
= [ Z i ap 17 TP cos'(0) sin* ()

2m Jo ‘
i+2p=1

+ Z igp 17T  cos'(6) sin2p+m(9)] df

i+2p=1

1469
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1 2w n+1 ) ]
= 5 [Z i ap 17 TP cos'(0) sin* ()
T Jo

i+2p=2

n+1
+ Z aip 17T  cos'(6) sin2p+m(€)] do

i+2p=2

1 o n+1
= [ Z agt.p 17221 cos? () sin ()

2 Jo
20+2p=2

n+1

+ E agl,gp11”2”2”lcos2l(ﬁ)sin2p+m(0)] df

2+2p=2
n+1

: Z
_ 20+2p—1
= a21,2p—17
2 P
21+2p=2

2m 2m
X {/ sin () cos? (0) —1—/ cos? (6) sin2p+m(0)] df
0 0

n+1

1 2
_ 214-2p—1
= - g @21, 2p—1T
2 s
l+p=1

2m 2m
X {/ cos? () sin* () +/ cos?(6) sin2p+m(0)] db.
0 0

Thus, by using (2.2)), (2.4) and (2.5)), we get

n+1l
IR 2+2p—1 (2p — ! (20 — 1)l12w
f4(r) - % l+p221 @Zl,prlr <2p + 21)(2]) + 2l . 2)<2l + 2) 2ll|
N (2p+m — 1N (20 — D)N27w
Cp+20+m)2p+2l+m—2)...(20+2) 2i(])!

n+1
2

= 20+2p—1 (2p — D)NN(20 — 1!
= Z aat,2p—17 [zzﬂz(l)!(p +D(p+1-1)...(1+1)

I+p=1
N 20— D"2p+m — )N
20D12p+ 204+ m)(2p+ 20+ m — 2)...(20 + 2)
()
= > D (3.6)
k=1
According to the expressions of Ay, By, Cy and Dy, in (3.3)), (3.4)), (3.5) and (3.6]) respectively,
we get
0(A1, As, ..., A,
Jl _ ( 1,412, 9 )

a(Clo,l, ap,2, -+, ao,n)
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[ 0 . 0 0 7
(m+2)!!
0 (mta)n 0 0
|, (e : ’
0 0 2% ()11 0
(m+n)!!
L o0 0 Grr

d(Bi1, Ba, ..., Bn)

J, =
’ a(CLO,17 aO’Q, ceey aO,n)
L0 0 0 -
(m+2)!1
0 Gopn 0 0
= : . .. n:” : |
0 0 m 0
(m+n+1)!!
| 0 0 0 mneyt |
J. — 8(01, Cs, .., Cn—l)
3 =
0(ap1, 0.3, -5 Qo n—1)
Ly (mtD!
2T (mron 0
: (n=1)! .(m+n71)n ’
! 23 (2)1 T Tt
a(‘D17 DS, ceey Dn>
J4 ==
8(040,17 A03y s ao?n)
Ly (mtD!
} 0 . a e |
2"71(%1)” (m+n+1D)1

which clearly shows that det(J;) # 0, det(J2) # 0, det(J3) # 0 and det(J4) # 0. Consequently,
the families {Ax}, {Bx}, {Cx} and {Dy} are independent. Hence, from and (3.4)), the
averaged function f(r) is generated by a linear combination of functions in the set & =
{r,r% ..., r'}, with [ € {n,n + 1}. Using the Descartes Theorem, it follows that f(r) can have
at most n — 1 simple zeros if m is odd and n is even, or at most n when n and m are odd
numbers. Therefore, by Theorem , for € > 0 sufficiently small, the differential system
can have at most n — 1 or n limit cycles. Similarly, from and , f(r) is generated by
a linear combination of functions in Sy = {r,73,....,r*=1} with [ € {n/2,(n + 1)/2}, and so,
by using the Descartes Theorem and Theorem [2.1] for £ > 0 sufficiently small, the differential
system can have at most (n —2)/2 or (n — 1)/2 limit cycles.
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4. Applications and simulations
In this section, four numerical examples are presented in order to confirm our results.

Example 4.1. Consider the differential system

T =y,
{ j = —x — (1 +sin’(0))(y — 2?). (4.1)

In polar coordinates,

{ z = 1 cos(6),

y = rsin(6),

with ) _
. T+ Yy
7= ,

.o

Yy — Yyt
0 = R

system, becomes
i = —resin(f)(1 + sin®(9))(sin(#) — r cos*(6))
0 = —1 —ccos(0)(1 + sin®*(0))(sin(0) — r cos?(0)).
Taking 0 as an independent time variable,
dr  drdt
dg — dtdf’
we get the following equation

dr

o = resin(6)(1+ sin®(0)) (sin(0) — r cos?(0))

So, we find the normal form of the averaging theory of first order

dr 9
i eF(r,0) + O(e%),
where F(r,0) is given by

F(r,0) = rsin(0)(1 + sin®(9))(sin(0) — 7 cos*(0)).

The averaged function is calculated as follows

A 1(AWFUﬂM0

" or

= % i ’ rsin(0)(1 + sin®(0))(sin(0) — r cos*(0))dd
= % {/0 7TrsinQ(@)alQ — /0 WTQ cos?(6) sin(0)d6

2 2w
+ / rsin®(0)df — / % cos®(0) sin4(«9)d9}
0 0
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L

L
& = % &
i N
- - L .1
B . |
g - 4 ] L]

. i
i v § 5

£ 4 L i

e T T | 0

¥ @ o & ! L

g Ay I'I: o i ]

] - r LT T T

1 LA R 64

! E B B L — i |F. :r
B E kB & LY -..._._i__—q__ - '.- ‘: 1:
i UL . T T “-“—\-ri"-l"..p".,-" ||" ‘r
k L ™ =, ‘_‘_1__'_*_ -~ Jl__- i -.'
% n BOR R oW wm e i ™ ¥ H-"
L W R, W e e e i £ l": ‘;"'
L L N, "l._'l\._'-\._-l-_-i_q.o—...t—..-'.r"..-- al ".-" 'u'"
Ow O R R wWiom e s, e e g i . '.-"'l.-"'
oW oW e W 1,‘1::':?-*-....';:'-..-_4-‘:'.-_.- e

SN
=— |rm—7r°=
27 8
_dg. 2

—16[8r 7’},

which has only one positive zero, r, = 8. Since

dfl('f’) . 1
T

we obtain 0t (8) )
1 - -
dr 2 7 0.

Since m = 3 and n = 2, from Theorem (a), system can have at most one limit cycle, and
this appears clearly in Fig. [1].

Example 4.2. Consider the differential system

{ =y (4.2)

= —x —e(1 +sin®(0))(y® — 2?).

In polar coordinates system becomes

7= —resin(f)(1 + sin’(9))(r*sin®(0) — 7 cos®(0))

0 = —1 —ecos(f)(1 +sin®(0))(r?sin®(0) — r cos?(9)).
Taking 0 as an independent time variable, we get the following equation

dr

yr il sin(0)(1 + sin®(0))(r?sin®(6) — r cos*(6)).
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Hence, we find the normal form of the averaging theory of first order

dr
— —cF 2
7 eF(r,0) + O(e?),

where F(r,0) is given by
F(r,0) = rsin(#)(1 + sin®(0))(r? sin®(0) — 7 cos?(0)).

The averaged function is calculated as follows

"o

folr) = = /OWF(T,G)dQ

2m
_ 2i rsin(6)(1+sin®(9)) (r* sin® (0) — r cos™(6))df
T Jo
1 2w

- = { /O s sin}(0)do — / r2 cos(0) sin(6)do

2T 0

27 2m
+ / r3sin’(0)do — / 2 cos?(6) sin4(6’)d0]
0 0

which has a unique positive zero, r, = %. Since

we get
df+(3) 1
dr 96
Since m = 3 and n = 3, from Theorem (b), system can have at most three limit cycles, see
Fig. [3.

Example 4.3. Consider the differential system

T =y,
{32 vawon -
In polar coordinates, system becomes

{ i = —resin(f)(1 + sin*(9))(sin(#) — r cos*(f))
0 = —1 —ecos(0)(1 + sin?(9))(sin(#) — 7 cos?(h)).

Taking 0 as an independent time variable, we get the following equation

dr

5o sin(6)(1 + sin®(0))(sin(0) — r cos*(0)).
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Figure 2: Limit cycle of amplitude 1/6 for system (4.2) when e = 0.001.

So, we find the normal form of the averaging theory of first order

dr
 —eF 2
7 eF(r,0) + O(e?),

where F(r,0) is given by
F(r,0) = rsin(0)(1 + sin®(9))(sin(0) — r cos*(9)),

The averaged function is calculated as follows

Fo(r) = % /0 " P(r,0)d0
= % i ' rsin(0)(1 + sin®(9))(sin(6) — r cos*(6))do
- [ /0 " sin?(6)d6 — /0 " 12 cos2(0) sin(0)d8

2T 27
+ / r sind (6)df) — / 2 cos?(6) sin3(t9)d0}
0 0

-5l

>1|H

ool =1 b
3

f3(r) does not have a positive zero, which implies that there is no limit cycle, which is confirmed by
Theorem[3.1|(c), since m =2 and n =2 (see Fig. [3).
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Figure 3: No limit cycle for system (4.3) when ¢ = 0.001.

Example 4.4. Let the differential system

T =y,
{ = —x —e(1 +sin?(0))(y> — 2%?).

In polar coordinates, system becomes

{ i = —resin(f)(1 + sin*(6))(r? sin®(9)
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2(6) sin®(9))

0 = —1 — e cos(0)(1 + sin?(0))(r? sin®(0) — r* cos®() sin®(0)).

Taking 0 as an independent time variable, we get the following equation

d
d_g = resin(0)(1 + sin®(6))(r* sin*()
So, we find the normal form of the averaging theory of first order
dr 9
i eF(r,0) + O(e?),

where F(r,0) is given by

F(r,0) = rsin(f)(1 + sin?(9))(r* sin*(9)

The averaged function is calculated as follows

i) = % /0 " F(r,0)d0

4

— T COS

4

2(6) sin®(9)).

— T COS

“(0) sin®(9)),

L rsin(0)(1 + sin?(0))(r?sin®() — r* cos?(#) sin®(0))do
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Figure 4: Limit cycle of amplitude 2,/22/13 for system 1) when £ = 0.001.

1 27 27
= — [/ r3 sin®(0)do — / 7% cos? () sin*(6)db
21 LJo 0
2 2w
+ / 73 sin®(0)do — / % cos?(6) sin6(0)d0}
0 0

13, 1. 54 5,
- [4T 37 TR T
11, 13
i3]

2
1
2|8 64

which has a unique positive zero, r, = 21/22/13. Since

df4(7") o 2 65 4
dr 16 BT
we obtain
dr

Since m = 2 and n =5, from Theorem[3.4(d), system can have at most two limit cycles, see
Fig. [4.
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