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Abstract

The aim of this research paper is to introduce the concept of bi-Γ-algebra space (bi-gamma algebra
space). The concept of bi-µ-measurable set in a bi-Γ-algebra space is defined. With this concept,
some properties of bi-Γ-algebra space are proved. We then define various separation axioms for bi-
Γ-algebra space such as M0,M1, M2, M3, and M4; then the relationships between them are studied.
In addition, the concept of measurable function between two bi-measurable spaces is introduced and
some results are discussed.
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1. Introduction

In 1972, Robert [6] studied the notion of σ–field to define measure and discussed many details
about measure and proved several important results in measure theory. Many other authors studying
the notion of measure due to its usefulness in the foundation of probability theory [5, 7, 3, 4, 2, 8].

The collection of all subsets of a set Ω, denoted by P (Ω), and it is called a power set of Ω. We
assume that the complement of a set Ω is the empty set ∅. A collection ℘ ⊆ P (Ω) is called σ–field if
and only if Ω ∈ ℘ and ℘ is closed under countable union and complementation. A measurable space
is defined as a pair (Ω, ℘) where Ω be a nonempty set and ℘ is σ–field of Ω.

In [5], the concept of ring was studied, where a collection ℘ ⊆ P (Ω) is called ring if whenever
E, F ∈ ℘, then E ∪ F ∈ ℘ and E − F ∈ ℘, where E ∪ F denotes the union of E and F, and
E−F denotes the difference of E and F. Mohaimen M. et al [1] introduced the concept of Γ-algebra
(Γ-field) and studied some related concepts.

In this paper we define the concept of bi-Γ-algebra space and then various separation axioms in
bi-Γ-algebra spaces are considered as well as the relationships between them are studied. In addition,
the bi-measurable function is introduced and some results are proved.
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2. Basic Definitions

In this section, we review basic definitions relative to the work and then introduce the definition
of bi-Γ-algebra. Various separation axioms such as bi-M0 , bi-M1 , bi-M2 , bi-M3 , and bi-M4 are
defined in the proposed bi-Γ-algebra space.

Definition 2.1 ([1]). Let Ω be a nonempty set and ℘ ⊆ P (Ω). A nonempty collection ℘ of subsets
of a set Ω is called Γ-algebra or ( Γ-field ) if the following conditions are satisfied:

1. ∅,Ω ∈ ℘.

2. If D ∈ ℘ and there exist ∅ ̸= Ei ⊂ D ⊂ Ω then at least one of E ′
is ∈ ℘.

3. If D1, D2, . . . ∈ ℘, then
⋃∞

i=1Di ∈ ℘.

Definition 2.2 ([1]). If ℘ is a Γ-algebra on a set Ω. A pair (Ω, ℘) is called measurable space
relative to the Γ-algebra ℘ and the elements of ℘ are called the measurable sets.

Definition 2.3. A Γ-algebra on a set Ω is said to be discrete-Γ-algebra provided, if A ⊆ Ω, then A
is a measurable set.

Definition 2.4. Let Ω be a nonempty set and P,Q ⊆ P (Ω) are two Γ-algebras on a set Ω such
that P ̸= Q. The ordered triple (Ω, P,Q) is said to be a bi-Γ-algebra.

Example 2.5. Let Ω = {a, b, c}. Define P and Q as follows;
P = {∅, {a} , {b} , {a, b} ,Ω}; and Q = {∅, {a} , {a, c} ,Ω}.
Then (Ω, P,Q) is a bi-Γ-algebra of a set Ω since P and Q are two Γ-algebras of a set Ω.

Definition 2.6. Let P ̸= Q are two Γ-algebras on a set Ω. A triple (Ω, P,Q) is called bi-measurable
space relative to the Γ-algebras P and Q; and the elements of (Ω, P,Q) are called bi- measurable sets.

Definition 2.7. Let (Ω, P,Q) be a bi-Γ-algebra space. A subset U of Ω is said to be bi-µ-measurable
set of (Ω, P,Q) if U = ∅ or there exist measurable sets ∅ ̸= V ∈ P and ∅ ̸= W ∈ Q such that
V,W ⊆ U .

Definition 2.8. Let (Ω, P,Q) be a bi-Γ-algebra space. A subset C of Ω is said to be bi-µ∗-measurable
set if its complement Ω− C (or Cc) is bi-µ-measurable set.

Example 2.9. Let Ω = {a, b, c, d}. Define the two collections P and Q as follows;
P = {∅, {a} , {b} , {c} , {a, c} , {a, b} , {b, c} , {a, b, c} , {b, c, d} ,Ω}; and
Q = {∅, {a} , {b} , {a, b} , {a, b, c} ,Ω}.
Then (Ω, P,Q) is a bi-Γ-algebra on a set Ω since P and Q are two Γ-algebras of a set Ω.
If U = {a, b, d} ⊂ Ω, then U is a bi-µ-measurable set since ∅ ̸= {a} ∈ P and ∅ ̸= {b} ∈ Q such that
{a} ⊂ U and {b} ⊂ U . But U = {d} ⊂ Ω is not a bi-µ-measurable set.

Definition 2.10. A bi-Γ-algebra space (Ω, P,Q) is said to be bi-discrete provided, if A ⊂ Ω , then
A is bi-µ-measurable set.
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Theorem 2.11. A bi-Γ-algebra space (Ω, P,Q) is bi-discrete if and only if each of (Ω, P ) and (Ω, Q)
is discrete.
Proof . Let (Ω, P,Q) is a bi-Γ-algebra on a set Ω. Suppose that (Ω, P,Q) is a bi-discrete. Let
x ∈ Ω. Since (Ω, P,Q) is a bi-discrete , {x} is a bi-µ-measurable set. There are thus measurable
sets ∅ ̸= V ∈ P and ∅ ̸= W ∈ Q such that V,W ⊆ {x}. Therefore V = {x} and W = {x}. Then
{x} ∈ P and {x} ∈ Q. So by definition of discrete, (Ω, P ) and (Ω, Q) are discrete.
Suppose (Ω, P ) and (Ω, Q) are discrete Γ-algebras on a set Ω, and let A ⊂ Ω. Since (Ω, P ) and
(Ω, Q) are discrete then A ∈ P and A ∈ Q . Since A is a subset of A then A is a bi-µ-measurable
set. Therefore (Ω, P,Q) is a bi-discrete bi-Γ-algebra space by Definition 2.10 □

Example 2.12. Let Ω = {a, b, c} is a bi-Γ-algebra on a set Ω. Define the two collections P and Q
as follows;
P = {∅, {a} , {b} , {a, b} , {b, c} ,Ω} and Q = {∅, {b} , {b, c} ,Ω}. Then (Ω, P,Q) is not bi-discrete.
The subset U = {a, c} of Ω is not a bi-µ-measurable set. There is no ∅ ̸= W ∈ Q such that W ⊆ U .
In the following we define various bi-separation axioms on bi-Γ-algebra spaces and study the relation-
ships between them.

Definition 2.13. A bi-Γ-algebra space (Ω, P,Q) is said to be bi-M0, if for any two distinct points of
a bi-Γ-algebra space (Ω, P,Q), at least one of them has a bi-µ-measurable set which does not contain
the other point.

Example 2.14. Let Ω = {a, b, c} is a bi-Γ-algebra on a set Ω. Define the two collections P and Q
as follows;
P = {∅, {a} , {b} , {a, b} ,Ω} and Q = {∅, {a} ,Ω}. Then (Ω, P,Q) is a bi-M0. The set of all
bi-µ-measurable subsets of Ω is {∅, {a} , {a, b} , {a, c} ,Ω}.

Example 2.15. Let Ω = {a, b, c} is a bi-Γ-algebra on a set Ω. Define the two collections P and Q
as follows;
P = {∅, {a} , {a, b} ,Ω} and Q = {∅, {b} ,Ω}. Then (Ω, P,Q) is Not a bi-M0. The set of all bi-µ-
measurable subsets of Ω is {∅, {a, b} ,Ω}. There does not exist a bi-µ-measurable subsets of Ω which
contains a and does not contain b or which contains b and does not contain a.

Definition 2.16. A bi-Γ-algebra space (Ω, P,Q) is said to be bi-M1, if for any two distinct points
of a bi-Γ-algebra space (Ω, P,Q), each has a bi-µ-measurable set not containing the other point.

Example 2.17. Let Ω = {a, b, c} is a bi-Γ-algebra on a set Ω. Define the two collections P and Q
as follows;
P = {∅, {a} , {b} , {a, b} , {b, c} ,Ω} and Q = {∅, {b} , {c} , {b, c} ,Ω}. Then (Ω, P,Q) is a bi-M1.
The set of all bi-µ-measurable subsets of Ω is {∅, {b} , {a, b} , {a, c} , {b, c} ,Ω}.

Example 2.18. Let Ω = {a, b, c} is a bi-Γ-algebra on a set Ω. Define the two collections P and Q
as follows;
P = {∅, {a} , {b} , {a, b} ,Ω} and Q = {∅, {a} ,Ω}. Then (Ω, P,Q) is Not a bi-M1. The set of
all bi-µ-measurable subsets of Ω is {∅, {a} , {a, b} , {a, c} ,Ω}. It is clear that there does not exist
bi-µ-measurable subsets of Ω which contains b and does not contain a.

Theorem 2.19. If a bi-Γ-algebra space (Ω, P,Q) is a bi-M1, then it is a bi-M0.
Proof . Let (Ω, P,Q) be a bi-M1 space. Suppose p ̸= q ∈ Ω, then by Definition 2.16, each of p and
q has a bi-µ-measurable set not containing the other point. Thus (Ω, P,Q) be a bi-M0 space. □
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Remark 2.20. The converse of Theorem 2.19 need not be true as Examples 2.14 and 2.18 show.

Theorem 2.21. If a bi-Γ-algebra space (Ω, P,Q) is a bi-M1, and x ∈ Ω, then {x} is a bi-µ∗ mea-
surable set.
Proof . Suppose (Ω, P,Q) is a bi-M1, and x ∈ Ω. Let p ∈ Ω−{x}, then p ̸= x. Since (Ω, P,Q) is a bi-
M1 , there is a bi-µ-measurable subsets Up of Ω such that p ∈ Up and x /∈ Up . Then p ∈ Up ⊂ Ω−{x}.
Therefore, for each p ∈ Ω, there exists a bi-µ-measurable subsets Up of Ω which contains p and is
contained in the complement of {x}. It remains to show that Ω− {x} = ∪{Up : p ∈ Ω− {x}}. Let
y ∈ Ω − {x}. there is a bi-µ-measurable subsets Uy of Ω such that y ∈ Uy which is contained in
Ω− {x}. Thus y ∈ ∪{Up : p ∈ Ω− {x}}, and hence Ω− {x} ⊂ ∪{Up : p ∈ Ω− {x}}.
Now, let y ∈ ∪{Up : p ∈ Ω− {x}}. Then, there is a Up such that y ∈ Up ⊂ Ω − {x}, and hence
y ∈ Ω− {x}. Therefore, ∪{Up : p ∈ Ω− {x}} ⊂ Ω− {x}. Hence Ω− {x} = ∪{Up : p ∈ Ω− {x}}.
Since Up is a bi-µ-measurable subsets of Ω, then ∪{Up : p ∈ Ω− {x}} is a bi-µ-measurable subsets
of Ω. This implies that Ω − {x} is a bi-µ-measurable subsets of Ω. Then {x} is a bi-µ∗ measurable
subsets of Ω. □

Definition 2.22. A bi-Γ-algebra space (Ω, P,Q) is said to be bi-M2, if for any two distinct points
of a bi-Γ-algebra space (Ω, P,Q), each has a bi-µ-measurable set which does not intersect the other.

Example 2.23. Let Ω = {a, b, c, d} is a bi-Γ-algebra on a set Ω. Define the two collections P and
Q as follows;
P = {∅, {a} , {b} , {c} , {a, b} , {a, c} , {b, c} , {a, b, c} ,Ω} and Q = {∅, {a} , {b} , {a, b} , {b, c, d} ,Ω}.
Then (Ω, P,Q) is a bi-M2. The set of all bi-µ-measurable subsets of Ω is
{∅, {a} , {b} , {a, b} , {a, c} , {a, d} , {b, d} , {b, c} , {b, c, d} , {a, c, d} , {a, b, d} , {a, b, c} ,Ω}.

Example 2.24. Let Ω = {a, b, c} is a bi-Γ-algebra on a set Ω. Define the two collections P and Q
as follows;
P = {∅, {a} , {b} , {a, b} ,Ω} and Q = {∅, {a} ,Ω}. Then (Ω, P,Q) is Not a bi-M2. The set of all
bi-µ-measurable subsets of Ω is {∅, {a} , {a, b} , {a, c} ,Ω}. For a ̸= b ∈ Ω, there are no two disjoint
bi-µ-measurable subsets U and V of Ω such that a ∈ U and b ∈ V .

Theorem 2.25. If a bi-Γ-algebra space (Ω, P,Q) is a bi-M2, then it is a bi-M1.
Proof . Suppose (Ω, P,Q) is a bi-M2 , and p ̸= q ∈ Ω . Since (Ω, P,Q) is a bi-M2 space, there
are two disjoint bi-µ-measurable subsets U and V of Ω such that p ∈ U and q ∈ V . But U ∩ V = ∅
implies that q /∈ U . Thus there is a bi-µ-measurable subsets U such that p ∈ U and q /∈ U . Thus
(Ω, P,Q) is a bi-M1 space. □

Remark 2.26. The converse of Theorem 2.25 need not be true as the following example shows.

Example 2.27. Let Ω = {a, b, c} is a bi-Γ-algebra on a set Ω. Define the two collections P and Q
as follows;
P = {∅, {a} , {c} , {a, c} , {a, b} , {b, c} ,Ω} and Q = {∅, {b} , {c} , {a, c} , {b, c} ,Ω}.
Then (Ω, P,Q) is a bi-M1 but it is Not a bi-M2 space. The set of all bi-µ-measurable subsets of Ω is
{∅, {a, b} , {b, c} , {c} , {a, c} ,Ω}. For a ̸= b ∈ Ω, there are no two disjoint bi-µ-measurable subsets
U and V of Ω such that a ∈ U and b ∈ V .

Definition 2.28. A bi-Γ-algebra space (Ω, P,Q) is said to be bi-M3, if (Ω, P,Q) is a bi-M1 space
and such that if p ∈ Ω and F is a bi-µ∗ measurable subset of Ω with p /∈ F , then there exists two
disjoint bi-µ-measurable subsets U and V of Ω with p ∈ U and F ⊆ V .
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Note that, a bi-Γ-algebra space (Ω, P,Q) in Example 2.23 is a bi-M3 space, while a bi-Γ-algebra
space (Ω, P,Q) in Example 2.27 is Not a bi-M3 space since {a} is a bi-µ∗ measurable subset of Ω
with b /∈ {a} but there are no two disjoint bi-µ-measurable subsets U and V of Ω such that b ∈ U
and {a} ⊆ V .

Theorem 2.29. If a bi-Γ-algebra space (Ω, P,Q) is a bi-M3, then it is a bi-M2 space.
Proof . Suppose (Ω, P,Q) is a bi-M3 , and p ̸= q ∈ Ω . Since (Ω, P,Q) is a bi-M3 space, then
(Ω, P,Q) is a bi-M1 space. Thus by Theorem 2.21, {p} is a bi-µ∗ measurable subset of Ω. Therefore,
there are two disjoint bi-µ-measurable subsets U and V of Ω such that q ∈ U and {p} ⊆ V . Since
{p} ⊆ V, p ∈ V . So q ∈ U , p ∈ V and U ∩ V = ∅. Therefore, (Ω, P,Q) is a bi-M2 space. □

Remark 2.30. The converse of Theorem 2.29 need Not be true as the following example shows.

Example 2.31. Let Ω = {1, 2, 3, 4, 5} is a bi-Γ-algebra on a set Ω. Define the two collections P and
Q as follows;
P = {∅, {1} , {5} , {1, 5} , {1, 2} , {1, 3} , {2, 3} , {1, 2, 5} , {1, 2, 3} , {2, 3, 5} , {1, 3, 5} , {1, 2, 3, 5} ,Ω},
and Q = {∅, {2} , {3} , {4} , {2, 3} , {2, 4} , {3, 4} , {2, 3, 4} ,Ω}. Then (Ω, P,Q) is a bi-M2.
The set of all bi-µ-measurable subsets of Ω is,
∅, {1, 2} , {1, 3} , {1, 4} , {2, 3} , {2, 5} , {3, 5} , {4, 5} , {1, 2, 3} , {1, 2, 4} , {1, 2, 5} , {1, 3, 4} , {1, 3, 5} ,

{2, 3, 4} , {2, 3, 5} , {1, 4, 5} , {2, 4, 5} , {3, 4, 5} , {1, 2, 3, 4} , {1, 2, 3, 5} , {2, 3, 4, 5} , {1, 3, 4, 5} ,
{1, 2, 4, 5} ,Ω


The set of all bi-µ∗ measurable subsets of Ω is.{
Ω, {3, 4, 5} , {2, 4, 5} , {2, 3, 5} , {1, 4, 5} , {1, 3, 4} , {1, 2, 4} , {1, 2, 3} , {4, 5} , {3, 5} , {3, 4} , {2, 5} ,

{2, 4} , {1, 5} , {1, 4} , {2, 3} , {1, 3} , {1, 2} , {5} , {4} , {1} , {2} , {3} ,∅

}
Then (Ω, P,Q) is a bi-M2 but it is Not a bi-M3 since 4 ∈ Ω, 4 /∈ {1, 5} and there are no two disjoint
bi-µ-measurable subsets U, V of Ω such that 4 ∈ U and {1, 5} ⊆ V .

Definition 2.32. A bi-Γ-algebra space (Ω, P,Q) is said to be bi-M4, if (Ω, P,Q) is a bi-M1 space
and such that for any two disjoint bi-µ∗ measurable subsets F and G of Ω , then there exists two
disjoint bi-µ-measurable subsets U and V of Ω with F ⊆ U and G ⊆ V .

The following example is a bi-M4.

Example 2.33. Let Ω = {1, 2, 3, 4} is a bi-Γ-algebra on a set Ω. Define the two collections P and
Q as follows;
P = {∅, {1} , {2} , {3} , {1, 2} , {1, 3} , {2, 3} , {3, 4} , {1, 2, 3} , {1, 3, 4} , {2, 3, 4} ,Ω}
and Q = {∅, {1} , {2} , {1, 2} , {2, 3, 4} ,Ω}. Then (Ω, P,Q) is a bi-M4. The set of all bi-µ-measurable
subsets of Ω is
{∅, {1} , {2} , {1, 2} , {1, 3} , {1, 4} , {2, 3} , {2, 4} , {1, 2, 3} , {1, 2, 4} , {2, 3, 4} , {1, 3, 4} ,Ω} .
The set of all bi-µ∗ measurable subsets of Ω is.
{Ω, {2, 3, 4} , {1, 3, 4} , {3, 4} , {2, 4} , {2, 3} , {1, 4} , {1, 3} , {4} , {3} , {1} , {2} ,∅}.

Remark 2.34. Note that, a bi-Γ-algebra space (Ω, P,Q) in Example 2.31 is Not a bi-M4 space
because if we take two disjoint bi-µ∗ measurable subsets F = {2, 4} and G = {1, 5} of Ω there are no
two disjoint bi-µ-measurable subsets U and V of Ω with F ⊆ U and G ⊆ V .
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Theorem 2.35. If a bi-Γ-algebra space (Ω, P,Q) is a bi-M4, then it is a bi-M3 space.
Proof . Suppose (Ω, P,Q) is a bi-M4 , and a ∈ Ω. Let G be a bi-µ∗ measurable subset of Ω such
that a /∈ G. Since (Ω, P,Q) is a bi-M4 space, then (Ω, P,Q) is a bi-M1 space, and {a} is a bi-µ∗

measurable set by Theorem 2.21. Then there exist two disjoint bi-µ-measurable subsets U and V of
Ω such that {a} ⊆ U and G ⊆ V . But {a} ⊆ U implies that a ∈ U . Thus a ∈ U and G ⊆ V and
U ∩ V = ∅ . Hence by Definition 2.28, (Ω, P,Q) is a bi-M3 space. □

Remark 2.36. The converse of Theorem 2.34 need Not be true as the following example shows.

Example 2.37. Let Ω = {1, 2, 3, 4, 5} is a bi-Γ-algebra on a set Ω. Define the two collections P and
Q as follows;
P = {∅, {1} , {3} , {4} , {1, 3} , {1, 4} , {1, 3, 4} , {3, 4} ,Ω},
and Q = {∅, {1} , {2} , {1, 2} , {5} , {1, 5} , {2, 5} , {1, 2, 5} ,Ω}.
The set of all bi-µ-measurable subsets of Ω is,

∅, {1} , {1, 2} , {1, 3} , {1, 4} , {1, 5} , {2, 3} , {2, 4} , {3, 5} , {4, 5} , {1, 2, 3} , {1, 2, 4} , {1, 2, 5} ,
{1, 3, 4} , {1, 3, 5} , {2, 3, 4} , {2, 3, 5} , {1, 4, 5} , {2, 4, 5} , {3, 4, 5} , {1, 2, 3, 4} , {1, 2, 3, 5} ,

{2, 3, 4, 5} , {1, 3, 4, 5} , {1, 2, 4, 5} ,Ω


The set of all bi-µ∗ measurable subsets of Ω is,{

Ω, {2, 3, 4, 5} , {3, 4, 5} , {2, 4, 5} , {2, 3, 5} , {2, 3, 4} , {1, 4, 5} , {1, 3, 5} , {1, 2, 4} , {1, 2, 3} , {4, 5} ,
{3, 5} , {3, 4} , {2, 5} , {2, 4} , {1, 5} , {1, 4} , {2, 3} , {1, 3} , {1, 2} , {5} , {4} , {1} , {2} , {3} ,∅

}
Then (Ω, P,Q) is a bi-M3 but it is Not a bi-M4 since {3, 4} and {2, 5} are two disjoint bi-µ∗ measurable
subsets of Ω and there are no two disjoint bi-µ-measurable subsets U, V of Ω such that {3, 4} ⊆ U
and {2, 5} ⊆ V .

3. Measurable Functions on bi-Γ-algebra space

Definition 3.1. Let (X, P, Q) and (Y,W,Z) are two bi-Γ-algebra spaces and f : X → Y be a
function. Then f is said to be a bi-measurable function provided, if U is a bi-µ-measurable subset of
Y , then f−1 (U) is a bi-µ-measurable subset of X .

Example 3.2. Let X = {a, b, c}. Define the two collections P and Q on X as follows;
p = {∅, X, {a} , {b} , {a, b}, {b, c}}, and Q = {∅, X, {a}, {c}, {a, c}}.
Let Y = {r, s, t}. Define the two collections C and D on Y as follows;
W = {∅, Y, {r}, {r, s}}, and Z = {∅, Y, {r}, {t}, {r, t}}. Define f : X → Y as the following;
f (a) = r; f (b) = s; f (c) = t. Then f is a bi-measurable function.
Proof . The set of all bi-µ-measurable subsets of X is {∅, X, {a}, {a, b}, {a, c}, {b, c}}, and the set
of all bi-µ-measurable subsets of Y is {∅, Y, {r}, {r, s}, {r, t}}. Then;
f−1 (∅) = ∅; f−1 (Y ) = X; f−1 ({r}) = {a} ; f−1 ({r, s}) = {a, b} ; f−1 ({r, t}) = {a, c}.
Note that for every bi-µ-measurable subset U of Y , then f−1(U) is a bi-µ-measurable subset of X.
Therefore f is a bi-measurable function. □

Example 3.3. Let X = {a, b, c}. Define the two collections P and Q on X as follows;
p = {∅, X, {a} , {b} , {a, b}, {b, c}} and Q = {∅, X, {a}, {c}, {a, c}}. Then the set of all bi-µ-
measurable subsets of X is {∅, X, {a} , {a, b} , {a, c}, {b, c}}. Let Y = {r, s, t}. Define the two
collections W and Z on Y as follows;
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W = {∅, Y, {r}, {r, s}}, and Z = {∅, Y, {r}, {t}, {r, t}}. Then the set of all bi-µ-measurable subsets
of Y is {∅, Y, {r} , {r, s} , {r, t}}. Define g : Y → X as the following;
g (r) = b; g (s) = a; g (t) = c. Then g is Not a bi-measurable function.
Proof . By definition of inverse
g−1 (∅) = ∅; g−1 (X) = Y ; g−1 ({a}) = {s} ; g−1 ({a, b}) = {r, s} ; g−1 ({a, c}) = {s, t} ; g−1 ({b, c}) =
{r, t}. Note that {a} is a bi-µ-measurable subset of X but g−1 ({a}) = {s} is not a bi-µ-measurable
subset of Y . Therefore g is Not a bi-measurable function. □

Definition 3.4. Let (X, P, Q) and (Y,W,Z) are two bi-Γ-algebra spaces. Let f : X → Y be
a mapping and x ∈ X . Then f is said to be bi-measurable function at x provided, if given any
bi-µ-measurable subset V of Y , f(x) ∈ V , then there exists a bi-µ-measurable subset U of X such
that x ∈ U and f(U) ⊂ V .

Example 3.5. Let (X, P, Q) and (Y, W, Z) be defined as in Example 3.3. Define g, mapping Y
into X, by g (r) = b; g (s) = a; g (t) = c . Then g is a bi-measurable function at a point and is Not a
bi-measurable function.
Proof . Since {r} is bi-µ-measurable subset of Y , and each bi-µ-measurable subset of X which
contains g(r) = b also contains g({r}) = {b}, then g is a bi-measurable function at r ∈ Y . It was
shown, however, that g is Not a bi-measurable function. □

Theorem 3.6. If (X, P, Q) and (Y, W, Z) are two bi- Γ–algebra spaces, then f , mapping X into
Y , is a bi-measurable if and only if f is a bi-measurable function at each point of X.
Proof . Suppose (X, P, Q) and (Y, W, Z) are two bi- Γ–algebra spaces. Let f map X into Y .
Suppose that f is a bi-measurable. Let x ∈ X. Let V be a bi-µ-measurable subset of Y such that
f(x) ∈ V . Since f(x) ∈ V , x ∈ f−1 (V ) . But f is a bi-measurable, therefore f−1 (V ) is a bi-µ-
measurable subset of X. Thus x ∈ f−1 (V ) and f(f−1 (V )) ⊂ V . Therefore f is a bi-measurable at x.
Suppose that f is a bi-measurable function at each point x ∈ X. Let U be a bi-µ-measurable subset
of Y . Let x ∈ f−1 (U). Then f(x) ∈ U . By Definition 3.1, there is a bi-µ-measurable subset
Gx ⊂ X such that x ∈ Gx , and Gx ⊂ f−1 (U). Such a bi-µ-measurable subset can be found for
each x in X. It remains to show that f−1 (U) = ∪{Gx : x ∈ f−1 (U)}. Let y ∈ f−1 (U). Then
f(y) ∈ U . So y ∈ Gy ⊂ ∪{Gx : x ∈ f−1 (U)}. Thus f−1 (U) ⊂ ∪{Gx : x ∈ f−1 (U)}. Let
y ∈ ∪{Gx : x ∈ f−1 (U)} . Then there is an x ∈ X such that y ∈ Gx ⊂ f−1 (U). Therefore
y ∈ f−1 (U) . Hence ∪{Gx : x ∈ f−1 (U)} ⊂ f−1 (U). So f−1 (U) = ∪{Gx : x ∈ f−1 (U)}.
Since each Gx is a bi-µ-measurable subset, f−1 (U), which is a union of bi-µ-measurable subsets, is
a bi-µ-measurable subset. Thus f is bi-measurable. □

Theorem 3.7. If (X, P, Q) and (Y, W, Z) are two bi- Γ–algebra spaces and f , mapping X into
Y , is bi-measurable, and F is a bi-µ∗ measurable subset of Y , then f−1 (F ) is a bi-µ∗ measurable
subset of X.
Proof . Let (X, P, Q) and (Y, W, Z) are two bi- Γ–algebra spaces. Let f , mapping X into Y ,
be bi-measurable. Let F be a bi-µ∗ measurable subset of Y . Since F is a bi-µ∗ measurable subset,
then Y − F is a bi-µ-measurable subset of Y . Thus f−1 (Y − F ) is a bi-µ-measurable subset of X,
and f−1 (Y − F ) = f−1 (Y ) − f−1 (F ) = X − f−1 (F ) . Since X − f−1 (F ) = f−1 (Y − F ) , then
X − f−1 (F ) is a bi-µ-measurable subset of X. But then f−1 (F ) = X − (X − f−1 (F )) is a bi-µ∗

measurable subset of X. □

Theorem 3.8. If (X, P, Q) and (Y, W, Z) are two bi- Γ–algebra spaces, and f , mapping X into
Y , is such that, if F is a bi-µ∗ measurable subset of Y , then f−1 (F ) is a bi-µ∗ measurable subset of
X, then f is a bi-measurable function.



1572 Abbood, Al-Fayadh, Ebrahim

Proof . Let (X, P, Q) and (Y, W, Z) are two bi- Γ–algebra spaces. Let f , mapping X into Y , be
such that, if F is a bi-µ∗ measurable subsets of Y , then f−1 (F ) is a bi-µ∗ measurable subsets of X.
Let U be a bi-measurable subset of Y. Then U = Y − (Y − U) and (Y − U) is a bi-µ∗ measurable
subset of Y . So f−1 (U) = f−1 (Y − (Y − U)) = f−1 (Y ) − f−1 (Y − U) = X − f−1 (Y − U). Since
(Y − U) is a bi-µ∗ measurable subset of Y , f−1 (Y − U) is a bi-µ∗ measurable subset of X. Then
f−1 (U) = X − f−1 (Y − U), which is a bi-µ-measurable subset of X.
Therefore f is a bi-measurable. □

4. Conclusion

In this study, we introduce the concept of ”bi-Γ-algebra space (bi-gamma algebra space)” and
then generalized some basic properties of classic Γ-algebra. We then define various separation axioms
for bi-Γ-algebra space and study the relationships between them. We proved that each bi- Mi axiom
is bi-Mi−1 (i = 1, 2, 3, 4) and the converse need not true. Finally, the concept of bi-measurable
function was introduced.

References

[1] M.M. Abbood, H.H. Ebrahim and A. Al-Fayadh, Study on Γ–algebra with some related concepts, Accepted to
AIP Conf. Proc., 28/3/2021.

[2] V.I. Bogachev, Measure Theory I, Springer, 2007.
[3] R.M. Dudley, Real analysis and probability, Cambridge Univ. Press, 2002.
[4] L.C. Evans and R.F. Gariepy, Measure Theory and Fine Properties, CRC Press. New York, 2015.
[5] P.R. Halmos, Measure Theory, Springer, 1976.
[6] B.A. Robert, Real Analysis and Probability, Academic Press, INC, University of Illinois, 1972.
[7] K. A. Ross and R. B. Ash, Real analysis and probability, Amer. Math. Month. 82(1) (1975) 91.
[8] Z. Wang and G. J. Klir, Generalized measure theory, Foundations, 25 (2008).


	 Introduction
	Basic Definitions
	 Measurable Functions on bi--algebra space
	 Conclusion

