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Abstract

We introduce a novel distance structure called a b-interval metric space to generalize and extend
metric interval space. Also, we demonstrate that the collection of open balls, which forms a basis
of a b-interval metric space, generates a Ty-topology on it. Further, we define topological notions
like an open ball, closed ball, b-convergence, b-Cauchy sequence and completeness of the space on a
b-interval metric space to create an environment for the survival of a near fixed point and a unique
equivalence class of near fixed point. Towards the end, we introduce notions of interval circle, fixed
interval circle, its equivalence class and established the existence of a near fixed interval circle and
its equivalence interval C-class of near fixed interval circle to study the geometric properties of
non-unique equivalence C-classes of nearly fixed interval circles.
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1. Introduction

In 1922, Banach established the acclaimed Banach contraction principle exploiting metric spaces.
Subsequently, this principle was generalized in different frameworks. Recently, Wu [20] familiarized
metric interval spaces exploiting the null set to study near fixed points. It is interesting to mention
that metric interval space is not a conventional metric space and all the closed and bounded intervals
on the collection of real numbers may not be a vector space, as the additive inverse of each of its
elements may not exist in it. Acknowledging the work of Wu [20], we familiarize a novel distance
structure called a b—interval metric space and study its topology. In spite of the fact that the metric
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space may not essentially be a vector space, we equip a b—metric to the collection of closed and
bounded intervals in the set of real numbers utilizing a null set. Besides, we introduce notions like
b—convergence, b—Cauchy sequence, completeness and demonstrate that the collection of open balls,
which forms a basis of a b—interval metric space, generates a 7y topology on it. We illustrate by
means of examples that conventional Banach contraction principle, Theorem 5 of Sehgal [17] and
consequently results in, [3], [6], [8], [9]-[13], [15], [16], [I8]-[19], and so on , may not be proved
in a b—interval metric space. Thereby, we infer that the celebrated fixed point conclusions may
not be proved in a conventional way in a novel b—interval metric space which demonstrates the
prominence of b—interval metric space over celebrated distance structures. We also include examples
to demonstrate that a b—interval metric space is neither a b—metric space (see, Bhaktin [I], Czerwik
[5]) nor a metric interval space [20]. Towards the end, we introduce notions of interval circle, near
fixed interval circle, its equivalence class and establish the existence of near fixed interval circle and
its equivalence C—class to study the geometric properties of non-unique equivalence C—classes of
near fixed interval circles. These near fixed points and near fixed interval circles results promote
further examinations and applications in metric fixed point theory, which has been utilized in solving
numerous real-life problems.

2. Preliminaries

The addition and scalar multiplication on the set U of closed and bounded intervals in R is defined
as:
[p,a] ® [v,8] = [p+v,q+s], and

) [tp,tq], €>0
tp,q] = {[{%q,{%p], b<0’ [p,ql],[t,8] €U.

[0,0] € U is zero element of U. For any [p,q] € U, [p,q] © [p,q] = [p, 9] D [—q9,—p] =[p — 9,9 — p],
that is, U is not a vector space in a conventional way, under the operations of addition and scalar
multiplication defined above, since the additive inverse of each of its non-degenerated closed interval
may not exist.

Now, the null set is defined as:

N ={lp,q©p,q]: [p,ql €U}
= {[—a,a]: a>0}
= {a[-1,1] : a >0},

that is, A is generated by [—1,1].
Remark 2.1. [20)/

- In general, (a+b)[p,q] # alp,q] + bp, q].
- If 4,6 20, (a+b)[p,q] = alp, q] + b[p, q].
. Ifa,b <0, (a+b)[p,q] = alp,q] + b[p,q], Va,b € R.

. p,q] g [t,s] if and only if there exist n,,n, € N such that

B~ W N -

p,q] + 1 = [r, 8] + n,.
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Clearly, [p,q] = [t,8] = [p,q] +n, = [v,8] + n,,n, =10, =[0,0] = [p, q ol [

converse may not essentially be true. Exploiting the binary relation g, for any [p,q] € U, we define

t,s|. However, the

(Ip,a]) = {[v,;s] €U : [pa] X [r, ]} (2.1)

The family of all classes {[p,q]) for [p,q] € U is symbolized by (U).

The binary relation Y s an equivalence relation [20]. Noticeably, class constitutes the equiv-
alence class and the family <U > of all the classes is said to be the quotient set of U. It is
significant to mention that a quotient set <Z/[ > is also not a conventional vector space. Moreover,
[v,s] € ([p,q]) = ([p,q]) = ([r,s]). Consequently, the family of equivalence classes constitutes a
partition of the entire collection of closed and bounded intervals U in R.

Definition 2.2. [20] Let U be the set of closed and bounded intervals and N be the null set. A
metric interval space is a pair (U,d), on a non-empty set U if and only if a map d : U x U — RT
satisfies the subsequent conditions:

1. d([p,q], [r,s]) = 0 if and only if [p, q]
2. d([p7 CI], [t,ﬁ]) = d([t’s]v [pa qD;
3. d(lp,ql, [v,8]) < d([p, a], [t, u]) + d([t,u], [v,8]), [p,a],[v,8], [t,u] € U.

=

[t,s];

Remark 2.3. In this paper, we slightly modify the name of this notion and call it interval metric
space instead of metric interval space in the next section.

Definition 2.4. [20] d : U x U — R is said to satisfy null equalities, if for ny,n, € N and
[p,q], [v,s] €U, the subsequent conditions holds:

L d([p,q] ® ny, [v,8] +n,) = d([p, q], [t, 5]);
2. d([p, q] ® ny, [v,5]) = d([p, ], [, 5]);
3. d([p, Cl], [t,ﬁ] ©® nz) = d([p, Cl], [‘C,E]).

Definition 2.5. [20] Let M :U — U be a function. A point [p,q] € U is known as a near fized
point of U if and only if M([p.a)) = [p.al

3. Main results

First, we present formally the novel distance structure as a b—interval metric space.

Definition 3.1. LetU be the set of closed and bounded intervals and N be the null set. A b—interval
metric on a nonempty set U with s > 1, is a map dy : U x U — R satisfying:

(dn) dy([p,al, [t,5]) = 0 if and only if [p, q] L [r, s];
(db? [p,q],[t,ﬁ]) = db([taﬁ]v[p7q]);

(db3> db([paqL [t,ﬁ]) < S[db([pvq]7 [t7 u]) +db([t7 u]7 [t,ﬁ])}, [p,CI], [t75]7 [t’ u] cU.

A pair (U, dp) is known as a b—interval metric space.
A b—interval metric space reduces to an interval metric space [20], for s = 1.

) di(
) di(

Following, Wu [20], we introduce null equalities in a b—interval metric space.
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Definition 3.2. d, : U x U — RT satisfies b—null equalities, if for n,,n, € N, the null set, s > 1,
and [p, q|, [v,s] € U, the subsequent conditions holds:

L. dy([p,q] @ 0y, [v,8] + ny) = do([p, q], [t, 8]);
2. dy([p, 9] D1y, [r,8]) = dy([p. q], [r, 5]);
3. db([p, Cl], [t,5] ) nz) = db([pu q]7 [tvs])'

Example 3.3. Let U be the set of closed and bounded intervals and N be the null set. Let d :
U xU =R be defined as:

dy([p, ), [r.s]) = (p+q -t —9)". (3.1)

We assert that (U, dy) is a b—interval metric space and s = 2.

(dyy) Let [p,q],[t,s] €U, p <q, vt <s. Now,

dy([p, g, [¢, 8]) = 0,

= (p+g-—r—5)"=0,

= p+q =1t +s, which is possible if and only if q > «,
that is, p+v—s5=2v —q.

Since, p < q,t<s, andq>t,p+r—s<q+s—rtand 2t —q < q+5—t, we have two iden-
tical intervals [p +t —s,q+ 6 —t| and [2c — q,q + s — t|. These intervals may be written as
p+r—sq+s—t]=[p,qdt—s55—1]and [2t—q,q+s5—1t]=[t,5] D[t —q,9—1].
Suppose, n, = [t — 6,5 —t] andn, = [t —q,q —t], n,,n, € N.

Now, we have [p,q] & n, = [tr,s] ®n,.

Hence, [p,q] £ [r, s].

Conversely, suppose that [p, q] X [r,s], then [p,q] ®n, = [t,8] ®n,, ny,n, €N,
where, n, = [—(s —t),s —t] and n, = [—(q — ), q — t].
It is easy to verify that, dp([p, q] ® ny, [t,8] & n,) = 0.
(dyo) Since, dy([p, ], [t,5]) = (p + q — v = 5)°
=(t+s—p—q)?
= db([tvsL [p7 q])
(dbS) For [pa Cl], [t> 5]’ [t’ u] < Z/{’

dy([pq], [r,8]) = (p+ 19—t —5)°
=(p+g—t—u+t+tu—rv—s)°
<2[(p+g—t—u)’+(t+u—t—s5)?

Q[db([paq]v [tv u]) + db([ta u]v [t,ﬁ])].

Hence, (U,d,) is a b—interval metric space but d is neither a b—metric nor an interval metric on

Uu.

Example 3.4. Let U be the set of closed and bounded intervals and N be the null set.
Let dy([p, ql, [t,s]) = d([p, q], [v,s])?, p > 1 is a real number. One may verify that dy is a b—interval
metric and s = 2P~1, but d, is neither an interval metric nor a b—metric on U.

Remark 3.5. [t is fascinating to note that for some n, = [—LI] and n, = [-m,m], [m € R,
b—interval metrics dy, defined in FExamples and [3.4) satisfy b—null equalities.
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Example36 LetU = {[—
dy([=1,0], [=1,1]) = dp([-1,1],

1,0],[0,1],[-1,1]}, N = {[0,0]} and
[—1, ]) m,m > 2,
db([_1v0]7[07 1]) :db([O’ 1]7[ ) ]) L, and
dy([—1,0],[=1,0]) = dp([0, 1], [0, 1]) = dy([-1, 1], [-1,1]) = 0,
then one may ’Uemfy that (U, dp) is a b—interval metric space but dy is neither an interval metric nor
a b—metric onU. For m =2, (U,dy) is an interval metric space.
Since, dp([—1,0]®[—1,1],[0,1]) = dp([—2, 1], [0, 1]) is not defined, that is, a b—interval metric dy, does

not satisfy null equalities.

To discuss the topology corresponding to b—interval metric with s > 1 and the null set A/, the open
ball centred at [p,, qo] and radius € € (0, 00) is defined as:

O([po, qo], €) = {lp,a] € U : dy([po, 0], [P, a]) < £}
The closed ball centred at u and radius € € (0, 00) is defined as:

C([po’ %]76) = {[p7 q] ceU: db([pm qo]7 [pa Cl]) < §}

Lemma 3.7. Let (U,dy) be a b—interval metric space, N be the null set, and s > 1. Then the
collection of all open balls,

O[po; go], €) = {[p,al € U = dy([po, do], [P, a]) < $} forms a basis of U.

Proof . Let [to,5,] € O([Po, do), €), then dy([po, qo), [to, So]) < . Suppose there exists ¢; > 0 such that
dy([po, 9], [0, 80]) + £ = ¢
Again, let [t,,5,] € O([to, o], €1), 50 dp([to, 50, [t1,86,]) < <. Again, suppose there exists e, > 0 such
that dy([vo, 50), [t1,6,]) + 2 = L.
Now,
dp([Pos Go]; [t1,5:]) < S[db([pm dol, [¥o, 50]) + db([to, 50], [tl,sl])]

s[--2+2 -9

s s s s
— € — €9.

Hence, O([t,, S0, €1) € O([po, 9o, €). O

Theorem 3.8. If (U,dy) is a b—interval metric space, N is the null set, s > 1, 7, is a topology
generated by the open ball O([po, 4ol €), then (U, m,) is a To—space.

Proof . Let (U, d,) be a b—interval metric space and [p, q], [t,s] € U are two distinct points.
Then dy([p, q], [r,5]) > 0. Firstly, assume that for s > 1, if we chose € > 0 so that dy([p, q], [v,s]) = £,
then [t, 5] ¢ O([p, q, ).

Next, assume that for s > 1, if we chose €; > 0 such that dy([p, q], [r,5]) = £, then [p,q] € O([p,q], €1)

and [t,] ¢ O([p, ], 1).
So proceeding as above, one may easily find an open ball so that [p,q] € O([p,ql,€1) and [v,s] ¢
O([pu q]> 61)7
that is, for two distinct points [p, q], [v,s] € U, there exists a ball including the point [p, q] but not
including the other point [, s]. Thus, (U, dy) is a To—space. [

Now, we discuss b—convergence, completeness, and b—Cauchy sequence in the b—interval metric
space.

Definition 3.9. Let (U, d,) be a b—interval metric space, s > 1 and N be the null set. The sequence

{[Pns Gu]}5%, in U is said to be b—convergent if and only if lim, o dp([Pn, qul, [P, q]) = 0, [p,q] € U
The element [p, q] is known as a b—limit of the sequence {[pn, qn] }5 ;.
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If there exists [p, q], [t,8] € U so that lim, . dy([Pn, qul, [P, q]) = lmy, o0 dp([Pa, Ga], [v,5]) = 0, then

d([p. . v.5]) < | d(lp. . [pws @) + ([P, ). [v,5])] 0, as n = oc, (3.2

so, by Definition , [p,q] i [v,s], that is, [v,s] € ([p, q]).
Proposition 3.10. Let {[pn, qu]}o2, be a sequence in a b—interval metric space (U, dy), s > 1, and
N be the null set, satisfying lim, oo dp([Pn, qul, [P, q]) = 0. Then,

T do([pn.aul [e,5]) = 0. for angfe.s] € ([p.a))

Proof . For [t,s] € ([p,q]), we have [p,q] & n, = [r,s] @ n,, for some n,,n, € N. Exploiting the null
equality, we attain

0 S d([pm qﬂ]u [tasb - d([pm an [t7 5] @ nl) - d([pru qn]u [p; CI] @ nl) - d([pn; qn]u [p7 q])a
which tends to 0 as n — oo. Hence, lim,,_,o. d([pn, qu), [¢,8]) = 0. O

Definition 3.11. Let (U,d,) be a b—interval metric space, N be the null set and s > 1. If

{[Pn, nl}721 s a sequence in U satisfying lim,, o dy([Pa; qul, ([P, ) = 0, [p, a] € U orlimy, ,o[pn, qa] =
<[p, q]>, then the equivalence class <[ ,q]> is known as a b—-class limit of the sequence {[ps, qu)oo; }

Proposition 3.12. The b—class limit in the b—interval metric space (U, dy), s > 1, and the null set
N is unique.

Proof . Let, if possible, the sequence {[pn, qu],—,} be b—convergent to two distinct b—class limits
<[p, q]> and <[t, 5]> Consequently, 1im, oo d([Pa, qn), <[p, q]>) = 0 and lim,, o d([Pn, qul, <[t, 5]>) =0,
that is, d(<[p, q]>, <[t,5]>) = 0 by referring to 1) Therefore, we obtain [t s] € <[p, q]>,

that is, ([r,s]) = ([p, q]). This completes the proof. [J

Definition 3.13. Let (U, dy) be a b—interval metric space, N be the null set, and s > 1.

1. A sequence {[pn, n|}52, in a b—interval metric space (U,dp) is known as a b— Cauchy sequence
if for given € > 0, there exists numbers n,m, N € N so that dp([Pn, qul; [Pm; m]) < €, n > N,
and m > N.

Equivalently, {[pa, qn]}52; in a topological b—interval space (U, T ) is known as a b— Cauchy se-
quence if and only if, for given e > 0, there exists numbers n,m, N € N so that [py, qu], [Pm,qm] €
O([po, 90, €), n > N and m > N.

2. LetV C U, then (V,dy) is a complete subspace of (U, dy) if and only if each b— Cauchy sequence

in (V,dp) is b—convergent in (V,dy).

Proposition 3.14. Every b—convergent sequence in a b—interval metric space (U,d,), s > 1, and

the null set N is a b— Cauchy sequence.

Proof . If {[pn, qu]}52, is a b—convergent sequence, then, for any € > 0, dy([pn, qul, [P, q]) < 55, for
n > N. Therefore for m,n > N,

db([pm qn]; [pma qm]) S S [db([pm qn]7 [p7 CI]) + db([pu q]a [pma qm])]
€ €
< 8[2—5 + Q_S]
= 67
that is, {[pn, qa)}° is a b—Cauchy sequence. [J
Following example demonstrate that the opposite of above result may not essentially be true,
that is, every b—Cauchy sequence may not be a b—convergent in a b—interval metric space.
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Example 3.15. Let U = {[p,q]: 0 < p,q < 1}. Define a b—interval metric, d, : U x U -R" as
dy([p, q], [v,8]) = |[p+q — v — s>, with s = 4 and null set N'. Define a sequence {[pn,qa]} = {[1,1 —
%]}, which is a b— Cauchy sequence but not a b—convergent sequence in a b—interval metric space.

Next, we prove the first main result for a b—interval metric variant of Banach contraction [2] for
determining near fixed points of the function M and its equivalence classes.

Theorem 3.16. Let (U,d,) be a complete b—interval metric space and s > 1 satisfying null equali-
ties. Suppose a self map M :U — U satisfies

B(Mlp,al Mle,s)) < 0.0l [es]), 1< and fp,a).[e] € (33)

Then M has a near fized point [p,q] € U. Further, M has a unique equivalence class of near fized
points ([p, ql), that is, if [p,d] is a near fived point of M, then [p.d] € ([p,a]) or ([p,al) = ([p.a])-
Equivalently, if [p,q] and [p,q] are the near fixed points of M, then [p,q] i [p,ql.

Proof . Given an initial element [p,,q,] € U, the iterative sequence {[pn,qn]}>>,, utilizing the
function M, is defined as follows:

[Prtss Gura] = M([Pn, dn]) = MnJrl([po; do))- (3.4)

Now, we assert that {[p,, qn|} is a b—convergent sequence, converging to a near fixed point of M in
a b—interval metric space. Utilizing, ({3.3)

db([pn+lu qn+1]7 [pm an = db(M[pm qn]v M[pn717 qnfl])
< ndp([Pas qul; [Pa-1; Gn-a])
= ndb<M [pn—u qn—l]’ M[pn—za qn—z])
< nde([pnfl7 anl]v [pnfb qnfz])

< nndb([pla CI1]7 [pm qo])'

Next, for m > n, we have

db([pn; Cln]7 [Pm, Qm]) <s [db([pm CIn]y [pn+17 qn+1]) + db([anrl; qn+1]7 [pma qm])}
< sdp ([P dnl; [Prras Gnpa]) + s? [db([pn+17 Gnrals [Ptz Gnra)) + do([Prras Guta)s [P, Clm])}

< sdy([Pa, dn), Prras Gnra)) + S do([Paras G, Prras Gnra))

+ Sgdb([Pnﬂa Guto]s [Prtss Gngs]) + -+ 8" [Py Gm—s], [P Gm])
< sy ([pa, il [po, qo]) + 870"y ([prs aul, [po, q0]) + - -

+ Sm_nnm_ldb([pla ql]? [p07 qo])

= s"[L+ s+ (s0)” + -+ (s0)" " dy([ps, qa], [Po, do])
1—(sp)"™"

1_577 )db([pl7ql]a[p0aqob—>0, as n — oQ.

= Snn(

Therefore, the sequence {[py, qa|}:2, is a b—Cauchy sequence in Y. As (U, dy) is a complete b—interval
metric space, we have [p,q] € U so that dy([pu, qn], [P, q]) — 0, that is, [pa,qu] — [p,q], that is,
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[p.a] € ([p,q]).

Now, we establish that any [p, §] € ([p,q]) is a near fixed point of M. Since, d, satisfies null equalities,
[p,q] @ n, = [p,q] ®n,, for some n,,n, € N

Now,

dy(Mp, al, [p, a]) = do(M[p, ], [p, q] ©n,)
< sdy(M] li , [P n]) + dy ([P G, [P, 0] © 1))
= s[dy(Mp, q), M[Pa_i. dns]) + do([Pa, dul, [P, G] @ 0y)]
< s[nds([p, ], P, Gul) + do([Pn, dul, [P, q] B 1)
= s[ndy([p, q] © 0y, [Pu, dul) + do([Pa, dul, [p, a] B 1)
= s[ndy([p, q] ® s, [P, Gu]) + do ([P, Gl [P, 0] B 1)
= s[ndy([p, q], [Pn; du)) + do ([P, qu), [P, a])]

— 0, as n— oo,

that is, M[p, a] = [p, ], for any [p, ] € ([p.q))-
Suppose [p, q] and [, s] are two distinct near fixed points of M with [p, q € ([p,q]) and [t,s] & {[p,q]),

IIZ

however [t, s] belongs to some different equivalence class. So, M|p, q] [p, q] and M, ]
Then Mip,q] & n, = [p,q] & n, and M[t,s] & n; = [v, 5] ® n,, for some n,,n,,ny,n, € N,
Now,

[¢, 5]

dy([p. a], [v,5]) = do([p, a] D 0z, [r,5] © )
= dy(M(p, a] & ny, M[x, 5] & ns)
= dy(Mp, q], M[x, 5])

< ndy([p. a], [r, 5]),

a contradiction. Hence, [t,s] € < P, q >, concluding thereby that <[p, q]> is a unique equivalence class
of near fixed points of a self map M. [

Next, we contribute an explanatory example to validate the efficiency and strength of our novel
b—interval metric in creating an environment for the survival of near fixed points as well as a unique
equivalence class of near fixed points.

Example 3.17. Let U be the set of closed and bounded intervals and N be the null set. Define
a b—interval metric, dy : U X U =R on U as dy([p,q],[v,s]) = (p+q—tv—5)% Then (U,dy) is a
complete b—interval metric space and s = 2. Now, define a map M U — U as Mp,q] = [-1 +
p, 1+ 24q].

Observe that, for [p,q],[t,s] € U,

ay(Mip, g, M, ) :db([—1+§p,1+§ L1+ 2e 1t 2]

5" 5
3 3 3
= (-1 1 1—2e—1-2
(-1+ p 1 za+l— e 55)
= 3( +q—t—s)°
9
< —d
< oeds(lp.al. [e.5]).
that is, M satisfies inequality (E) forn == < <. Hence, M has a unique equivalence class of near

fized points <[—1, 1]>, and [—4,4] N [—1,1]. Notzceably, M has infinitely many near fixed points.
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Remark 3.18. [t is fascinating to note that Example can not be covered by near fixed point
theorem 1 of Wu [20] and consequently, Theorem 1s a genuine generalization and extension of
Theorem 1 of Wu [20] to b—interval metric space.

Next, we discuss some examples to establish the significant fact that contraction condition (3.3) is an
essential prerequisite for the existence of a unique equivalence class of near fixed points. Otherwise,
an equivalence class of near fixed points may or may not be unique.

Example 3.19. Let U be the set of closed and bounded intervals and N be the null set. Define
a b—interval metric dy : U x U =R on U as dy([p,q],[t,s]) = (p +q9—t —5)* with s = 2. Then
(U, dy) is a complete b—interval metric space. If M :U — U is defined as M[p,q] = [2,4] — [p, q],
then for [p,q], [v,s] € U,

db(M[p> q],M[Y,ﬁb - db<[2’4] - [pa CI], [274] - [t75]>
=(p+qg-—t—s)
= dy([p, q], [v,8)),

that is, there does not exist any n € [0,1), so that inequality is satisfied. But M has a near
fized point [1,2] and a unique equivalence class of near fixved point <[1, 2]> inlU.
Again, if M :U — U is defined as M[p, q] = 2[p,q] — [—2, 2], then for [p,q], [t,s] €U,

dy(Mlp, al, Mle,s]) = di (20, a] — [-2,2],2[r, ] — [-2,2])
—d(p+q-v—s])’
— 4dy([p, . . 5],

that is, there does not exist any n € [0,1), so that inequality 15 satisfied. But M has a near
fized point [—2,2] and a unique equivalence class of near fized points <[—2, 2]> inlU.

Example 3.20. Let U be the set of closed and bounded intervals and N be the null set. Define
a b—interval metric dy : U X U =R on U as dy([p,q],[v,s]) = [p+q—t—s]> with s = 4. Then
(U, dy) is a complete b—interval metric space. If M :U — U is defined as MIp,q] = [p, q], then for
[b.q], [v,s] €U,

dy(Mlp, al Mle,s]) = d ([p.a). v,
=lp+q-rv—sf
= dy(lp. ), [t 5]

that is, there does not exist anyn € [0,1), so that inequality is satisfied. Here, M have infinitely
many near fived points and infinitely many equivalence classes of near fized points corresponding to
near fived points in U.

Next, we present an improved b—interval metric variant of Theorem 5 of Sehgal [17] which is an
extension of Banach [2], Bianchini [3], Edelstein [6], Kannan [§], Rakotch [15], Reich [16], and so on.

Theorem 3.21. Theorem still holds, if s replaced by the following:

db(M[paq]7M[t’5]) < Umax{db([PaqL [t75])7 db([puq]aM[pan7 db([t75]7M[t75])}7 (35)

n<L and [p,q[v,s] €U.
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Proof . Let the sequence {[pn, qs]} be defined as in Theorem [3.16] Now,

([Pt Gueal)s [B: o)) = dy(M B, 0], MlPacr, Gus])
< nmax{dy([Pn, dn], [Prn—vs; Gn-s]), do([Pn; qu], M[Pn, Gu]),
dy([Pa—1s Gna]s M[Pa—1, Gua]) },

= nmax{dy([Pr, qu; [Pa—1, dn-s]); do([Pn, G, Pota, dusal)s do([Pass Guals [Pus u]) ),

= nmax{dy([Pn, du), [Prtss Tnsa))s do([Pas, dnal; [Pn; da) }-

We discuss two cases:

Case (1) If max{dy([pn, qn); [Pat1, Gnt1))s do([Paor, Gns], [P, Gul)} = do([Pns dnl, [Pntrs Gnta]), then
db([pn+1a qn+1]7 [pm qn]) S ndb<[pn7 qn]u [pn+l7 qn+1]>7

a contradiction.

Case (i1) If max{dy([pn, dn]; [Purs, o)) do([Pa-rs Gna]s [Pns Gu]) } = do([Pa—s, du-s], [Pn, da]), then
db([lﬂnﬂ, qn+1]7 [pm qn]) S ndb([pn—l7 qn—l]a [pna qn])

Thus, the sequence {[p,, qa]}22; satisfies all the hypotheses of Theorem [3.16] So, following similar
steps as in Theorem we may deduce that U has a near fixed point and a unique equivalence
class of near fixed points <[p, q]> O

The following example is given to illustrate the above theorem and demonstrate the significant
fact that Theorem 5 of Sehgal [I7] is not valid in the b—interval metric space.

Example 3.22. Let U be the set of closed and bounded intervals and N be the null set. Define
a b—interval metric, dp : U x U —R* on U as dy([p,q],[t,s]) = (p+q—rv—5)% Then (U,dy) is a
complete b—interval metric space and s = 2. Now, define a map M :U — U as M[p,q] = [5p, 4]
Observe that, for [p,q],[t,s] € U,

B(Mlp.a) Ml s)) = di (15, o], [e, o]

10 " 10
A 3 3 3 \2
= (1_0p+Eq_E —Es)
9
= oo ta-t—9)
< %ma}{{db([p al, [v,5]), dy(M(p, ql,[x, 8]), do(Mp, q].[t, 5]), dy([p, q],M]x, 8])},

that is, M satisfies inequality form = m < <. Hence, ./\/l has a unique equivalence class of

near fized points ([—1,1]), a near fized point [0, 0] and [—1 1] [0,0]. Noticeably, M have infinitely
many near fized points.

4. Application

Since the b—interval metric space (L{ dy) discussed here is not a metric space, we can not study
the fixed circle introduced by, Tag and Ozgiir [14] on b—interval metric space (U, ds) in a traditional
way. So, we shall study the geometric properties of the set of non-unique near fixed points of a self
map in reference to a so called near fixed interval circle and define its equivalence class as equivalence
C—class of interval circles.

Now, we define an interval circle in a b—interval metric space as:
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Definition 4.1. Let U be the set of closed and bounded intervals and N be the null set. Let a
function M :U — U be defined on a b—interval metric space (U, dy) with s > 1. An interval circle
C([Po, 9o), T) having centre at [po, qo] and radius v on (U, dy) is defined as:

C([pmqo]u T) = {[p,q} eU: db([pvq]7 [po;qu =T [po,qo] ceU,re [07 OO)} (41)

Remark 4.2. For s = 1, 15 the interval circle in an interval metric space. Noticeably, an
interval circle 1s not necessarily the same as a circle in a Euclidean space.

Example 4.3. Let U be the set of closed and bounded intervals and N be the null set. Let a
b—interval metric d, : U — U be defined as dy([p,q],[t,s]) = |p+q—t—s]> with s = 4. Then

an interval circle centred at [2,5] € U having radius 7= 6 is

C([2,5],5) = {lp,a] € U : d([p,d], [2,5]) = 6}
={pdeld:lp+q-2-5=06}
={pael:p+q-7 =6}
For any [, 5] € {[po, q0]), C([Po, 4o}, T) = C([t, 5], ). So, we define a C—class of interval circles having

radius r, using a binary relation X as:
(€(lp.al.x)) = {C([x.s],v) : C([p, ], ¥) ~ C([r. 8], 1),
if C(p, ], x) = C([v,s],r) and [p, q] £ [t 5], [p,q], [v. 5] € U}

If C denotes the set of all C—classes of interval circles defined on elements of .

(4.2)

R
Proposition 4.4. The binary relation =~ is an equivalence relation.

Proof .

v R
1. For C([p,q],r) € C, C([p,ql.r) = C([p,q],r) for n, =n, =[0,0], [p,q] =[p,q],
C([p, ql,r) ~ C(Jp. q], ), which shows the reflexivity.
S
r

2. Let C([p. ). ) ~ C([r.5],v)
that is, C([p, q],r) = C([r,s],r) and [p,q] & n, = [v,s] +n,,
or C([r,s],r) :RC([F',CI]?I') and [t,8] @ n, = [p,q] +ny,
= C([v,s],r) z C([p, q],r), which shows t};e symmetry. .
3. Let C([p,q],r) = C([r,s],r) and C([r,s],r) = C([t,u],r). We assert that C([p, q],r) = C([t,u],r).
Since, C([p, a],r) = C([t, s, 1), [p,q] + 0, = [v,8] + 1,
and since, C([t,s],r) = C([t,u],r), [v,s8] + n; = [t,u] + n,, for some n,,n,, ny,n, € N.
Hence, C([p,q],r) = C([t,u],r) and [p,q] + n, +n; = [t,8] +n, +n; = [t,u] +n, +n,,

= C([p,q],1) 2 C([t,u],r), which shows transitivity.
Hence, the C—classes of interval circles defined in (4.2)) constitute the equivalence C—classes of interval
circles. The family <C>, of equivalence C—classes of interval circles, is known as the quotient set
of C. Tt is interesting to mention that a quotient set <é > is still not a conventional vector space.
Further, C([t,s],r) € (C([p,q],r)) = C([r,s],r) = C([p,q],r) and [p, q] N [t,s]. Equivalently, the

family of equlvalence C—classes constitutes a partition of the entire set of all C—classes of interval
circles defined on elements of U. [J
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Definition 4.5. Let U be the set of closed and bounded intervals and N be the null set. Let M be
a self map defined on L{ An interval circle C([po, 4o, T) is known as a near fized interval circle of M

if and only if Mp,a) = [p,al, [p,q] € C([pe, a], ).

Next, we establish a result utilizing a b—interval metric variant of the classical Caristi map [4] for
determining near fixed interval circle of the function M and its equivalence class.

Theorem 4.6. Let Cy([po, qo], 7) be an interval circle in a b—interval metric space (U, d,), s > 1 and
N be the null set. Define ¢ : U — [0,00) as:

(([p,a]) = do([p, al, [P0, 90)), [p.a] €U. (4.3)
If there exists a self map M :U — U so that

L. dy([p, q],M[p,q]) < C([p,q]) — C(Mp, q));

2. dy(Mlp, ], [po,q0]) = 7, [p,q] € U,
then C([po, qo), T) is a near fized interval circle of M.

3.
If dy(Mip, ql, Mle,s]) < ndy([p, ql, [,8]), n€[0,1) and [p,q],[v.s] €U, (4.4)

then Mip,q] £ [p. a] and M(p.a) = 5, = [p.a) € (p.d]).
4. Further, if for [p,q] € C([po, o), 7) and [t,s] € U \ C([po, qo], T), contraction condition

18 satisﬁed then M has a unique equivalence interval C—class of near fixed interval circles

(C([po, qO 7)), that is, if C([po, o], T) is a near fized interval circle of M, then C([po,qo),T) €
<C p07 Clo > or <C pm Clo > - <C p07 Clo > Equwalently, ch([pm qO] ) andC([ﬁo, Elo]a ’l”)

are the near fized interval circles of M, then C([po, 4o, T) = C([po, do, 7).

Proof . Let [p, q] € C([po, 90}, r) be any arbitrary point. Using 1 and equation (4.3))

dy([p, al. M(p,q]) < {([p,q]) = C(Mp, q])
= dy([p, ], [Po> do]) — ds(Mp, q], [Po; do])
)

=1 — dpy(M[p, q], [po, qo]
<0, using (2)

and so M[p, q] N [p, q], that is, [p,q] is a near fixed point of M. We assert that for point [p,q] €
{[p,a]), Mp,q y [p, q]. Since, dj, satisfies null equalities, so [p,q] & n, = [p,q] & n,, ny,n, € N.

Now,

dy(Mlp, ql, [p,q]) = dp(Mp, ], [p,d] &)
dp(M[p, a), [P, du]) + ([P, au], [P, 6] © n,)]
dy(M[p, ), M[pa—s, o)) + dy([Pn, dul, [P, 0] © 1))

— 0, as n— oo,
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. = 1N = = -
that is, M(p,q] = [p, ql, for any [p,d] € ([p, q]) and for all [p, q] € C([po, 9o, ),
that is, C([po, g0, r) is a near fixed interval circle of M.

Let there exists two equivalence classes of near fixed interval circles (C([po, qo],r)) and (C([po, Go). T))
of M, that is, M satisfies conditions (1) and (2) for each of the near fixed interval circles C([po, o), 1)

and C([po, o], 1) Now, for [p,q] € C([po, qs),r) and [r,5] € U\ C[po, o], 1), Mp, ] = [p,q] and
M]r, s] y ¢, 5].
Then Mlp,q] ®n, = [p,q] & n, and M[t,s] & n; = [r,5] ®ny, for some n,,n,,n5,n, € N,

Now,
dy([p, q]. [v,s]) = dy([p, a] ® n2, [r, 8] D ny)
= dp(M[p, q] & ny, M[t, 5] S ny)
= dp(M(p, q], M[r, 5])
< ndy([p, ql. [t, s]),
a contradiction. Hence, <C [Po, 9o], > is a unique equivalence C—class of a near fixed interval circles
of M. O

Remark 4.7. It is obvious that geometrically (1) implies that M[p, q] is in the interior of an interval
circle and (2) implies that M([p, q] is in the exterior of an interval circle, that is, M(C([po, qo), 7)) C

Cl[po; 90, 7).
The following example illustrates Theorem

Example 4.8. Let U be the set of closed and bounded intervals and N be the null set. Let a
b—interval metric d, : U — U be defined as dy([p,q],[t,5]) = (p+q—t—5)% with s = 2. Choose
[, 5] € U such that dy([—2,2], e, f]) > 4. The circle

C([-2,2],4) = {[p,a] €U : dy([p, q], [-2,2]) = 4}
={lp,al €U : (p+9q)* =4}.

[p Q], [p,CI] € C([_272]74)

and db([pa q]v [a7 /B]) < 77%([1% q]? [t’ 5])7 where, 1 € [07 1)7 []J, q] € C([_27 2]74) and [t75] g C([_27 2]74)'
Then the self map M wverifies all the postulates of Theorem [J.6, that is, the set of non-unique near
fized points of M, {[p,q] € U : (p+q)* = 4} contains a near fived interval circle C([—2,2],4).
However, one may notice that there are infinitely many near fixed interval circles contained in the
unique equivalence C—class (C([—2,2],4)) of near fived interval circles of M.

Define a self map M :U — U as M[p,q] = {

The following examples depict the significance of conditions (1) and (2) in the survival of a near
fixed interval circle and a unique equivalence C—class of near fixed interval circles.

Example 4.9. Let b—interval metric be defined as in Example and C([po, 4o}, ) be an interval
circle defined on U. Now, define a self map M :U — U as M[p,q] = [po, 90, [P, q] € U.

Then the map M wverifies condition (1) but does not verify conditions (2),(3), and (4) of Theorem
[4-6. One may notice that M does not nearly fiz the interval circle C([po, o), 7).

Example 4.10. Let b—interval metric be defined as in Example and C([po, qo), T) be an interval
circle defined on U. Choose a point [, B] € U such that dp([po, qo), [, 5]) = p > 7. Now, define a self
map M :U — U as M[p,q] = [o, F], [p,q] €U.

Then the map M verifies condition (2) but does not verify conditions (1), (3), and (4) of Theorem
[4.6. One may notice that M does not nearly fiz the interval circle C([po, o, 7).
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Theorem 4.11. Theorem 4.6 still holds even if we substitute (1) by (1)', (2) by (2)".

(1) dy([p, a], Mlp, a]) < C([p, a)) + ((Mlp, q)) — 27
(2)/ db(M[p7 Cl], [poa qo]) <r

Proof . Let [p,q] € C([po, qo), ) be any arbitrary point. Using (1)" and equation (4.3))

dy([p, a], Mlp, a]) < du([p, ], [Po; do]) + ds(Mp, q] — 21, [, q0])
=r+ db(M[p7 Cl], [pm qo]) —2r
<r+4r—2r =0, using (2)/,

and so M|p,q] y [p,q]. Now, C([po,qo],r) is near fixed circle of M and uniqueness of equivalence
interval C—class of near fixed interval circle of M may be proved as in Theorem O

Remark 4.12. [t is obvious that geometrically (1) implies that M([p, q] is in the exterior of an inter-
val circle and (2) implies that M(p, q] is in the interior of an interval circle, that is M(C([po, 4o}, 7)) C

C([Po> o], 7).

Example 4.13. Let U be the set of closed and bounded intervals and N be the null set. Let a
b—interval metric d, : U — U be defined as dy([p,q],[t,s]) = |p+q—t— s> with s = 4. Choose,
[, 5] € U such that dy([2,9], [, B]) < 10. The interval circle

C([Q,Q], 10) = {h%q] eu: db([p7q]7 [279]) = 10}
={lp.al et |p+q— 11 = 10}.

p.al, el € C(2,9],10)
Define a self map M :U — U as M[p,q] = .
o, 8], [p,a] ¢ C([2,9],10)
Then the self map M verifies all the postulates (1) and (2) of Theorem except (3), that is, the

set of non-unique near fized points of M, {[p,q] € U : |p+q— 11> = 10} contains a near fized
interval circle C([—2,2],4). However, one may notice that there does not exist any n € [0,1) such
that postulate (3) is satisfied, even then there are infinitely many near fixed interval circles contained
in the unique equivalence C—class <C([2, 9, 10)> of near fized interval circle of M.

The following example depicts the significance of conditions (1)" and (2) in the survival of a near
fixed interval circle.

Example 4.14. Let a b—interval metric be defined as in Example and C([po, 9o, 7) be a near
fized interval circle defined on U. Choose, a point [, 5] € U such that dy([po, 9o, [, B]) = p < 7.
Now, define a self map M :U — U as M|p,q] = [«, 5], [p,q] € U.

Then the map M verifies condition (2)', but does not verify conditions (1), (3), and (4) of Theorem
[{.11 One may notice that M does not nearly fix the interval circle C([po, qo), 7).

5. Conclusion

Acknowledging the work of Wu [20] and motivated by the fact that the set of closed and bounded
intervals on the collection of real numbers may not be a vector space, we have equipped b—interval
metric to the set of closed and bounded intervals on the collection of real numbers by utilizing
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the notion of a null set. Our novel distance structure, b—interval metric space, is an extension
and a generalization of an interval metric space [20], which is different from the standard metric
space [7]. We have also included examples to demonstrate that a b—interval metric is neither a
b—metric ([I],[5]) nor an interval metric [20]. Further, we have introduced notions like b—convergence,
b—Cauchy sequence, completeness and demonstrated that the set of open balls, which forms a basis
on a b—interval metric space, generates a Tp—topology on it. Example demonstrates that a
conventional Banach contraction principle may not be proved in a b—interval metric space. Also,
Example demonstrates that the Theorem 5 of Sehgal [I7] may not be proved via b—interval
metric. Thereby, we have deduced that the celebrated results in metric fixed point theory may not
be proved in a novel b—interval metric space. However, Examples and demonstrated the
significant fact that b—interval metric space have created an environment for the survival of a near
fixed point and a unique equivalence class of near fixed point. We have concluded the paper by
introducing notions of interval circle, near fixed interval circle, its equivalence class, and establishing
the existence of near fixed interval circle and its equivalence class.
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