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Abstract

In this manuscript, we bring into play the essence of a new class of auxiliary functions, C-class
functions, and exhibit some fixed point results. Notably, in this article, we come up with the idea of
modified Zp-contractions and enquire the existence and uniqueness of fixed points of such operators
in the framework of f-metric spaces. Concerning the interpretation of the achieved results, some
non-trivial examples are also studied. From obtained theorems, we derive several related fixed point
results in usual metric spaces and f-metric spaces.
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1. Introduction

Mathematical analysis with its innumerable disciplines furnishes effective tools in the study of
various real world problems emerging in applied sciences. Particularly, this assertion is implemented
to the progress of metric fixed point theory. As it happens, the Banach contraction principle [5] is
a theoretical result on the existence and uniqueness of a fixed point in metric spaces, but having
said that, is an iterative algorithm to approximate this fixed point. This wonderful result has been
generalized and extended in numerous abstract spaces using various contractive conditions. Besides,
the fixed point outcomes and techniques have engaged many scientists and hence there are extensive
findings at hand in various metric settings [4l, 3], 14} 9, 1T} [15] ©].
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In recent past, Khojasteh, Shukla and Radenovié¢ [12] put forward the concept of Z-contractions
employing simulation functions. This family of functions includes a large number of non-linear con-
tractions present in fixed point theory. Lately, Ansari [I] introduced the notion of C-class functions
and the motive behind defining this new idea is to generalize many fixed point theorems in the lit-
erature. Afterwards, Liu et al. [I3] made use of these functions to generalize the idea of simulation
functions, namely Cr-simulation functions and explored the existence and uniqueness of coincidence
points for two non-linear operators.

Driven by the notion of fuzzy metric, in a recent research article Khojasteh et al. [I0] coined
f-metric by introducing a more generalized triangle inequality. Later on, Chanda et al. [7] attained
some fixed point results via simulation functions on the #-metric spaces.

The purpose of this paper is to employ Zp-contractions to derive the results on existence and
uniqueness of fixed points of some self-maps in #-metric spaces. Besides, we originate the idea of a
modified Zp-contraction and achieve a fixed point theorem employing this notion on the said spaces.
Examples are furnished which illustrate our results and their applicability.

In this article, first of all we look back on some requisite definitions, examples and noteworthy
results in the preliminaries section. In the main results section, we define Zg-contractions and
modified Zp-contractions in the setting of -metric spaces and derive some fixed point results. Indeed,
these results complement, extend and enrich many a number of results in the existing literature.
Moreover, several non-trivial examples are equipped to evoke the relevancy of the obtained theorems.
As consequences of this study, we infer a few related fixed point results in usual metric spaces and
f-metric spaces.

2. Preliminaries

Before all else, we look back on some definitions and auxiliary notions that can be found in
[7, 8, 12l [10]. Precisely, all through this paper, N will represent the set of all naturals and R will
mean the set of all reals.

Firstly, we put down the ideas of B-actions and #-metrics here. As a proper generalization of a
metric, Khojasteh et al. [I0] offered the concept of a f-metric.

Definition 2.1. [10] Suppose 0 : [0,00)> — [0,00) be a continuous map in both variables. Let
Im(0) = {6(m,n) :m > 0,n > 0}. The map 0 is said to be an B-action iff the following conditions
hold:

(B1) 6(0,0) =0 and 0(m,n) = 0(n,m) for allm,n >0,
(B2)
th <
B(m.n) < O(z.y) = {ez er m<xz,n<y
or m<x,n <y,

(B3) for each 1 € Im(0) and for each m € [0,11], there exists n € [0,7r1] such that O(n,m) =1y,
(B4) 0(m,0) < m, for all m > 0.

Example 2.2. [10] We give some examples from the existing literature.

1. 91(8,25) = l—tl—sts'

2. Oy(s,t) = \/ts + 1+ s.
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Y denotes the set of all B-actions.
The notion of B-action has been handy to conceive the idea of #-metric spaces [10]. We here
recollect the definition of the said spaces.

Definition 2.3. [10] Let Y be a non-empty set. A mappingdy : Y XY — [0,00) is called a 0-metric
on'Y with respect to B-action 6 € Y if dy satisfies the following:

(01) do(u,v) =0 if and only if u ="v for all u,v €Y,
(02) dy(u,v) = dy(v,u) for all u,v €Y,
(03) do(u,v) < 0(dg(u,w),dg(w,v)) for all u,v,w €Y.

Then the pair (Y,dy) is called a @-metric space.

Example 2.4. [10] Here we provide a non-trivial ezample of 0-metric space.
Let Y ={a,b,c} and dy: Y XY — [0,00) is defined as:

d@(aa b) = 57 d@(ba C) = 127 dg(C, a) = 137 d@(aa b) = d9(b> a)a

dg(b, c) = dy(c,b),dy(c,a) = dy(a,c),ds(a,a) = dy(b,b) = dy(c,c) = 0.

Considering 0(s,t) = \/s% + t2, the mapping dy forms a 0-metric. And so the pair (Y, dy) is a 0-metric
space.

Remark 2.5 (cf. [10]). If (Y, dp) is a O-metric space and 6(s,t) =t + s, for all s,t € [0,00), then
(Y, dy) is a metric space.

For more diction and attained results, see [10].
Ansari [I] considered the concept of C-class functions as the following:

Definition 2.6. [1] A mapping F : [0,00)* — R is said to be a C-class function if it is continuous
and satisfies following conditions:

1. F(s,t) <s,
2. F(s,t) = s implies that either s =0 ort =0, for all s,t € [0,00).

Note that for some F', we have F'(0,0) = 0. We denote the family of C-class functions as C. For
additional examples of C-class functions, see [1, 2].

Definition 2.7. [13] A mapping F : [0,00)*> — R has the property Cr, if there erists a Cp > 0
such that

1. F(s,t) >Cp = s>1t,
2. F(t,t) < Cp, forallt € [0,00).

Example 2.8. [13] The following functions F; : [0,00)> — R are some elements of C having the
property Cr, for all s,t € [0, 00).

1. Fi(s,t)=s—t, Cp=m, rel0,00).

2. Fy(s,t) = qigr, r€(0,00), Cr=1.

Now we define a Cp-simulation function using C-class functions with property Cr.
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Definition 2.9. [13] A Cp-simulation function is a mapping & : [0,00)? — R satisfying the follow-
mg arioms:

(€1) £(0,0) =0,
(€2) &(t,s) < F(s,t) for allt,s > 0, where F' € C satisfying property C,
(€3) if {t.}, {sn} are sequences in (0,00) such that

lim ¢, = lim s, > 0,
n—oo n—oo

then
limsup &(ty, sn) < Cp.

n—o0

The third condition is symmetric in both the arguments of £. But, in the proofs, this property
is not at all necessary. Practically, the arguments of £ stand for different meanings and represent
different roles. So the authors slightly modified the previous definition with a view to underline this
feature and to expand the family of C'r-simulation functions.

Definition 2.10. [13] A Cp-simulation function is a mapping & : [0,00)?> — R satisfying the fol-
lowing conditions:

(&) £(0,0) =0,

(&) &(t,s) < F(s,t) for allt,s >0, where F' € C satisfying property Cr,

(&) if {tn}, {sn} are sequences in (0,00) such that

lim t, = lim s, > 0,
n—oo n—oo

and t, < s,, then
lim supé(t,, sn) < Cp.

n—oo

Let Zr be the family of Cpg-simulation functions. FEvery simulation function is also a Cpg-
simulation function. But the converse is not true, in general. The following example illustrates
the claim.

Example 2.11. [13] Let £ : [0,00)*> — R be a function defined by £(t,s) = kF(s,t), where t,s €
[0,00) and k € R be such that k < 1 and for all t,s € [0,00). We consider Cp = 1.

Here, using Definitions[2.6 and[2.7, we have
§(t,s) = KF(s,t)

< ks

< s

and

§tt) = kF(tt)
< 1.

One can easily check that, & satisfies (€,) and (&). Now if {t,},{sn} are sequences in (0, c0)
such that
lim t, = lim s, =6 >0

n—o0 n—o0
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and t, < s, for alln € N, then by Definition

limsup&(t,,s,) = limsupkF(sp,t,)

n—00 n—0o0
< kF(4,0)
< 1.
Therefore £ is a Cp-simulation function. Also, if we take F(s,t) = %5, then also {(t,s) = 1’“—; is a

Cr-simulation function. In fact, we can check that the aforementioned & is not a simulation function.
Example 2.12. [13] Let F : [0,00)* = R be a C-class function such that

F((s), () — t < F(st), (1) <1,

and let € : [0,00)? — R be the function defined as

§(t,s) = F(¥(s), p(t)) — 1.
Then £(t, s) is a Cp-simulation function with Cp = 0.
The subsequent example is also an example of a C'r-simulation function.
Example 2.13. Let € : [0,00)* = R be a function defined by &(t,s) = s — 2t, for all t,s € [0, 00).
We consider F(s,t) =s—t and Cp = 1. Then £ is a Cp-simulation function.
3. Main Results

In the following section, we deduce a couple of fixed point theorems concerning self-maps via
Cr-simulation functions on account of the notion of #-metric spaces and also we present suitable
examples. We set up with the definition of a Zg-contraction in the setting of a #-metric space.

Definition 3.1. Let (X, dy) be a 0-metric space and T : X — X be a self-mapping. A mapping T
18 called a Zp-contraction if there exists & € Zp such that

E(do(Tx, Ty),do(2,y)) > Cp (3.1)
for all x,y € X such that x # y.

Remark 3.2. 1. From (&), it is clear that a Cp-simulation function must verify £(r,r) < Cg for
all r > 0.
2. If T 1s a Zp-contraction with respect to & € Zp, then

dG(Tx7Ty) < dg(l‘,y),
for all x,y € X such that x # y.

At the very beginning, we establish some lemmas which are essential to pull off our main results.

Lemma 3.3. Let T' : X — X be any Zp-contraction with respect to any Cr-simulation function
¢ € Zp defined on a complete 0-metric space (X, dg). This implies that T' is asymptotically reqular
at each arbitrary element of X.
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Proof. Let x € X. Without loss of generality, consider 7"z # T" "'z for all n € N. This implies
d9($n7$n+1) >0

for all n € N. Since T is a Zg-contraction and ¢ is any C'p-simulation function, we obtain,

CF < f(d@(TI‘n, Tanrl)u dg(ZUn, anrl))
< F(d@(l'n, xn-i—l)a d9<Txn7 Tzn+1)) (32)

for some Cr >0, F € C and for all n € N. From (3.2 using Definition , we get
0< dG(Tmexn—i-l) = d@(xn—i-h In+2) < d@(xmxn—i-l)’

So {dg(xp,xns1)} is a decreasing sequence of non-negative real numbers. Thus there exists some
r > (0 such that

lim dy(xy,, Tpi1) =1
n—oo

We claim that » = 0. To prove this, we choose t,, = dy(Tx,, Tx,11) and s, = do(Tp, Tpy1) and we
know that ¢, < s, for all n € N. Since T is a Zp-contraction with respect to &, applying (£.), we
obtain

lim sup &(do(Txy, Txns1), dg(n, Tpi1)) < Cp.

n—oo

But from (3.1]), we have

f(d9(Txm Txn-i-l)a dg(l’n, xn-i-l)) > CF’

which is a contradiction. So we can conclude that » = 0 and hence

lim dy(zy, Tpy1) = 0.
n—oo

Therefore T' is asymptotically regular at each z € X. [J

Lemma 3.4. Assume that T is any Zp-contraction with respect to & € Zr and is defined on any
complete 0-metric space (X, dg). Then whenever T' possesses a fixed point in X, it is unique.

Proof. Take u,v € X be two distinct fixed points of 1. Therefore Tu = u, Tv = v and
do(u,v) = do(Tu, Tv) > 0.
Since T is a Zp-contraction with respect to £ € Zp, we have

Cr < &(dg(Tu,Tv),dy(u,v))
= S(dQ(TU, TU), dg (TU, TU))
< F(do(Tu,Tv),dy(Tu,Tv)).

From Definition 2.7, we find
dg (TU, TU) < d@ (TU, TU),

which is impossible. Hence the assertion is proved. [J
Here, we put down a new version of Lemma 2.1 of [16] and moreover, we generalize it in our
context.
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Lemma 3.5. Let (X, dy) be a 0-metric space and {x,} be a sequence in X such that

lim dy(zy,, Tpy1) = 0.
n—oo

If {x,} is not a Cauchy sequence in (X, dy), then there exist € > 0 and two sequences {ny} and {my}
of natural numbers such that ny > my > k and such that the following sequences {dy(x,,, xn, )} and
{do(Tmy+1, Tny+1)} tend to € as k — oo.

Proof. If {z,} is not a Cauchy sequence in (X, dy), then there exist ¢ > 0 and two sequences {ny}
and {my} of natural numbers such that n, > m; > k and

do(Tpmy,, Trp—1) < €, dg(Tpmy, Tny) > €
for all £ € N. Hence we have,

€ S d@(xmkaxnk)
S e(dﬂ(l‘nkaxnk—1)7d9(xnk—17xmk))-

So passing to the limit when & — oo in the above inequality and employing (B4), we obtain

€ S lim d@(l‘mkaxnk)
k—o0
S kh_)rl;.lo e(de(znkwﬁnk*l)? dg(xnkflqumk))
< «9( lim d9($nk,$nk—1)a lim dG(mnk—l’mmk»
k—so0 k—oo
S 0(0, lim de(xnk—hxmk))
k—o0
< kh_)rgo do(Tryp—1, Tmy,)
< e
As a result,

lim d@(xmmxnk) = € (33)
k—o00

We observe that,

do(Tmy s Tny ) < O(do(Timy,s Trpt1)s do( Ty i1, Tny)) (3.4)
and also

do(Tmy,s Trpt1) < O(dg(xpm,,, Tny), do(Tny s Tnyy1))- (3.5)
So passing to the limit when k£ — oo, and considering and , we obtain

lim do(zm,,, Tnypt1) = €.
k—o0
Again we notice that

d@(xmk+17 xnk+1) S 9<d9 (xmk—‘rl’ xmk>7 d@(l‘mk, xnk—&—l))
and also
dQ(xmk’ :L‘nk"!‘l) < 0<d9(xmk+17 xnk-l—l)v dG(xmk-i—h xmk))
So by the previous inequalities, when k& — oo, we get
k:linolo de(xmk-i-lv xnk+1> =€ (36)

O

By means of these lemmas, now we are in a position to state our first main result here.
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Theorem 3.6. Suppose that T : X — X is a Zp-contraction concerning a Cr-simulation function
€ € Zp in a complete O-metric space (X,dg). Then T has a unique fized point u in X.

Proof. By Lemma , the Picard sequence {z,}, where z,, = Tz, for all n € N| is such that

lim dy(zy, py1) = 0.
n—oo

Now, by Lemma [B.5] if {z,} is not a Cauchy sequence in (X, dy), then there exist € > 0 and two
sequences {ny} and {my} of natural numbers such that ny > my > k and such that

kh—{go dg(xmk,, xnk) =€= kh—{go de(xmk-&-l? xnk+1)‘

However, there exists n; € N such that
€
do(Tmy,, Tny) > 5 >0

and

€
d@(xmk-i-l;xnk-i-l) > 5 >0

for all k£ > n;. Now, that T is a Zp-contraction with respect to £ and using the axiom (&), we obtain
that

CF < g(de(xkaFl?xnk+1>7d9(xmk7xnk)) (37)
f(de (T,I’mk, T.’L’nk), d9 (:Emk: xnk))
< F(do(Tmy, xn, ), do(Txpm,, Txy,)).

Using Definition [2.7] this implies
0 < do(Tmps1,Tngr1) < do(Tpmy,, Ty ) (3.8)

for all k& > n;. Employing the sequences {t;} = {dop(zm,+1, Tn,+1)} and {sx} = {do(xm,, n, )}, which
have the same positive limit by (3.3)) and (3.6) and using (3.8)) in axiom (&), we conclude that

lim sup &(tg, sx) < Cr
k—o00
which is a contradiction to (3.7)). Hence {z,} is a Cauchy sequence. Since (X, dp) is complete, there
exists z € X, such that
lim z, = =z (3.9)

n—oo

or equivalently
lim dy(T'z,, z) = 0.

n—oo

Next we confirm that z is a fixed point of 7. To the contrary, let Tz # z. Then 0 < dy(z,Tz2) = 4.
Then there exists ng € N such that
do(Txp,z) < ¢
= d@(TZ7Z>

for all n > ng. This leads us to
Tx, #Tz
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which implies
do(Tx,, Tz) > 0 (3.10)
for all n > ng. Now, there does not exist some ns € N such that for all n > ns
Ty = 2.
Therefore, there exists a subsequence {z,, } of {z,} such that

Ty, F 2 (3.11)

for all K € N. Now, let ny € N be such that p,, > ng. Hence by (3.10) and (3.11]), we have
do(Txp,,Tz) > 0 and dy(z,,,2) > 0 for all n > ny. Using (&),

Cr < f(d@(Tl'pn,TZ),dg(xpn,Z))
< F(dglitp, ), do(Ty,, 7))
for all n > ny. In view of Definition [2.7] this means
0< d@(Tl’pn, TZ) < dg(:tpn, Z)

for all n > ny. In particular, using sandwich theorem and (3.9)), we have

lim Tz, =Tx.
n—oo
Again, {T'z,,} = {zp,+1} is a subsequence of {z, }, which converges to z. By the unicity of the limit,
we conclude that Tz = 2. Hence z is a fixed point of T. Lemma [3.4] guarantees the uniqueness of the
fixed point. [
Here we affirm the previous result by subsequent examples.

Example 3.7. Let X = {1,3,5,7,9} be equipped with the FEuclidean metric

We consider 0(s,t) = st+s+t and define a mapping T on X such thatT1 =T3 =T5=T7=T9 = 3.
It is easy to check that
dg(Tx, Ty) =0

for all x,y € X. Here, we take {(t,s) = 1k—jt forallt,s € ]0,00), as the Cg-simulation function, where
ke[, 1) and Cp = 1. Then it is easy to check that T satisfies

f(da(Tﬁﬂ, Ty)7 dg(LC, y)) > 1

x,y € X. Hence T is a Zp-contraction with respect to the Cr-simulation function . Making use of
Theorem we get, T has a unique fized point and it isu =3 € X.

Example 3.8. Consider the metric space 1 equipped with the sup metric. Take C = {eg,e; : i € N}
where eq is the zero sequence and e; is the sequence whose i-th term is 3° and all the other terms are
0. Then one can easily check that C is a closed subset of [°° and hence complete.
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We define T : C'— C such that

Ty ) €0 ifr=e,1=1,...,5;
ei_s, ifxr=e; 1>6.

We also consider 9(5 t) =s+t+st and {(t,s) = 1+t, t,s €[0,00), as the extended Cp-simulation

function, where k = 3 cmd Cr = 1. Let x,y € C be arbitrary with x # y and the three cases may
arise.
Case I: x,y € {e;,i =1,...,5}. It is easy to check that

Tr =eq =Ty
= dyo(Tz,Ty) = 0.

But, dg(x,y) > 3 and taking k = %, we obtain

k() >

>1
=1+ dy(Tz,Ty)
kde( Y)
+do(T'z, Ty) =1
E(do(Tx, Ty), dof, ) = e o1,

1+ do(Tz, Ty)
Case II: z,y € {e;,i > 6}. We take v =e; and y = e;. Therefore
Te=e;_5 Ty=ce;_s.
Without loss of generality, © > j. Then we get

d@ (T.T, Ty) = 3i75

d@(xvy) - 32
32‘
kd@(xay) = E

> 1+ dyg(Tx, Ty)
k?de( y)
+do(Tx, Ty)
kdg(x Y)
1+ dy(Tz, Ty) —

>1

§(do(Tx, Ty), dp(,y)) =

Case III: x € {e;;i=1,...,5},y € {e;,i > 6}. Considering x = e; and y = e;, we have

Tr =ey, Ty=e;_s5.
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Hence we get

d6‘ (TI‘, Ty) = 32‘75

dg(l’,y) - 32
31‘
kd@(xay) = 5

>1+do(Tx, Ty)
1+do(Tx, Ty) —

E(a(Ta, 7). dolo.) = T g s 21

So, in all cases T satisfies all the hypotheses of Theorem|[3.6 and employing the theorem, T possesses
a unique fized point and it is w = ey € C.

Here we propose the notion of modified Zg-contractions in the framework of f-metric spaces.
Definition 3.9. Let a mapping T defined on a O-metric space (X, dy) such that
&(do(Tu, Tv), M(u,v)) > Cp
holds for all u,v € X, with u # v where,
M(u,v) = max{dy(u,v),dg(u,Tu),dg(v,Tv)}.
Then T is regarded as a modified Zg-contraction with respect to £.

In this context, we are going to present another fixed point result related to these modified Zp-
contractions. The following result ensures us the existence and uniqueness of a fixed point of a
modified Zp-contraction. The following lemma is crucial to claim the assertion.

Lemma 3.10. Let (X, dy) is a complete O-metric space. Also suppose that T : X — X is a modified
Zp-contraction with respect to any Cp-simulation function & € Zp. Then if T has a fized point in
X, it is unique.

Proof. Let a,b € X be two distinct fixed points of T'. Therefore Ta = a, Tb = b and
dg(a, b) = d@(Ta, Tb) > 0.
From Definition |3.9| and using the previous facts, we observe that
M(a,b) = max{dy(a,b),ds(a,Ta),ds(b,Th)}
= max{dy(a,b),dy(a,a),dy(b,b)}
= dg(CL, b)
Using the definition of modified Zp-contractions, we attain that
CF < f(dH(Taa Tb)a M(av b))
&(dg(Ta,Th),dg(a,b))

= §(d9(a7 b), d9(a7 b))
< F(dy(a,b),dg(a,b)).
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From this, using Definition [2.7 we get,
0 < dg(a,b) < dy(a,b),

which is impossible. Hence the lemma is done. [
Here, we assert one more fixed point result.

Theorem 3.11. Let a mapping T defined on a complete 0-metric space (X,dy) be a modified Zp-
contraction with respect to a Cg-simulation function & € Zp. Then for each xq € X, the Picard
iteration {x,} converges to u, which is the unique fized point of T in X.

Proof. Suppose (X, dy) be any f-metric space and T : X — X be some modified Zp-contraction
with respect to £ € Zp. Take xy be any arbitrary element and {z,} be the corresponding Picard
iterate, i.e., x, = Tx,_; for all n € N. Now we suppose that dg(z,,z,11) > 0 for all n € N. On the
other hand, if there is some n, € N such that z,, = x,, 41, then z,, is a fixed point of T" and the
theorem is proved. We consider dj = dy(zp, Tps1). Then,

M(xna xn—l) - ma’x{de(x?% xn—l)a d0<xn7 xn—l—l)a d9<xn—17 xn)}
= max{dy,d;'}.

So if M(xp,x,—1) = dj, we get,
Cr < &(do(Txp, Txpq), M(xp, x40-1))

= f(dg7 max{dg7 dg_l})

= &(dp, dy)

< F(dy,dp)

=dy < dy
and this is impossible. So, we obtain,
M (2,0 ) = dj "

Therefore we have,

Cr < &(do(Txyp, Txp 1), M(xp,x40-1))
= &(dy, max{dy,dy'})
= f( 7917d¢79171)
< F(dy,dy)
=dy < dj!

for all n € N. Here {dj} is a non-increasing sequence of positive reals and so, is convergent. Let

Jim, 45 =
If r > 0, we choose {t,} = {d3} and {s,} = {d}~'} and we know that t,, < s, for all n € N. Since
T is a Zp-contraction involving &, we apply (£.) and obtain
CF S lim Supg(dgv M({L‘n, xn—l))

n—o0

Cr < limsup&(dy,dy™)

n—oo

CF7

A\
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which is impossible and so r = 0, i.e.,

lim dg(xy,, Tpy1) = 0.
n—oo

Now we will show that {z,} is Cauchy. Now, by Lemma 3.5 since {x,} is a sequence in X such that
lim dy(x,, 2pi1) =0
n—oo

holds, then whenever {z,} is not a Cauchy sequence, there exist ¢ > 0 and two sequences {ny}
and {my} of natural numbers such that n, > my > k and the sequences {dy(xy,,,z,,)} and
{do(Tmy+1, Tn,+1)} tend to € as k — oo. In particular, there exists n; € N such that

do(Tmy,, Tny) > % >0

and
€

for all £ > ny. Now, that T is a Zp-contraction with respect to £, and also from (&), we obtain that
CF < §(d9($mk+1, xn;ﬁ—l)? M<Imk7 xnk))

< F(M(xmkv l'nk>7 dt‘)(xkarla xnk+1>)

>

= M(Tm,,, Tny,) do(Tmp+1, Tnpt1) (3.12)
where,
M (2, xn,) = max{dg(Tm,, Tn,), do(Tmy, Tmy+1)s do(Tnys Tnpt1) }-
Now if
M (2, ny) = do(Timy s Trngt1)s
we get,

dp (xmw xmk"!‘l) > dy (‘rmk"!‘l? ‘T”k+1)’

Letting £k — oo and using Lemma [3.5, we obtain
0> e,
which contradicts our assumption. Using a similar argument, we can prove that

M(xmka xnk) # dG(xnkv xnk-i-l)-

Hence
M(xmk’ xnk) = de(xmk-v xnk)
and
CF < £(d9(‘rmk+17xnk+1>7d9(xmkﬂxnk))' (313)

So we obtain from (3.12]),
0 < do(my, Tn,)
= M(xmm x”k)
> do(Tmp+1, Trg+1)- (3.14)
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Employing the sequences {t;} = {do(Tm;+1, Tn,+1)} and {sg} = {dg(@m,, xn,)}, which have the same
positive limit € and using (3.14)) in axiom (&.), we conclude that

lim sup &(tg, sx) < CF

k—o0

which is a contradiction to (3.13]). As a result, {z,,} is Cauchy. As (X, dy) is a complete metric space,
we can find some z € X with

lim x, = 2
n—oo
or equivalently
lim dy(Tz,, z) = 0. (3.15)
n—oo

Next we check that z is a fixed point of T'. To the contrary, we assume Tz # 2. So

dg(2,Tz) = 0>0. (3.16)
Therefore from , there exists ng € N such that

do(Txp,z) < ¢

= do(Tz,2)
for all n > ng. This implies
Tx, # Tz
and hence,
do(Tx,, Tz) > 0 (3.17)

for all n > ny. Now, there does not exist any n3 € N such that for all n > ng
Ty = 2.

Therefore, we can find a subsequence {z,, } of {z,} such that

Ty, F 2 (3.18)

for all £ € N. Now, let ny € N be such that p,, > ng. Hence by (3.17) and (3.18)), we have

do(Txp,, Tz) >0

and
do(zp,,2) >0

for all n > ny. Now we employ Definition [3.9] to get,
Cr < &(dy(Tx,,Tz), M(x,, 2)),
where
M(z,,z) = max{dg(rn,2),ds(xn, Tni1),de(z,Tz)}.

Now if
M (zy,, z) = do(zy, 2),
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then,
Cr < &do(Txn,T2),do(xn, 2))
< F(dy(xp,2),dg(Tx,,T2))
= do(Tn,2) > do(Tx,,Tz). (3.19)

As n — oo we get from (3.16)) and (3.19),
0>dy(z,Tz) =9,
which is a contradiction. Now if
M(zp, 2) = do(2,Tz),
then,

Cr < &(dg(Txy,Tz),do(2,Tz))
< F(dy(2,Tz),dy(Txy,,Tz)). (3.20)
From (|3.20)), we derive
do(2,Tz) > do(Txy, T2).
Also,
lim do(Tx,, Tz) = dy(z,Tz) = .
n—oo

Hence considering the sequences {t,} = {dp(Tx,,Tz)} and {s,} = {ds(z,T2)}, which have the same
positive limit ¢ and using (3.14]) in (£.), we conclude that

limsup&(t,, s,) < Cr

n—00

which is a contradiction to (3.20). Now if
M(‘TTH Z) = d@(l‘,“ In—i-l)a
then from Definition [2.7] and (&),

C’F S £(d0<Txn7 TZ)? dt‘)(xna xn+1))
< F(do(xp, xpns1),do(Tx,, Tz))
>

= dg(xp, Tpi1) dg(Tx,,Tz).

As n — oo we get,
0>dy(2,Tz) =6,

which is also impossible. These contradictions confirm that dy(z,Tz) = 0, and therefore, Tz = z.
Therefore z is a fixed point of T. The uniqueness of the fixed point is confirmed from the Lemma

3. 100 U
Corollary 3.12. If M(z,y) = d(z,y), then Theorem coincides with Theorem [3.64

To authenticate our previous result, we construct the succeeding examples which elucidate Theorem

.11
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Example 3.13. Let X = {1,3,5,6} be furnished with the Euclidean metric and 0(s,t) = st + s+,
for allt,s € [0,00). We consider T on X by

T1=3, T3=3, T5=1 T6=1.

Now, we consider £(t,s) = 1’“—;, t,s € [0,00), as the Cp-simulation function, where k € [0,1) and

Cr=1. Then T is not a Zr-contraction with respect to &, since do(T3,T5) =2, dyp(3,5) =2 and
E(do(T3,75), do(3,5)) = 5 21,
for any k € [0,1). Also it is very simple to verify that T satisfies
{(do(Tx, Ty), M(z,y)) = 1

x,y € X. Therefore T is a modified Zp-contraction with respect to the C'r-simulation function &. By
Theorem (3.11], uw = 3 is that required fized point.

Example 3.14. Let X = N be furnished with the metric defined by

0, if T =y;
do(z,y) = { 11

3+ nE otherwise

and we take 0(s,t) = s+t + st, for allt,s € [0,00). Then clearly (X, dp) is a complete metric space.
We consider T on X by

Tr=1,
for all x € N. Now, we consider £(t,s) = f—ft, for all t,s € [0,00). as the Cp-simulation function,
1

where k = 3 and Cp = 1. For any v,y € X with x # y, we have

M(l‘,y) Zd@(I,y)

and dog(Tx,Ty) = 0. We take k = %, and obtain

1
1_1
oy
>1
=1+ do(Tz,Ty)
FM(z,y)
1+ do(Tx, Ty) —
kM (z,y)

€(do(T, Ty), M(n,9) = 1 o Vs 21

Therefore T is a modified Zp-contraction with respect to the Cr-simulation function £&. By Theorem
[3.11, w =1 1is that required fized point.
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4. Consequences

In this section, as consequences of our obtained results, we provide some fixed point results in
the literature.

Theorem 4.1. [7] Let T be a Z-contraction with respect to a simulation function & € Z and is
defined on a complete O-metric space (X, dy). Then u is a unique fived point of T in X.

Proof. We consider F(s,t) = s —t and Cr = 0. Therefore T' is a Zp-contraction with respect to
the Cp-simulation function  and by Theorem [3.6], it possesses a unique fixed point. O

Theorem 4.2. [I2] Let T be a Z-contraction with respect to a simulation function & € Z and is
defined on a complete metric space (X,d). Then T has a unique fived point u in X.

Proof. In Theorem we take 0(s,t) = s+ t. Then (X, dy) is actually the metric space endowed
by the usual metric. Now, taking F'(s,t) = s —t and Cr = 0, we have T is a Zp-contraction with
respect to the Cp-simulation function £ and so, by Theorem [3.6] it has a unique fixed point. O

Theorem 4.3. [7] Let T' be any modified Z-contraction with respect to a simulation function § € Z
and is defined on a complete 0-metric space (X, dg). Then T possesses a unique fized point u in X.

Proof. We take F(s,t) = s —t and Cr = 0. Therefore T" is a modified Zp-contraction with respect
to the Cp-simulation function £ and by Theorem [3.11], it has a unique fixed point. [J
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