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Abstract

In this paper, we introduce and characterize the notion of fuzzy continuous functions and fuzzy
homeomorphic topological spaces of fuzzy subspaces. Fuzzy base and fuzzy sub base for a fuzzy
topology in fuzzy spaces were also introduced and discussed.

Keywords: Fuzzy space, fuzzy topology, fuzzy function, fuzzy homeomorphism.
2010 MSC: Primary 54A40; Secondary 03E72

1. Introduction

The study of fuzzy topological spaces was started with the introduction of the concept of fuzzy
topology by Chang [2] in 1968, later Lowen [6] redefined it which is known as fully stratified fuzzy
topology. The main problem in fuzzy mathematics is how to carry out ordinary concepts to the fuzzy
case. The difficulty lies in how to pick out the rational generalization from a large number of available
approaches. In his Remarkable paper, Dib [4] remarked on the absence of the fuzzy universal set and
discussed some problems in the classical fuzzy approaches to defining fuzzy groups. Its absence has
a strong effect on the introduced structure of the fuzzy theory. A new approach to define and study
fuzzy groups, fuzzy subgroups and fuzzy topology is given in [4, 5], which depends on the concept of
fuzzy space which serves as the concept of the universal set in the ordinary set theory. This approach
can be considered as a generalization and a new formulation of other classical approaches. The study
of fuzzy topological spaces is an interesting research topic of fuzzy sets. Therefore in this paper, we
continue Dib’s work on the fuzzy topology of fuzzy subspaces to introduce a new approach of fuzzy
continuity.
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2. Preliminaries

In this section, we summarize the preliminary definitions and results required in the sequel.
Throughout the paper, we shall adopt the notations:
X: for a non-empty set,
I: for the closed interval [0, 1] of real numbers.

Chang [2] defined fuzzy topology and fuzzy comact spaces in the following manner
A family T of fuzzy sets in X which satisfies the following conditions:

1. 0, 1 ∈ T ,

2. If A,B ∈ T , then A ∩B ∈ T ,

3. If Ai ∈ T for each i ∈ I, then
⋃

I Ai ∈ T .

The ordered pair (X,T ) is a called a fuzzy topological space (fts). Members of T are called fuzzy
open sets while fuzzy closed sets are defined as the complement of members of T .
A fuzzy set U in a fts (X,T ) is a neighborhood, or nbhd for short, of a fuzzy set A if and only if
there exists an open fuzzy set O such that A ⊂ O ⊂ U .
A sequence of fuzzy sets {A, , n = 1, 2, · · · } is eventually contained in a fuzzy set A iff there is an
integer m such that, if n ≥ m, then An ⊂ A. If the sequence is in a fts (X,T ), then we say that the
sequence converges to a fuzzy set A iff it is eventually contained in each nbdh of A.
A function f from a fts (X,T ) to a fts (Y, U) is continuous iff the inverse of each U -open fuzzy set
is T -open.

Throughout this paper we will denote fuzzy topology, sequence of fuzzy sets and continuous
function in fts in the sense of Chang by C-fuzzy topology, C-sequence and C-continuous function
respectively.

The concept of fuzzy space (X, I) was introduced and discussed by Dib [? ], where (X, I) is the
set of all ordered pairs (x, I);x ∈ X; i.e., (X, I) = {(x, I) : x ∈ X}, where (x, I) = {(x, r) : r ∈ I}.
The ordered pair (x, I) is called a fuzzy element in the fuzzy space (X, I).

A fuzzy subspace U of the fuzzy space (X, I) is the collection of all ordered pairs (x, ux), where
x ∈ U◦ for some U◦ ∈ X and ux is a subset of I, which contains at least one element beside the
zero element. If it happens that x /∈ U◦, then ux = 0. An empty fuzzy subspace is defined as
{(x, ϕx) : x ∈ ϕ}.

Let U = {(x, ux) : x ∈ U◦} and V = {(x, vx) : x ∈ V◦} be fuzzy subspaces of (X, I). The union
and intersection of U and V are defined respectively as follows:

U ∪ V = {(x, ux ∪ vx) : x ∈ U◦ ∪ V◦},
U ∩ V = {(x, ux ∩ vx) : x ∈ U◦ ∩ V◦}.

Clearly both of U ∪ V and U ∩ V are fuzzy subspaces of the fuzzy space (X, I).
Let (X, I) be a fuzzy space and let A be a fuzzy subset of X with A◦ denoted the support of the

fuzzy subset A, i.e., A◦ = {x : A(x) ̸= 0}. The fuzzy subset A induces the following fuzzy subspaces
of the fuzzy space (X, I):

� The lower fuzzy subspace H(A) = {(x, [0, A(x)]) : x ∈ A◦}.

� The upper fuzzy subspace H(A) = {(x, {0} ∪ [A(x), 1]) : x ∈ A◦}.
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� The finite fuzzy subspace H◦(A) = {(x, {0, A(x)}) : x ∈ A◦}.

Given two fuzzy spaces namely, (X, I) and (Y, I). A fuzzy function F from (X, I) into (Y, I) is
defined as an ordered pair F = (F, {fx}x∈X), where F is a function from X into Y , and {fx}x∈X is
a family of onto functions (called co-membership functions) fx : I → I, satisfying the conditions:

(1) fx is non decreasing on I,

(2) fx(0) = 0, fx(1) = 1.

A family τ of fuzzy subspaces of the fuzzy space (X, I) is called a fuzzy topology on the fuzzy
space (X, I), if τ satisfies the following conditions:

1. (X, I) ∈ τ and ϕ ∈ τ ,

2. U ∩ V ∈ τ for all U, V ∈ τ ,

3.
⋃

U∈τ1 U ∈ τ for every τ1 ∈ τ .

The ordered pair ((X, I), τ) is called a fuzzy topological space. The elements of τ are called fuzzy
open subspaces and (X, I)− U is a fuzzy closed subspaces provided that U is open fuzzy subspace.

If ((X, I), τ) is a fuzzy topological space and U is a fuzzy subspace of (X, I) then the class τU
consists of all intersections of U with open fuzzy spaces of ((X, I), τ) is a fuzzy topology on U . Such
a class will be called the relative fuzzy topology on U and (U, τU) will be called a fuzzy subspace of
the fuzzy topological space ((X, I), τ).

Let τ be a fuzzy topology in (X, I), then:

1. For every x◦ ∈ X, τ induces an ordinary topology τI(x◦) on I, which is defined by: τI(x◦) =
{ux◦ : (x◦, ux◦) ∈ U ∈ τ} ∪ ϕ.

2. τ induces the family τX of subsets of X defined by: τX = {U◦ : U ∈ τ}, where U◦ is the support
of U . τX is a topology on X iff τX is closed under finite intersections.

Clearly, to each fuzzy topology τ on (X, I) there is associated an ordinary topology τI on I, where
τI =

⋂
x∈X τI(x).

Let A be a fuzzy subset of X, then every family of fuzzy subsets σ of X defines a family τ(σ) of
fuzzy subspaces of (X, I) as follows:

τ(σ) = {(X, I)} ∪ {H[A) : A ∈ σ},

τ(σ) is called a family of fuzzy subspaces induced by σ.

The sequence {An} of fuzzy subsets of X is called convergent to the fuzzy subset A in the fuzzy
topological space ((X, I), τ), if for each neighborhood U of A, there exists an integer N = N(U)
satisfying An ∈ U, n ≥ N . For the fuzzy topological spaces ((X, I), τ(σ)) induced by a family (σ) of
fuzzy subsets of X the definition of sequences can be reformulated as follows:
The sequence {An} of fuzzy subsets of (X, I) converges to A in the fuzzy topology τ(σ) if for every
B > A;B ∈ σ there exists an integer N = N(B), satisfying that An < B ; n ≥ N .
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3. Fuzzy bases and fuzzy subbases of fuzzy topological spaces

Bases and subbases play an important role in ordinary topological spaces since its specify a given
topology in terms of smaller collection of subsets. In this section we will introduce fuzzy bases and
fuzzy subbases of fuzzy topological spaces of fuzzy spaces and make use of those concepts when
introducing the notion of fuzzy continuity in fuzzy spaces.

Definition 3.1. Let ((X, I), τ) be a fuzzy topological space. A class B of open fuzzy subspaces of
(X, I) is called a fuzzy base for the fuzzy topology τ if every element of τ is the union of elements of
B. This condition can be expressed in the following equivalent form: If U is an arbitrary neighborhood
of the fuzzy point P then there exists an element B ∈ B such that P ∈ B ⊆ U .

For a fuzzy subspace B = {(x, bx) : x ∈ B◦} for some B◦ ∈ X of the fuzzy space (X, I) if we consider
the support B◦ of of B we will have the following result:

Theorem 3.2. If ((X, I), τ) is a fuzzy topological space then to each fuzzy base

B = {B : B is open in (X, I)}

of the fuzzy topology τ there is an associated ordinary base B′ = {B◦ : B◦ is open in X} for an
ordinary topology τ ′ by the correspondence (x, bx) 7→ x.

A necessary and sufficient conditions for a class of fuzzy subspaces to be a fuzzy space for a given
fuzzy topological space is given in the following thereon

Theorem 3.3. Let B be a class of subspaces of the the fuzzy space (X, I). The class B is a base
for some fuzzy topology on (X, I) iff:

1. (X, I) =
⋃
{B : B ∈ B},

2. For any B, B́ ∈ B, B ∩ B́ is the union of members of B.

Proof. If B is a base for some fuzzy topology τ on the fuzzy space (X, I). Since X is open, X is the
union of members of B. Hence X is the union of all the members of B, that is X = ∪{B : B ∈ B}.
Furthermore, if B,B∗ ∈ B then, both B and B∗ are open. Hence B∩B∗ is also open and, since B is
a base for τ , it is the union of members of B. Thus (1) and (2) are satisfied. Conversely, suppose B
is a class of fuzzy subsets of (X, I) which satisfy (1) and (2) and let τ be the class of all fuzzy subsets
of (X, I) which are unions of members of B. It sufficient to show that τ is a fuzzy topology on (X, I).
Clearly B ⊂ τ will be a base for this fuzzy topology. By (1), (X, I) =

⋃
{B : B ∈ B} so X ∈ τ .

Also ϕ is the union of the empty subclass of B hence phi ∈ τ . Now let {Gi} be a class of members of
τ . By definition of of fuzzy topology τ , each Gi is the union of members of B; hence the union ∪Gi

is also the union of members of B and so belongs to τ . Lastly, suppose G,H ∈ τ , by definition of τ ,
there exist two subclasses {Bk : k ∈ K} and {Bj : k ∈ J} of B such that G = ∪Bk and H = ∪Bj,
by the distributive laws we have G ∩ H = (∪Bk) ∩ ∪Bj = ∪{Bk ∩ Bj : k ∈ K, j ∈ J} and by (2)
Bk ∩Bj is the union of members of B; hence G ∩H = (∪Bk) ∩ ∪Bj = ∪{Bk ∩Bj : k ∈ K, j ∈ J} is
also the union of members of B and so belongs to τ , Hence by the previous argument τ satisfies all
the axioms of fuzzy topology on (X, I) with base B.

Referring to theorem 3.2 and theorem 4 in [5] we can construct the following corollary

Corollary 3.4. Let τ be a fuzzy topology on (X, I) and let B be a base for τ , then
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1. For every x◦ ∈ X, B induces and ordinary base BI(x◦) on I which is given by:
BI(x◦) = {ux◦ : (x◦, ux◦) ∈ B ∈ B},

2. B induces a family BX of subsets of X defined by:
BX = {SB : B ∈ B}, where SB is the support of B.
BX is a base for τX iff BX is closed under finite intersections.

Definition 3.5. Let ((X, I), τ) be a fuzzy topological space. A class S of open fuzzy subspaces of
(X, I) is called a fuzzy subbase for the fuzzy topology τ if the finite intersections of elements of S
form a fuzzy base for the fuzzy topology τ .

Fuzzy topologies induced by fuzzy subsets was discussed in [5]. Here and based on fuzzy subbases
and fuzzy bases we will introduce fuzzy topologies induced by fuzzy subspaces.

Theorem 3.6. Any class A of fuzzy subspaces of the non-empty fuzzy space (X, I) is a subbase for
a unique fuzzy topology τ on (X, I). That is, the finite intersections of members of A induces a fuzzy
base for the topology τ on (X, I).

Corollary 3.7. If a class S of fuzzy subspaces of the fuzzy space (X, I) is a subbase for τ and τ́ on
(X, I) then τ = τ́ .

One can dive more in discussing the properties of bases and subbases of fuzzy toplogy on a fuzzy
space (X, I) but we will leave it for further studies so we can proceed to introduce the notion of fuzzy
continuity based on fuzzy spaces.

4. Fuzzy continuous functions

In this section we define fuzzy continuity of fuzzy functions obtained by Dib and Youssef in fuzzy
topological spaces of fuzzy spaces.

Definition 4.1. Let ((X, I), τ) and ((Y, I), δ) be fuzzy topological spaces. A fuzzy function F =
{F, fx} with continuous and onto comembership functions is said to be continuous if for each open
fuzzy subspace V = {(y, vy) : y ∈ V◦} of (Y, I) then F−1(V ) = {(F−1(y), f−1

x (vy)} is an open fuzzy
subspace of (X, I) and f−1

x (vy) = f−1
x́ (vý) for all F−1(y) = F−1(ý).

We say that F is a fuzzy continuous at the fuzzy set A (fuzzy point P ) of X if the inverse image
of every neighborhood of F(A) (F(P )) is a neighborhood of A (P ).

Theorem 4.2. Let F : ((X, I), τ) → ((Y, I), δ) be a fuzzy function with continuous and onto comem-
bership functions then the following are equivalent:

1. F is continuous.

2. The inverse of every member of the base B of δ is an open subspace of (X, I).

3. The inverse of every member of the subbase S of δ is an open subspace of (X, I).

Based on sequences in fuzzy spaces in the sense of Dib we have the following definition

Definition 4.3. Let ((X, I), τ) and ((Y, I), δ) be fuzzy topological spaces. A fuzzy function F =
{F, fx} is said to be fuzzy sequentially continuous at fuzzy subset A of X if for every sequence {An}
of fuzzy subsets of X converges to the fuzzy set A the sequence {F(An)} in Y converges to F(A).
That is; {An} converges to A implies {F(An)} converges to F(A).
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Theorem 4.4. If a fuzzy function F : ((X, I), τ) → ((Y, I), δ) is continuous at a fuzzy set A of X
then it is sequentially continuous at A.

proof. We need to show that for each neighborhood V of F(A) there exists an integer N = N(V )
satisfying {F(An)} ∈ V, n ≥ N . That is, any neighborhood V of F(A) contains almost all the terms
of the sequence of fuzzy subsets An. Therefore let V be any neighborhood of F(A). Since F is fuzzy
continuous function at A then U = F−1(V ) is a neighborhood of A. Now if the sequence of fuzzy
subsets {An} converges to A then U contains almost all the terms of the sequence. But {An} ∈ U
implies {F(An)} ∈ F(U) = F(F−1(V )) = V . Hence {F(An)} ∈ V for all n ≥ N and so the sequence
F(An) converges to F(A). Proving thereby that F is sequentially continuous.

Example 4.5. Let X = {a, b} and let σ = {ϕ,X}∪{Bn : n ≥ 1}∪{Cn : n ≥ 1} be a family of fuzzy
subsets where:

Bn =

{
(a, 1), (b,

n+ 1

2n
)

}
, Cn =

{
(a,

n+ 1

2n
), (b, 0)

}
: n ≥ 1

Now (X, σ) is a C-fuzzy topology and ((X, I), τ(σ)) is a fuzzy topological space (in the sense of Dib).
One can note that the sequence {An} where

An = {(a, 3
4
), (b,

n+ 1

2n
)}

converge to A = {(a, 1
2
), (b, 1

2
) in τ(σ) while An(a) = 3

4
for all n does not converge to A(a) = 1

2

relative to the topology τI(a) =
{
ϕ,X, [0, n+1

2n
)
}
.

Now consider the fuzzy function F : ((X, I), τ) → ((X, I), τ) whose comembership functions fx are
onto given by F(a,A(a)) = (a, {fx(a)}x∈X) which is a fuzzy constant function (constant in terms of
fuzzy elements not fuzzy comembership values). This function is not C-continuous since the inverse
of the set An = {(a, 3

4
), (b, n+1

2n
)} is not open in the relative topology τI(a) =

{
ϕ,X, [0, n+1

2n
)
}
while it

is continuous fuzzy function in the corresponding fuzzy space (X, I).

Definition 4.6. Two fuzzy topological spaces ((X, I), τ) , ((Y, I), δ) are called fuzzy homeomorphic
if there exist a bijective fuzzy function F : ((X, I), τ) → ((Y, I), δ) such that both F and F−1 are fuzzy
continuous. The fuzzy function F is called a fuzzy homeomorphism.

A property Q of a fuzzy subspaces is called a fuzzy topological property if whenever the fuzzy
topological space ((X, I), τ) has Q then every homeomorphic fuzzy topological space to ((X, I), τ)
also has Q. A property T of a fuzzy topological space is called an associated property if whenever
the fuzzy topological space ((X, I), τ) has T then the associated ordinary topology τI has T also.

Let ((Yi, I), δi) be a collection of fuzzy topological spaces. Assign to each Yi a fuzzy function
Fi : (X, I) → (Yi, I) defined on some arbitrary non-empty fuzzy space (X, I). Our aim is to investi-
gate those fuzzy topologies on the fuzzy space (X, I) with respect to which all the fuzzy function Fi

are fuzzy continuous.

By definition of fuzzy continuity, F is continuous relative to some fuzzy topology on (X, I)
provided the inverse image of each open fuzzy subspace of ((Yi, I), δi) is an open fuzzy subspace of
(X, I). Thus let us consider the following class of subspaces of (X, I):

C =
⋃

i{F
−1
i (V ) : V ∈ δi}.
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Clearly C consists of the inverse image of each open fuzzy subspace of every fuzzy space (Yi, I)
and the class C generates a fuzzy topology τ satisfying some interesting properties listed in the
following theorem.

Theorem 4.7. 1. All the fuzzy functions Fi are continuous relative to τ .

2. τ is the intersection of all the fuzzy topologies on (X, I) with respect to which the fuzzy functions
Fi are fuzzy continuous.

3. τ is the smallest fuzzy topology on the fuzzy space (X, I) with respect to which the fuzzy functions
Fi are fuzzy continuous.

4. The class C defines a subbase for the fuzzy topology τ .

proof. The proof is straightforward.

5. Conclusion

In this paper we continue the study initiated in [5] to introduce the notions of fuzzy base (subbase),
fuzzy continuity and fuzzy homeomorphism in fuzzy spaces. In [1] Dib’s approach was used to
introduce some extra examples of fuzzy topology in fuzzy spaces and define some of the separation
axioms for this type of fuzzy topological spaces. Our study make use of fuzzy space as a universal set
in fuzzy topological spaces to avoid any deviation that my occur when carrying ordinary topological
concepts to the the case of fuzzy topology. For further study we suggest to investigate metric spaces
in fuzzy spaces using fuzzy functions introduced in [5] and compare the result with other approaches
used to introduce fuzzy metric spaces. An interesting study can be done by merging the notion of
fuzzy topology in fuzzy spaces and fuzzy groups based on fuzzy spaces to build a cornerstone for
fuzzy algebraic topology in fuzzy spaces.
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