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Abstract

In this paper, the local bifurcation conditions that occurrence near each of the equilibrium points
of the eco-epidemiological system of one prey population apparition with two diseases in the same
population of predator have been studied and analyzed, near Ey, Fs, F3, F4y and Ej, a transcritical
bifurcation can occurred, a saddle-node bifurcation happened near Ej. Pitchfork bifurcation was
occurrences at Fo, F3, F, and E5. Moreover conditions for Hopf- bifurcation was studied near both
of one disease stable point E3, F, and E5 . About elucidation the status of local bifurcation the
associated of the set of hypothetical of parameters with numerical results which assert our analytical
results of this model.

Keywords: Eco-epidemiological model, Local bifurcation, Hopf-bifurcation, SIS disease, SI
disease, Sotomayor’s theorem.

1. Introduction

There is no doubt that the development of work in biological mathematics and the great merger
that followed in tracing the life forms of life for various competing neighborhoods within the animal
community has a great impact on understanding many facts that biologists have benefited from
by modeling those working in mathematics into real models of competing neighborhoods. Many
researchers have worked on a variety of environmental models with different influences and did not
neglect the research on the dynamic characteristics of those models, for example, [18, 19, 1], 8] 13, 10,
141 15, 11, 12) 23, [16]. The concept of an ecosystem is studied by representing it with a mathematical
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model using data related to that system from the environment in which the research group lives.
The purpose of the above concept is to develop a reasonable conception of the dynamics of the real
system that the environment represents. While the concept of epidemics has an urgent need because
of the interest in studying the ways and factors of the spread of epidemics understudy that include
all kinds of organisms, and thus give a logical perception about predicting what those epidemics are
and the extent of their long-term impact through modeling those epidemiological models.

Systems involving epidemics have become an interesting topic, especially when they overlap with
models of prey and predators. Among those interested in the ecological and epidemiological issue,
which links the effect of diseases on the dynamic behavior of animals in the animal life system,
was Anderson and May [2] in his work that combined the model of Lutka- Volterra, Carmack and
Mackendrick, that is, they combined ecological and epidemiological models. Therefore, a new trend
appeared in this study, which was later called ecological and epidemiological processes [4]. There are
a lot of research studies on this same content of work as such [3], [5, 6, 21]. When studying, in general,
systems of ordinary differential equations, we notice that they contain random variables in addition
to a set of parameters that will have an effective effect on the nature of those equations and their
solutions, as any set of parameters will have an effect on the behavior of those solutions to these
systems that differs from the other group. When a small smooth made to the parameter values, the
bifurcation occurred causes a sudden qualitative or topological change in its behavior. This is mean at
the equilibrium, periodic orbits or other invariant sets the local, stability properties will be changed.
The bifurcation theorem worthy of attention impression which appears on the dynamic systems such
as local bifurcation and Hopf- bifurcation of proposed eco-epidemiological systems that be composed
of numerous effects, each as stated by the model, see [I7, 24], 20]. Right now, the destination is to
discuss the occurrence of local bifurcation of the Eco-epidemiological model proposed by Kadhim
and Majeed [9].

2. Model Formulation [9]

The following model:

dP:rP(l—i)—aPS—ClpH CyPV

T i bh+P by+ P’
d
g = t6haPS+~vH —0SH — SV — aS — d; S,
(2.1)
dH chlpH
— =0SH —vyH — doH + —
a7 0S Y d2 + b1 TP 5
dV . 6301PV
o7 =05V —aS &V + 5

Now, Table (1] explain the variables and parameters of the model.
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Table 1: The parameters and positive variables by appearing in the mathematical model

P The prey population size at time T

S The susceptible predator population size at time T

H The first infected SIS predator population size at the time T

14 The second infected SI predator population size at the time T

r>0 The growth rate of prey

K, >0 The carrying capacity

a>0 predation rate of the susceptible predator on the prey

diyi=1,2,3 The death rates of the susceptible, the first infected SIS and the
second infected SI predator respectively

0<e <1,0=1,2,3. The rates of conversion of food to the susceptible, first infected
SIS and the second infected SI predator respectively

6 >0 The infected rate of the first SIS disease in predator population

v>0 The recovery rate of the first SIS disease in predator population

c>0,1=1,2 Maximum attack rate of the first infected SIS disease and the sec-
ond infected SI disease in predator population respectively.

b; >0,i=1,2 half saturation rate of the first infected SIS disease and the sec-
ond infected SI disease in predator population respectively.

B8>0 The infected rate of the second disease SI in predator population.

a>0 The external source rate of the second disease in predator popula-
tion.

System (2.1]) is dimensionalized in the following system which is given in [9]:

dP ugph uzpuv
— =P (1 — —wu PS — - = 73>h’70
dt (1=p)—w wiP wmip N )
ds
== ugPS + urzh — ugsh — ugsv — (u1o + u11)s = fa(p, s, h,v)
dh uysph (2.2)
E = —urh + ugsh — uiah + it P = fs(p7 S, hﬂ’)
dv U5PV
— = U198 + UGSV — U4V = s, h,v
o 108 1+ Ug 140 + et P fa(p, )
where
B ak, o e B b B ba B erak, Y B 0k,
Uy = —, Ug = —, us = —, Ug = 7, Us = 77—, U = —, U7 = —, Ug = —
T r T k, k, r T
ﬁkp a dl dQ €9C1 d3 €3C2
Ug =— Upo=—, Unn=—, U2=—, U3=—", Uyg = —, U = ——
T r r r r r r

3. The Local bifurcation analysis

In this section, the using of Sotomayor’s Theorem [22] to debate local bifurcation of the system
(2.2), since the necessary but not sufficient condition for the bifurcation to happen is the nonhyper-
bolic property of the equilibrium point.

The Jacobian matrix which is given in [22]:

h UgURv —u9p —ugp
1—2p—uqg— —L2kal  _u3us —u 2 3
P 2 (ustp)? 1P ugtp us+p
J [ ugSs ugp—ugh—ugv—(u10+uii) w7 —Ugs —ugs (3 1)
jlaxa (1;143;‘;)2 ugh ugsf(u7+u12)+:jifr’;'7 0
uU5UHV _ ui5p
(u5+p)27 u9V+u10 0 ug9Ss u14+7u5+p
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Checking that for any non-zero vector ) = (wy, ws, ws, w4)T we have:

D2f# (N7 :u) (Qu Q) = [ai1]4><1 ) (32)
_ _ _ugugh _  u3usv UU. UU
U4u13h _ _ugqujs

Qo1 = —2ws [—ugwy + usws + ugwy], azp = —2 W13 — U8w2w3} )

(ua+p)| 1 (uatp)

up = =2 | — 0 — g
D3f# (N7 ,u) (Q7 Q, Q) = [ﬂz’l]zlxl ) (3-3)
where, 1y = —6w% (i s ) gy 4 vt g, | By =0,
usuizh __u4u — 2 UusU _ _usu
Bin = ~6uf |Gt — s i = —6uf | o — e

Theorem 3.1. Assume that the stability conditions (3.2) and (3.3) as in [J] hold. Then system
(2.2) near the equilibrium point Ey has a transcritical bifurcation at the parameter (uj, = ug — o) ,
under the authority of conditions:

Ug > U1g (34)
2y # Zy (3.5)

where,
s —uig
Uu3ue6 — us
Zy =2, Zy = — o (ug + ug).

Otherwise, neither saddle-node nor pitchfork bifurcation could be happened atE;.
Proof . using E; = (1,0,0,0) and (uj; = wy1) in the Jacobian matriz given in Eq. (3.1), thus
zero eigenvalue (( A\s = O) can be appearing in the characteristic equation of Jy .

Contingent on condition ,Tu“fl >0
Let, QI = (wm wg ],w:[sl],wé[lu) eigenvector of Ji affiliated to the eigenvalue A5 =0

0 us+1

UTa— u1s5
Thus: (JF — A1) QU =0, where: Jf = J(By,uty) Wl = ( - el )wé[ll],

(1]

Wy = (UM “5“) and wz[ll] any mnon zero real number.
Let, HY ( ﬁl] ﬁ31], ﬁ ) be the eigenvector of Ji* affiliated to A\1s = 0, of the matriz JiT.

T
Then:  (J;"7 — MoI) HW =0, Give us HY = {O, Ay, (%) Ry, 0] and By any nonzero

urtulz—

real number.
) T
Since, ai_]:l = fuu, (N,UH) _ <8f1 dfs  Ofs 8f4> _ (0,—8,0,0) ;

Ou11? Ouir’ Ouir’ OJuig
hence fo, (Eyv,uiy) = (0,0,0,0)". Therfore HY f,. (Ey,ut,) =0.
The detecting of Sotomayor’s Theorem [22] appears the happening of the saddle-node bifurcation
cannot be occurring at Ey . Moreover,

0 0 0 0

| 0 -1 0 0
since, D f;, (N, u11) = 0O 0 0 0}’

0O 0 0 O
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Accompanied by the vector X = (p, s, h,v)" | Dfu, (N, uyy) exemplify derivative of fu,, (R, u1).
Therefore, we have:

__ T uslfl 4 U3 (1] |
0 0 0 0 u10 us+1 Wy g
* 0 —1 0 0 ul4— 151 1 <u14_ u5+1) (1]
Dfuu (Ehull) Q[l] - 0 0 0 0 ( u105+ ) 1[1] T uw 0 ! )
0 0 0 0 0 i
0

s0, by condition (3.3) as in [9] we obtain that:
U4

(M) [Dfuny (B uiy) 0] = — (‘ ; ) Wit £0.

u10
Plugging QMY in equation (3.2)), we get:

2 [ “14— uul-El u vl4— uul-fl u “l4— uigl-fl ugug T
2(w4> D7 upHl | wg || (2T wgHl | wg )

u1Q ug+1

2 . 1 o o) (e wtt | [, (1w s ),
D ftm (Elvull) (Q ,§ ) = 4 “10 ¢ "10 ustl ’
0
()| o (0 st |, Cugurg) (147 wgfT g
4 9 u10 (ug+1)2 u10 ug+1

So, contingent on (3.2) and (3.3) as in [9] with condition (3.5)), (Zs > 0)
2
Thus, (HU)" D2 f,,, (Br, i) (@Y, ) = =2 ()"l [— 2, — Z5) # 0.

urtui2— ug+1

The detecting of Sotomayor’s Theorem [22] appears the happening of a trancecritical bifurcation at

system near Fj.

Opposite of condition (3.3) as in [9] (Zo <0 — Zy — Zy > 0)

FEither, condition holds. Then By Sotomayor’s Theorem [22)], system (2.2]) near Ei possesses a
trancecritical bifurcation.

Or, (HI" D2f,., (Ey,ui,) (W, Q1) =0,

Plugging QM in equation , we get:

DSfUn (EhuTl) (Qm, Qm, Ol ) —

_ 15 _ _t15
_6 —Uus U15 u14 ug+1 + us Ul4 ug+1 wg
(us+1)* u10 us+1 u10 4

Thus, (HY)" D3f,., (Ey,uiy) (QU, 01 Q1 ) =0,
The detecting of Sotomayor’s Theorem [22] appears the happening of pitchfork bifurcation at system
(2.2) near Ey cannot occur. [

Theorem 3.2. Assume that the stability condition (3.6a) as in [9] hold. Then system (2.2)) near

uisp
ug+p ur )

Ey = (p,5,0,0) possesses a transcritical bifurcation at the parameter value (12 = ugs +
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according to the following condition:

—~ U132/9\
U7 < ugS + — 3.6
TSusSE S (3.6)
U7 ~
=L < 3.7
<3 (3.7)
~ —~ U15]/)\ U31/9\

—U UgS — Ug + — | >u — 3.8
( 1]0)( 9 14 u5—|—p) 10 (u5+p> ( )
Zy # Zy (3.9)

Otherwise, no saddle-node happens, but pitchfork bifurcation can occur at Fs.
where,

R Usliy _—/513 (624/542 - 322@4) - Z14/17\23/5\42
Zl = D) — < PPN + us,
(ug + D) o <b11b23 — 513521>
5 Uy /512323
2 — N2 ~ ~ ~ o~
(U4 + p) (bllb23 - b13b21>

Proof . By substituting Es = (p,5,0,0) with (W2 = ws) in the Jacobian matriz given in Eq.

~

(3.1), the characteristic equation of Jo , where Jy = Jo (Eo,Ua) has zero eigenvalue (Ao, = 0).
Provided condition ({3.6]), w12 > 0

T ~
Let, QP = <w£2],w£2},w£2],wf]> be the eigenvector of Jo affiliated to the eigenvaluels, = 0 thus,

(:]\2 — )\ghI> QP =0, which gives: w?] = elwg], wz[f} = egwg],wf} = egwgﬂ and wg] any nonzero real

number

where,
¢ —b23(b12b44+b14b42)—513(b24b42—b22b44) ¢ b11(b24b42—b22b44)+bz1 (b12b44+b14b42) <0
1= 9 = L

baa (31 1b23—b13b21 ) ’ bazbag

and €3 = —ba ,
baa -
AT
Let, H? = (ﬁ[f], ﬁ[QZ], ﬁf[f], ﬁf) be the eigenvector of Jo affiliated to Ag;, = 0, of the matriz fzr then:
T
(jo — /\2h1> HP =0, Give us HH = (O, 0, ﬁ?], 0> where ﬁg] any nonzero real number.
Since, FL = fus Nuiz) = (20, 202, 2 200) — (0,0,-h,0),

duis Ouia’ Ouiz’ Ouis’ Ouis

hence fu, (Ea,U12) = (O,O,O,O)T, therefore, (’H[Q])Tfu12 (Es,u12) = 0.
Then by Sotomayor’s Theorem [22], the saddle-node bifurcation cannot take place at Ey . Moreover,

00 0 O
. 00 0 O
since, D fu,, (N, u12) = 00 —1 01"
0 0 0 0

with the vector X = (p, s, h,v)T, D fu, (R uge) exemplify derivative of fu,, (N, u12).

And then we have:
(2] 0

0O 0 0 O 51“}’2]
00 0 0f]wf 0
31, Q2 = ‘o | =
D fu,, (B2, U12) Q 0O 0 =1 0 52w£2] _520‘]%2}
00 0 0] |00 0
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Under the authority of conditions, (3.6a) as in [9], with conditions (3.7) and (3.8), we have

GRN
Plugging Q2 in Eq. (3.2), we_get:

D2fu12 <E27 al?) (Q[Z}ﬂ 9[2]) =

Contingent on conditions (3.6a) as in [9] and B.7)-[
2
(MY D2 fr, (Bayuny) (QP), Q%) = 26, 152 <w£2}>

-2 <W£1}> €1 {61 +ur +
2
-2 (wg ]> [—uger + ug€s + uges]
2
1 uUqU

(uoulo)

[l)fu12 (Eg, alg) Qm] = —62w£2]ﬁ3[2} 7é O, (62 > 0)

UU4

uU3us

(

(us+P)
[ Z, -

+P) 262+ (us+P

€1 — Ug

), we have

7] #0.

>} |

The detecting of Sotomayor’s Theorem [22] appear the happening of a transcritical bifurcation at

system (2.2)) near Ey with (Ujs = uia) .

Opposite of condition (3.9) and plugging QP in Eq. (3.3), we get:

UU4

u3us

o ()|

Dgfuu (EZ’ a12> (Q[Q}, 9[2]’ Q[Q}) —

U4+ﬁ)2

0

[2]> Uuq4uUl3

6 <w2 [ —(u4+13)3e
[2]) (usu1s)

0 (“’2 [( 4P)

(U5+13>3€3

2]

Again contingent on condition (3.6a) as in [9] with conditions ) and (3-8), we have
:| 7£ 0. (62 > O)
The detecting of Sotomayor’s Theorem [22] appear the happening pitchfork bifurcation near Eq with

(HP ) D? fuy (Ba, Tirz) (27, QP QP ):6(@”)

(am = Ulz) .

O

_uqu13 —allls ¢

(uatP)’

Theorem 3.3. Assume that the local stability conditions (3.7b-3.7f) as in [9] hold. Then system

near the equilibrium point 3 =

u15p
us+p

value |y = ugs +

— A} , according to the following conditions.

C14Co3 > C13C24

7y # Zs
Z3# Zy
Otherwise, no saddle-node occurred but pitchfork bifurcation can be occurred at Es.
Where,
Ae 5315_42_(514523_— Ei362_4) (A <0)
Co3 (612031 - 611032) + C13 (021632 - 612031)
— UgU UgU
Zy =1+ S 582 + i 582 — ugl18aTy — u9&18273 + ugl18aT1,
(U4 + P) (u4 + P)
— o usu
Zy=— %—Ulﬁ—3—52§3+U67'1§1—U951§37'1+ 1i 2527'2-1-
(us +D) (us +D) (us +D)

(P, s, h, 0) possesses a transcritical bifurcation at the parameter

(3.10)

(3.11)

(3.12)
]_?)2537_3 )
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T (Wit p)' (u+p)

- U4U135 U4U13 UsU1s UsUs
Z4:—{7'2( — T _352)‘1‘537'3 —1 3831 5
(ug +p)°  (us +D) +D

—C31
51 = < 07
C32
— [Ca4 (C21C32 — Ca2C31) + C24C31Ca2)]
62 = — >0
C23C32 C 44
and
C31C42
63 e —— < 07
C32C44
—Ci3
T = — < O,
C23
C13C21 — C11C23 C13C24 — C14C23
Tp=—""——""—>0and ;=—"—""7"—"-<0
C23C31 C23C44

Proof . via using E3 = (1_9, 5, h, O) in the Eq. (3.1)), then the characteristic equation of Js, where Js =
J3 (E3,u14) given in [9] having zero eigenvalues (A3, = 0), if and only if My, = 0 and thus FEj
becomes a non-hyperbolic, whenever the parameter takes the value (ﬂ14 = ugS + 3;—_?% — A) .
Such that c;;=c;;, for alli,5 =1,2,3,4 except T4y = A.
It is clear that Uy > 0, provided conditions (3.7a -3.7f) as in [9] with condition (3.10)).

T _
Let, QB = (wg?’],wé] w:[f’}, P) be the eigenvector of J3 corresponding to the eigenvalue Ay, = 0
thus, (73 — )\31,[) QPI=0, give us:
woldl = §1w1[3}, wyll = §2w1[3], wyBl = §3w1[3] and w; ! any nonzero real number, where, &1,& and &3
are mentioned in state theorem.

T . —
Let, HB = (ﬁ[f}, ﬁ[;}, ﬁ?], ﬁ£3]> be the eigenvector of JgT affiliated to Ay, = 0, of the matrix J3T then:

. T
<J3T — >\4UI) HE =0, Give us HP = (ﬁ[l?’}, Tlﬁ[f’}, T2ﬁ[13}, 7'3ﬁ[13}> where ﬁ[13] any nonzero real number.
Where, 11,7 and T3 are mentioned in state theorem
. T
since, 63{4 — fu14 (N U14) <36uf1147 3(9“_{247 ;u_ﬁv c(l?u_fi;> = (07 Oa O) _U) ’
hence, fu,, (F3,TU14) = (O,O,O,O)T. Therefore (9[3})Tful4 (Es,T14) = 0.

The detecting of Sotomayor’s Theorem [22] appears the happening of the saddle-node bifurcation can-
not be at E5 . Moreover,

0 0 0 O
0 0 0 O
since, Df,,, (R, U14) = 000 0 |
0 0 0 -1
(3]
00 0 O Wl[ | 0
00 0 0| |&of 0
QB = 1w _
Dfu14 (E37 u14 0 0 O O 52(,0;3] 0 3
00 0 —1] g0 — &yl
contmgent on conditions (3.7d) and (3. ’76) as in [9] with condition (3.10), we get

(%[3]) [DfUM (E3? u14) Q[g}] 637'3(«01 ]ﬁ[3] 7é 0. (53 <0 and 3 <0 )
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&) |

Plugging QP in Eq. (3.2), we get:

2 _
o (3] __usugh
2 (wl") {(1 (wi+p)°

u3Us
(us+P)”

) +u + 26+

(wP)
2

[—ug + usls + uos)

D2fu14 (E37E14) =

—2&; <W£3]>

uguigh

Uquis

2
-2 <w£3}> [ <u4+P)2§2 — ug&16a]

2
_ 26 (w") |25 + oty _
contingent on conditions (3.7b-3.7f) as in [9] with condition (3.11]).
2 — —
So, (HB)" D2f,., (Es, ) (2, 0B1) = —2 (w?]) W [Z, — Z,) # 0.
The detecting of Sotomayor’s Theorem [22] appears the happening a transcritical bifurcation at Ej

(ua+p)®

with (ﬂ14 = U14) .

Opposite of condition (3.11) and plugging QB in eq. (3.3), we get:

D3fu14 (E37E14) -

_6<

T

)|

ugush

UuU4q

uzus

(uat+p)*

(3]

(ua+P)
0

7U4U13E _

352"‘

353}

(us+P)

Uqu13

Wi

)|

(uat+p)*

362]

(ua+P)

—Uusu1s

6 (
3

0 (“?J) [mmr‘

Again contingent on conditions (3.76-3.7f) as in [9] with condition (3.12).
2 — —

Thus ()" D2 ., (s, ) (29,080,080 ) = —6 (wf!) A" [Z, - Z1] #0.
The detecting of Sotomayor’s Theorem [22] appears the happening of pitchfork bifurcation at Es with
<ﬂ14 = U14). |:|

Theorem 3.4. Assume that the local stability conditions (3.9b-3.9d) as in [9] hold. Then system
([2.2) near the equilibrium point Ey = (p, 5,0,0) possesses a transcritical bifurcation at the parameter

value s = ugs — uy + 5:—3:% according to the following conditions:

13D

< + = 3.13
u7 < ugs vt ( )

- _ ur
hull 3.14
5> (3.14)
disdasdsy > —dos (J12CZ44 - J14J42> ) (3.15)
doadys — dordyy > —6724674277117 (3.16)

Otherwise, no saddle-node but pitchfork bifurcation can be occurred under the following condition

(3.17)

UqU13 -
N2 —ugmsy,
<U4 + P)

da3(d1adar —dr1daa ) —di3(d2ada1 —d21daa
( 62136224542+J23(6212d_z(1462146242) ) (ml = 0)

Proof . By substituting E, = (p,s,0,v) in the Eq. , then the characteristic equation of

J4, where Jy = Jy (Ey, t1a) given in [9] having zero eigenvalues (Mg, = 0),

Contingent on condition , w1 > 0.

Where, m; =
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Let, QY = (w£4],w£4],wg4],w£4]> be the eigenvector of j4 corresponding to the eigenvalue Mg, = 0

Thus, (j4 - )\4hI> QMW =0, which gives:

wol¥ = myw ¥, wil = mow ¥, Wil = mgwy =cm=d wl[‘”z any nonzero real number.
(d24d41*d21d44)+d24d42m1

—(da1+dazma)
d23daq '

daa

Where, m, , mentioned in state theorem, msy = (mg > 0) and mg =

T _ -
Let, HY = (ﬁ[14]7ﬁ[24],ﬁg4],ﬁ£14]) be the eigenvector of J4T affiliated to Ny, = 0, of the matriz J4T
- T
then: <J4T — )\4hl> HY =0, Give us: HIY = (0, 0, ﬁgq, O) where ﬁ[34] any nonzero real number.
fu12 (N7u12) = (i 2L O %> - (0,0, _haO)T7

since Ou12’ Ouiz’ Juiz’ OQuis

? 8u
hence, fu,, (F4,u12) = (O,O,O,O)T. Therefore (H[4])Tful2 (Ey,u12) = 0.

The detecting of Sotomayor’s Theorem [22] appears the happening of the saddle-node bifurcation can-
not be at Ey. Moreover,

00 0 0
_ _ 00 0 0
since, Dfu, R 2) = | o 3 ¢ |
00 0 0
4]
00 0 0 wl[] 0
) 00 0 0] |muwt 0
_ g L T
Dfu12 (E4,U12) Qb = 0O 0 -1 0 [] B m2w£4} ’
00 0 0 m3w£;ﬂ 0

contmgent on conditions (3.96-3.9d) as in [9] with conditions (3.14)), (8.15)) and (B.16).
(H[4 )T [Dfu 12 (E47 'L:L12) 9[4]:| = —m2w1[4]h3[4] 7& O,
Pluggmg O in Bq. (2, we get:

_ (4] __ugus? ) UUL uzus ]
2 < > |:(1 —(u5+5)3 + uimy -+ ( +P)2m2 + (u5+15)2m3]

2
—2m1 <w£4}) [—u6 + ugmso + u9m3]
2 )
2m2 <w£4}) [ﬁ( HiULs + Ugml]
ug

D2fu12 <E47 ﬁl?) =

+P)
_ [4} (uoulo) (uoulo)
2 w |: (uo+p) (uo+p)2 ms = U9m1m3]

contingent on conditions (3.9b-3.9d) as in [9] with conditions ( and (3.15). ( since my > 0)

2
So, (HH)" D2 fi, (En, ) (Q, 04) = 2, (wfY) ﬁ?][(ﬁflg) + ugm] # 0.

The detecting of Sotomayor’s Theorem [22] appears the happening of a transcritical bifurcation at
system near Ey with (u12 = u1a).

Opposite both of conditions (3.9d) in [9] and (3.14), (m1 < 0)

Again by conditions (3.9b-3.9¢) as in [9] and condition [3.17)), then plugging QW in Eq. (3.3)), we
get:

. (4] u3us0 UU4 U3Us

6 ( > [(u5+ﬁ)4 T a2 T (u5+ﬁ)3m3]
0

D3 fu, (B4, Uy2) = 6 ( 4 ]) [4418 ] ’

w =
1 (us+p)*

_6 (w[4])3 [—usum:} _ _uswis ., ]
1 (us+p)* (us+p)* 3
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contingent on conditions (3.9b-3.9¢c) as in [9] with condition ) (mae > 0)
3
So, (7_[[4})T Dgfum (Ey, o) (9[4}7 9[4]’ Q[zq) —6 <w£4]) h[4][ ;Mum ] £ 0,
The detecting of Sotomayor’s Theorem [22] appears the happemng of pitchfork bifurcation at system
(2.2) near E4 with (412 = uq2). O

Theorem 3.5. Assume that the local stability conditions (3.11a-3.11g) as in [9]. Then system ([2.2))
near Fs = (ﬁ, 'sv,ﬁ, %7) , possesses saddle-node bifurcation at the parameter value uy = uy = R + ugs ,

according to the following conditions hold:

531 (€22€44 - 524542) < _532 (’524’541 - 521’544) (318)
531 <€12€44 - 514542) > _g32 (g14g41 - g11g44) (319)
Zy # Zs (3.20)

Otherwise, a transcritical bifurcation and pitchfork bifurcation can be occurred at Es, according to
the following conditions hold:

lo # 14 (3.21)
Zs # 7, (3.22)
Zs % Zg (3.23)
Where
R — 613 [631 (622644 - 624642) + 632 (624641 - 621644)]
€31 (€12€44 — €14€42) + €32 (€14€41 — €11€14)
~ UsUs €, e, Ugtigsh ULU
lel——g 5 2$—u9n0l0$+l1 4713 3 4713 2711 +
(us + p)” €44 €14 (ug + p) (ug +p)
513524 U5u15’7}/ UsU1s5 531542 en €14 UsU15 €41 531542
== 3 5= < UNog=—| — = —2~——u9n0~ =
€23€44 [ (us + D) (us + D)~ €32€44 €44 €1a | (us +Dp)” €aa €32€44
~ 'LL2U4E ’LL3U5,'[)/ U2Uy U3Us g31g42
Zy = — 3 3 — Wiho — A 5= = —nolo[ Ug + ugny + Ug———=
(ug + D) (us + D) (ug + p) (us + D)~ €32€44
€13€24 UsU1s €41 €31€42 641 UsU50 UslUls  €31€42 €1
+ugnonily — 5= — UgNo=——=— = 5= = Ugno=—1_ ¢ »
€23€44 | (us + p)” €aa €32€44 €aa | (us + ]3) (u5 + D) 32644 €44
~ Ul Usls €41 €31€ Ugtish
Zz3 =1+ = 5N — SR T + nolo [ Ug + U 9~31~421 +1 ng — Ugnoni | +
(ug +Dp) (us 4 p)* €us €32€44 (us +p)
UslUis €41 €31€42
lQ |:—2~_ —UNp=——= ] )
(us +Dp)” €aa €32€44
> U2U4h UgUsV Usls  €31€42 €4 U2U4
Zy = — 3 3 — Ung — 5= — Nolo |ugni—ug=— | + 5Nl
(ug +p) (us + p) (us + p)” €32€44 €44 (ug + p)
I UgUsV Usls — €31€42 en
2 3 2~ ~ + UgNo=— )
(us +p)°  (us + p)” €32€44 €44

€31€42

€32€44

|
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7o U2U4% U3UsV UgUy n uzus €4 { U3U50 UsU15 531’542}
5= 1= 7 =3~ — - ==
(ug +p)"  (us+p)"  (us+D)° (us + p)* €w (us +9)*  (us + P)° €s2€m

5 U4U13E UqU13 Uslys €41 Uzls  €31€42
Z6__ ll 4+ 3n1 +l2 3~ 3~ ~ )
(ug +p) (ug + ) (us +p)° €aa (us+ D)’ €32€44

ne — —e31 N = €44(€22€31—€21€32)—€24(€31€42—€32€41) and ny = €31€42—E32€41
0 632 > el €23€32€44 e32644
l — 613 < O l _ 523(614641 611644) 613(624641 621644) > 0 and l _ 613624 614623
€23 €23€31€44 €32€44

Proof . By substituting F5 = <p, s, h, v) in the Eq.n, then the characteristic equation of

Js, where Js = Js (Es,ur) which is given in [4] having zero eigenvalues (say s, = 0), if and only if
K4 = 0 and then E5 becomes a non-hyperbolic, whenever the parameter takes the value (say 7 = uz) .
41& Es, jacobian matriz of system ([2.2)) becomes:

Js = J (Es,uz7) = [€y),,.4, where €= ey for all 1,7 =1,2,3,4 given in [J] except es3 =R,

ur >0 , contingent on conditions (3.11a-3.11¢e) as in [9] with conditions (3.18) and (3.19) are hold.
Let, Qb = (wﬁ,wm w:[f],wf}) be the eigenvector ofjg, affiliated to A5, = 0. Thus, < (75 — /\5h]> Qbl =g,
which gives: wol) = nguwr®, w3l = nwr B, Wl = now B and wi® any nonzero real number.
Where, ng, ny and ny are mentioned in state theorem.

T ~T ~T
Let, HP = (ﬁgS],ﬁg],ﬁ?],ﬁf]) be the eigenvector of Js affiliated to A5, = 0, of the matriz Js

then: (:féT — )\5hI) HP! = 0, Give us: HP = <ﬁ[5] loh[15,l1ﬁ lgﬁ[5]> , where ﬁ[15] any non-zero
real number. ly, 11 and ly are mentioned in state theorem,

AT
since, 88—57 = fu. (Ryuy) = (ﬁ Of2 Ofs %) = (0, —h, h, O)T, hence, f.. (Es,u7) = (O,—h, h,O) )

our? Our? 8u7’ our
Therefore (7—[[5})Tfu7 (Es, ) = —Tah[lo— L] #0 .
Contingent on conditions (3.11a), (3.11c), (3.11d), (3.11¢) and (3.11g). (ly < 0 and 1, > 0 —
lo—11 < O)
Plugging QP! in Eq. we get:

[5} _ ugush  _ _ugust UU4 usus
2< ) Kl ()" <us+ﬁ>3>+“1”°+( +p)2"1+(%+ﬁ>2”2]

—2?”&0 < > —Ug + Ugny + UQRQ]

_ (5] uguish _ _uguig
2 (wff) [ph — o, — o

9 ( [])2 |:(u5u15)5 . (usuls)n — UaToN :|
(u5+i~7—)3 (u5+1~)')2 2 976072

contingent on conditions (3.11a-3.11g) as in [9] with condition (3.22).
2 ~ -

So, (H)" D2f,, (Bs,ir) (@, 05) = =2 () 1 | Z - 2] #0.

The detecting of Sotomayor’s Theorem [22] appear the happening of a saddle-node bifurcation at sys-

tem (2.2)) near Es with (u; = uy), moreover neither transcritical bifurcation nor pitchfork bifurcation

can be occurring at Es.

Opposite of condition (3.11d), we get (€a3 > 0), (H[5])Tfu7 (Es,u7) = —hih[lo — 4] (lp > 0 and [; > 0),

FEither, condition (3.21)) hold

contingent on conditions (3.11b), (3.11c) and (3.11¢) as in [9] with condition (3.18)

S0, (H[S})T [Dfu7 (E5,ﬂ7) 9[5}} = n1l1w1[5]ﬁ1[5] 7é 0 (TLl > 0 and ll >0— n1l1 > O),

D? fu, (Bs5,7i7) =
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Plugging QP in Eq. (3.2), we get:
__2 <W[5])2 <1_ usush . U3U55>+u ng + upud o + usus o,
! (wi+p)®  (us+p)’ PO kP T (wsrp)”
2
—277,0 (LUF]) [—U6 + ugny + Ugng]

2 ~
o [5] ugquizh  _uguiz .
2 (wl [(u4+15’)2 il ugnon |

2 ~
—2 (w?]) [((1;5;:_1;;} - ((3::‘_;;)2 ng — U9n0n2]

D2fu7 (E57 177) =

Under authority of conditions (3.11a), (3.11b), (3.11¢) and (3.11g) as in [9] with condition (3.22]).
2 -~ o~

80, (H[E’])TDQfm (E5, ur) (9[5]7 Q[S}) =2 (W[f)]) o [23 - 24] # 0.

The detecting of Sotomayor’s Theorem [22] appear the happening of a saddle-node bifurcation at

system (2.2) near Es with (u; = uy) .

Or opposite of condition (3.21)), by Sotomayor’s theorem saddle-node bifurcation cannot be occurred

at system (2.2) near Es with (u; = uy) .

Moreover,
000 0 00 0 0 wﬁ] 0
- 00 1 0 _ 00 1 0] |nwt 0
1 g [5] —= 0*1 ==
since, D f.. (N, ur) 00 0 0 , D fu, (Es,u7) Q 00 0 0 nle] nle] ’
00 0 0 00 0 0] |0 0

Under authority of conditions (3.11a), (3.11b), (3.11¢) and (3.11g) as in [9] with condition (3.22]).
2 -~

So, (H)" D2f,, (Bs,ir) (2, 0F) = =2 () 1l | Z, - Z] 20,

The detecting of Sotomayor’s Theorem [22] appear the happening of a transcritical bifurcation at

system (2.2)) near E5 with (u; = uy) .

Now, opposite of condition (3.22)) and plugging QP! in Eq. (3.3) we get:

3 ~ .
_6 <w£5}) |:(u2u4h + U3u5v4+ U2 U4 ny + uU3Us TL:|

witp) | (ustp)’ | (uatp)’ (us+p)° 2
0
D3fU7 (E5va7) = 5] 3 qu1zh 4u1
. —uguizh _  uquiz ’
0 (wl ) [(U4+15')4 (watp)? " ]

-6 (w[4])3 [—usuuﬁ o _usuls ]

i ! (ws+p)’  (us+p)° 2 I

Again, according to conditions (3.11a), (3.11b), (3.11¢) and (3.11g) as in [9] with condition (3.23]).
3 -~

So, (M) " D3 f, (B, ir) (2,98, 0) = —6 () w1 | Z; - Z| #0,

The detecting of Sotomayor’s Theorem [22] appears the happening of pitchfork bifurcation at system

(2.2) near E4 with (u; = u7). O

4. The Hopf-bifurcation analysis

In this section, the investigation of Hopf-bifurcation near the equilibrium points of system ([2.2)
in the opinion of Hague and Venturino methods [7] as below.

Theorem 4.1. Suppose that the locally conditions (3.7b-3.7f) as in [9] and the following conditions



2208 Kadhim, Majeed

hold:

=~
—

\3

—

A

3

()
N N N N TN TN
s
SRS
— o — ~—r =

Where,

71 = C11C31 [C31 (C11 + Co2) — C21C32]

79 = — {C21C32 [C21C32 — C31 (Cop + Caa)]}
T3 = C14C21Caz [Ca1 (Cog + Caa) — 2C21 T3],
ra = — {C315, (C1) + C3y) + 2C11C13Cas (Co2Cas — Cr12Co1) + CroCo1Ca1 (CasCs — C11Ca2) — a1 (Coz + Cas)

[C12C23C31 + C24C42Caa] + C31Ca4 (C11 + C22) [Cas (Coz + Caa) + 3C11Co2) — Ca2 [521522532544 — C11C31 (532 + 54214)]
—Cas (C12C21 + Ca3C32 + C24C12) [Ca1 (Caz + Cas) — Co1Csa] — C11C31Caa (C12Ca1 + Ca3Ca2) + Cop (5%1531 + E22544)
—C11C21C32 [C22 (C11 + Caa) — Ci2C32] — C11C21C32 (532 + @2;4) — C1C32C44 (C22Caq — C12C21)
—C31C31 (Ca3Cs2 + Co4Can) + Co1Ca1 [Cr2Ca3C2 + E11514542]} ;
15 = C11 (Cop + Caa) [—C11Cu4 (C14C21Caz — C11Ca3Ca2) — E%1524542] — C23 [511522532524 + C19C14C21C31Ca2)
+ (€11 + C22) [—511@2;4 (C12C21 + CaaC32) — C11Ca3Caa (Caz + 2Caa) + C11C49Cay (C1aCa1 — CaoCos) +
Ca3C31 (C1aCa2Cas — 51254214)] + [C12Co1 (€11 + Caa) + C12C23C31 + Cop (Co3C32 — C11Caa) + (Coz + Cas)
(CoaCaz — Co2Cas) — i1 (532 + 54214)] [Ca2 (€11C24 — C14C1) + Caa (C23C32 + Cr2C21 — C11Cua)] + C11CaoCu
(5%1 + CagCaa) + C11C23C32 (C12C21 — CoaCaa) + C11C22C23C32 [—Caa (C11 + Caz) + CasClaz + C1alar + CosCao] +
C23C32 [C11C21C23C32) + C23C32 [C11C24Ca2Cas + C12C31 (C11Ca3 — C14Co1Ca2)| + C14Co1Ca2Csas (Co2Cag — C24Caz) +
C23C31 (5?1 + Ty + 5?;4) (C14Ca2 — C12C44) + 2C11C2Ca3C31 (C14Ca2 — C12Ca4)
76 = — { —C12C23C31 [C11Ca4 (C11 + Caa) + (C11 + C22) (C11C22 — C12C21) + (Coz + Cus) (C2oCag — Co4Caz) —
C23 (C22C32 + C12C31) — C11C22 (Cag + 2C44)| — C14C21Ca2 [Caa (C23C32 + C12Ca1 — C11Ca2) + C11C23C30+

i a o r2 2 | -2 S - =
C1o (C11Ca — C1aC21)| — C11Ca3C32Cua [Ty + Toy + Cpy + 2C11Con + 2Cua (Cr1 + C20)] },

=]

M. D ush D
1= 22 {Mg { b C31 — = (Ca2 +544)} — M, {L_y (Cs1 (Cog + Cya) — C21C32) +

My us+p " (ug+D)° (us+p
U4E _ _ _ M3)2 U4E
—— = (Ca3C39 + Co4Cyo — CooC +2(— ) ———=
(ta +Z_7)2 (Ca3C32 + Co4Ca2 — Ca2 44)} (M1 (ur + ]_?)2
ush D M\ 2
Qy = —2 {M3 [(15447]_7)2623532644 - u4lj|— 5 (Caq (C21C32 — C22C31) + E24531542)} } - <ﬁj)
ush P ush
————5 My — 2 | ————— (€31 (Ca2 + Caa) — C21C32) + ————= (Ca3C32 + C24Ca2 — C22Caa)
(ug +P) (ug + P) (us + D)

Such that ¢; (4,5 =1,2,3,4) it was mentioned in [9].
Then at the parameter (uy = ug) , system (2.2) has a Hopf- bifurcation near Ej.
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Proof . The characteristic equation of system (2.2)) at E5 mentioned in local stability in [9].
A MU 4+ MoA? + M\ + My =0 (4.7)

We requirement to find the parameter (us ) so to check the necessary and sufficient conditions for
Hopf bifurcation to happen which accept

M; (2) >0, Ay (W) = MMy — M3 >0 |, M} () — 44 (Tz) > 0
and AQ = (MlMQ - M3) M3 - M12M4 =0

Now, Contingent on conditions (3.7b-3.77f) as in [9] with conditions (4.1)) and (4.2)), we get
Mi (ﬂQ) > O, (Z = 1,3,4) 5 Al (ﬂg) = M1M2 — M3 >0 and M13 (ﬂg) — 4A1 (ﬂQ) >0 s
Notes that Ay = 0, gives:
[, p°s* + Toptiy + Ty = 0, (4.8)
where, I'y =ry —ry, To=r3—1y, and I's =15 —1r6. Where; r; , (i =1—9) are above-mentioned

in the theorem. I'y < 0, I'y, < 0 and I's > 0, contingent on conditions (3.7b-3.7f) as in [9] with

conditions (4.3)-(4.5)).
Via to using Descartes rule of sign, equation (4.8) has a unique positive root
Now, at(ts = ug), the characteristic equation (4.7) can be rewritten as:

M. A
PN = <A2+ﬁ3> <>\2+M1)\+ﬁ1> =0,

1 1

Which; have four roots:

/ Ay . [ M3
/\h,v = [_Ml + M12 - 4%] and )\p75 = 41 M,

At (ug =Ty), there are two pure imaginary eigenvalues (N, ) and two eigenvalue (Ap.), which is
real and negative.
Now, for all values of uy in the meighborhood of Uy, the roots in general of the following form:

)\p,s = 51 (UQ) + 2(52 ('LLQ) and )\h,v = [_Ml F \/Mlz — 4@—11

Thus, Re (Aps (u2)) |ug=m, = 01 (U2) = 0, that implies the first condition of the necessary and sufficient
conditions for Hopf bifurcation is satisfied at (ts = us)

Now, to check the transversally condition we ought to prove that:

U () O (ug) + T () ® (Ta) # 0.

Note that for (uy = us) we have:

01 (we) =0 and 93 (ug) = ,/%’, changing to the value of 0y yield the following:
_ — M; M;
T (W) = —2Ms; B (@) =2 4/~ | My — 22
() = 20 B(m) =2 3 [ 237

_ U E D M.
O (us) = (tn —41-2_? 5C23C32C44 — u4]—)k 5 [Ca4 (C21C32 — C2C31) — C24C31Can) — ﬁj

P _ ush _

C31 — ———5 (C2 +C
wa (s + ) (Ca2 44)}
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and

— M D ush ush M
I' (wy) = — — { P [C31 (Coa + Cyq) — ConCs2] + ! (Ca3C32 + CoaCag — CooCaa) + ;_2—3
(us +p)” M

My [us+Dp (us +7)°
Thus, under authority of conditions (3.7c), (3.7d) and (3.7e) in [9] with condition (4.6), give us:

‘I/ (ﬂg) @ (ﬂg) + F (EQ) q) (ﬂg) - 51 - @2 7é 0,
Therefore system (2.2)) at E3 with the parameter Uy has a Hopf-bifurcation. O

Theorem 4.2. Suppose that the locally conditions (3.9a-3.9d) as in [9] and the following conditions
hold:

U3U5’l:J

1<2p+—003, (4.9)
(us + P)2
diadadap > dua <J14Cz41 + CZ24J42) + diadosd, (4.10)
o= /2 = = = = = /= = = = = = - - =
Fdua < j (o = dudn = dipdan ) + (—du (duada + daadiz ) = dizdoadiy = dudzidiz) - (4.11)
a1 # o, (4.12)
Where,
j=1-2p— 397
(us + p)
ay = 2N, [§N2 - J24CZ415} + 2N1Ny [672113 - 0744§}
Qy = —2N; [—672467425 - 6721674415}
Such that czj and N;, (1,5 =1,2,3,4) it was mentioned in [9]
Then at the parameter (uy = uy) , system (2.2)) has a Hopf- bifurcation near Ej.
Proof . The characteristic equation of system (2.2)) at Ey mentioned in local stability in [9].
(s = A) [V + NiX2 4+ NoA + Ng] =0 (4.13)

The requirement to find the parameter (uy) for checking the necessary and sufficient conditions for
Hopf bifurcation to crop up that satisfy, N; (uq) >0, i=1,2. and Ay (u;) = NyNy— N3=0
Under authority of (3.9b-3.9d) in [9], N; (uy) >0, (i =1,2), A(uy) =0, gives:

R1u75° + Rytiy5 + R3 = 0, (4.14)

= 2 ==z = = = b5 (2 3 3 =5 =
where, Ry = dy, Ry = <d44 — dyadyy — d12d21> —2jdy, and Ry = j*du—j <d44 — dyadyy — d12d21>+

(6744 <6714j41 + 67246742> + diodaada + 671467216742> .
Ry <0, under the authority of condition (3.9¢) as in [9] and Ry > 0, under the authority of condition

(8.9¢) as in [9] with conditions (4.9)-(4.12) are hold.

Via to using Descartes rule of sign, equation (4.14) has a unique positive root.
Now, at(u; = uy), the characteristic equation (4.13) can be rewritten as:

PN = @4 - /\4h> (Mt + N1) (A2, + Np) =0, (4.15)
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Which; have four roots:
Aap = dag, Ay = —Ni, Ma = iv/Na, Az = —i/ Ny
At (uy = uy), there are two pure imaginary eigenvalues (A2 and Ay3) and two eigenvalue (A, and Agy),
which is real and negative according condition (3.9a-3.9d) as in [9].
Now for all values of uy in the neighborhood of uy, the roots in general of the following form:
)\2’3 = (51 (ul) + 252 (ul) and >\4h = d44, )\41 = —N1
Clearly, Re(MAa3 (u1)) |uy=a, = 01 (1) = 0, that means the necessary and sufficient conditions for
Hopf-bifurcation is satisfied at (1, = uy).
Now, to chuck the transversally condition, we must prove that:
W (u1) O (@) + I (61) @ (u1) # 0
Note that for (i, = uy) we have: §; (iy) = 0 and & (1) = V/No

substituting the value of 09 gives the following simplifications:

(’171) = —2N2, 0] (77/1) =2 Nl\/ Ng,
( 1) = -5 [5246742 - NQ] - 5 <521544 - 67246741> )

o1l

)

and
D (@) = VN [dor — 5
Under the authority of conditions (3.9¢) in [9] and condition (4.12), give us:
U (1) O (iiy) 4+ T (i) @ (@) = Gy — ap #£ 0,
Therefore system at By with the parameter u; has a Hopf-bifurcation. [J

Theorem 4.3. Suppose that the locally conditions (14a-14g) as in [9] and the following conditions
hold:

K1K2 > Kg,
K7 (uy)
4 )

0< Ay (ﬁg) <

(4.16)

(4.17)

t1 < tg, ( )
ty > 1y, (4.19)
ts > tg, (4.20)
t7 > g, ( )
3(th —ta) < — (tg — t4), ( )
(ty —1r8) > =3 (t1 —to) > — 2 (t3 — t4) (4.23)
(ty —to) P4 (t7 —1g) > — (t3 — t4) > — (tg — t5) 1, (4.24)
(4.25)

&1 # Qs
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Where,

t1 = €1 (€11 + €22) (€21€44 — €31€32),
ty = — {€13€32 [€13€32 — €a1€m]},
t3 = (€13€31€32) [531 (€22 + 2€44) + €167, — 521532] + €31€32 [€32 (€11€23 — €13€01) + €u4 (€23€32 — €11€02)
+€14€22€41 + €11€24€42] + €32 [513551544 + €31 (€14€22€41 + 5115243“42)] ;
ty = — {— (€11 + €22) [C13€21€31 (€22 + Cua) + C216a4 (C23€03 — €39) + €21 (C14€22€01 + C11€24602)] }
ts = (€11 + €22) [613631 (€22 (€11 + €22) — 2€94€42) + €23€32 (5?1 - 2514541) - E11513521532} + €13€31
(€32 (2€12€31 — €13€21) — 2€11€09] + €23€32 [€32 (€12€31 — €13€21) — €11 (€11€22 — €12€31 — €13621)] +
e [624642 (514524542 - 2613631) - 613621622632] + €12€21€63 (612631 + e13'321) — €14€41,
te = — {—(€11 + €22) [€13€31 (€22(€11 + €22) + €12€21 — €11€12) + €11€32(2€12€31 + €13€21 — €14(€22 + 2€12))
—€14€22€41 (€11 + €2) + €14(€24€41€42) — €11€24€42(€11 — €22) — €12€23€31 (€11 + €22)]
—€13€31 [€22(2€24€40 + 2332 + €41€41) — €11(€21€12 + €13€31 + €14€41 + €24€42)]
—en [51453454212 — €1162: (€13€31 + €14€41
+2e12€91 — 532) + €35 (€22 + €12€21 + €24€42) + 2€13€24€30601 + 2514523531542}
—€92 [€23 (€11€32 + 2€14€31€42) + €13632 (2€24€41 — €21)]}
tr = €11 (€11 + €22) [—€22 (€14€41 + €13€31) + €23€32 (€12€21 — €11€22) + €42 (€14€23€31 — €2€04)] +
€13€22€31 [€22 (€24€42 + €12€21) + €11 (€12€21 + €13€31 + €14€41 + €22€23€31)] + €12€31 [?332 (€13€21+
€11€32) + €32 [€11 (€11€22 — €13€31 — €12€01 — €14€41) — €22 (€12€01 + €23€32 + E24€42)]] + €13€21€32
[511 (511522 — €13€31 — €14€41 — €12€21 + 632) — €22 (€12€21 + €23€32 + ’524&542)}
+ €11€23€32 [€11 (€13€31 + €14€41) + €22 (€23€32 + €24€42)] + €14€22€41 [€11 (€12€21 + E13€31 + €14€41) +
€22 (€12€21 + €23€3 + €24€12)] + €71 (€12€21 + €13€31 + €14€41) + €24€42 [€22 [€11 (€12€01 + €23€32 + €24€1)
—€13€31)] + €35 (€12€21 + €23€32 + €24€42) + €14€22€23 [€22€42 — E30€41 + €11€51€a2] ,
lg = — {—631632 [€15622 (€12 + €13€21) — €21€32 (€12€51 + €12€13) — €12€13€21] — €13€21€35 [€11€23 — C13€21] —
€14€41 [€22€24€42 + €22€37 (€12€31 + €13€01) — €11€23€32 (€11 + 2€22)] — €11€24€42 [€32 (€12€31 + €13€21) —

€11€13€31] + €22 [€13€20€24 (€32€41 — €31€42) + 2€11€24€32€41]}

~ k - U - ~ -
mes { [<k3) (kQ —2 (613631 + 623632)) — ks (613632 (621 + 641) — 611623632)
1

~ ks ks ks’
v | k3 614623631 —ej— | — ko (613631 + 614641) 2| — )
kl kl kl

~ ks ks — ka\?
-2 k3 €12€23€31 — €11— | — ka— (€13€31 + €23€32) +2 | —
kl kl kl

(,ﬁ)g [2 — 2 (€13€31 + 614644)]}

Such that e;; (4,5 =1,2,3,4) it was mentioned in [9]
Then at the parameter (ug = ug) , system (2.2) has a Hopf- bifurcation near Ej.
Proof . The characteristic equation of system (2.2)) at Es mentioned in local stability in [9].

+

+

M4 KN 4+ KoA? + KsA + My =0 (4.26)
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The requirement to find the parameter (ug) for checking the necessary and sufficient conditions for
Hopf bifurcation to crop up that satisfy; K; (ug) > 0, (i=1,3,4) , Aj(ug) = K1Ks — K3 > 0,
K3 (ag) 4A1 (ag) > 0, and AQ (279) = 0.
Under the authority of conditions (3.11a-3.11e) as in [9] with condition and - implies
that K; (ug) >0, (i=1,3, 4) , A; (ug) > 0, K3(u9)—4A1(u9) >0
Notes that, Ay = 0 gives:

Alggﬁg + A2§2ﬂ3 + Aggfﬁg + A4 - O (427)

where, Ay = t1 —to, Ao = 3(t1 —ta) + (t3 —ta), A3 = 3(t1 —t2) I +2(t5 — ta) L + (t5 — t6), Ay =
(tl — tz) l3 + (tg — t4) l2 + (t5 — t6) ) + (t7 — tg), and
l= ;‘ﬁ’; ug < 0, under authority of condition (3.11c) in [9].
Note that Ay < 0, Ay <0, A3 > 0 and Ay > 0 under authority of conditions (3.11a), (3.11b)
and (3.11d) in [9] with conditions (4.18))-(4.24)). Where t; , (i =1—8) are mentioned in the state
theorem. Via to using Descartes rule of sign, equation (4.27) has a unique positive root.
At (ug = ug), the characteristic equation (4.26) can be rewritten as:

k Ay )
P = (R + k) (R kd+82) =0,
Which; have four roots:
Mo = [ F (12— 48] and &y, = i/,
Observe that at(ug = ug), there are two pure imaginary eigenvalues (A, ) and two eigenvalue (Ap ),
which 1s real and negative.
Now, for all values of ug in the neighborhood of ug, the roots in general of the following form:

—]{71 + ]{32 4ﬁ
V k1

Clearly, Re (M, (ug)) lug=ie = 01 (Ug) = 0, implies that the first condition of the necessary and
sufficient conditions for Hopf bifurcation is satisfied at (g = ug)

Now, to check the transversally condition, we must prove that:

\I/ (UQ) @ (UQ> + F (Ug) (Ug) 7é 0.

Note that for (ug = ug) we have:

)\1,75 = (51 (Ug) :l: 2(52 (Ug) and )\h,v =

01 (ug) = 0 and 93 (ug) = ’/%’ substituting the value of 0o gives the following simplifications:

T~ = k k
U (ug) = —2ks; @ (ug) = 2 k:j [krg (t1g) — Qk'j

~ I PO - ~ ~ (- - ks ks _ _
O (ug) = { S |€12€23€31 + €13€32 (€21 + €41) — €11 | E23€32 + =) v ellk_ + €14€93€31
1

1
and

~ ks [_ /. o k k
I' (ug) = k—g [3 (613631 + eo3€32 + k—g) —v (613631 + €14€44 + kg)}
1 1

1

Thus, under the authority of conditions (14a), (14b), (14d) and (14e) in [9] with condition (4.25)),
give us: _ _ _ _

U (ug) © () + I () @ (tg) = a1 — @z # 0,
Therefore system (2.2)) at E5 with the parameter ug has a Hopf-bifurcation. O
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5. The Numerical Results

In this section, the benefit of this numerical simulations, which give us a clear explanation about
the influence of alter the parameters values of system (2.2), as well as to assert analytical results.
Now according to following parameters below

u; = 0.2, uy =04, wu3=03, uys=03, wus=01 wug=0.001,
ur = 0.095, wug =0.95, wug=0.001, wuyp=0.0001, wuy; = 0.00001, (5.1)
U1 = 00001, U3 = 00001, U4 = 0001, Uy = 0.0008

From Eq. (5.1) which represent the set of data starting from various initial values, it is ob-

served the solution of system (2.2)) approaches asymptotically to a positive equilibrium point F5 =
(0.732, 0.1, 0.401, 0.381), which illustrated in Figure 1(a-d):

x! —
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= = !
1.2k -
1
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Il E b4 1
. 2|
£ = .
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—
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Figure 1: The time series of system beginning with different initial points (3.5, 0.2, 0.3, 0.388),(2.5, 0.3, 0.2,
0.388) , (0.75, 0.3, 0.2, 0.388) and (0.4, 0.1, 0.4, 0.388), for the data given in Eq. . The solution approaches
asymptotically to the positive equilibrium point E5 = (0.732, 0.1, 0.401, 0.388), (a) trajectory of (p) as a function
of time, (b) trajectory of (s) as a function of time, (c) trajectory of (h) as a function of time, (d) trajectory of (v) as
a function of time.

Varying the parameter 0.2 < u; < 2, the solution still approaches to a positive equilibrium point
Es, as shown in Fig.2 for typical value (u; = 0.3)
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3 ]
tma o

=

Figure 2: Time series of the solution of system (2.2)) for the data given in Eq. (5.1) which approach to E5 =
(0.787,0.1,0.405,0.099).

Varying (u7) in the range , 0.01 < u; < 0.495 keeping the rest parameters fixed in Eq. (5.1]),
it is observed that the solution of system ([2.2) still approach to the positive equilibrium point FEs,
as shown in Fig.(3a), for typical value u; = 0.3, while 0.495 < w7 < 1 the solution of system ([2.2)

approach to Fy, as shown in Fig.(3b), for typical value u; = 0.9, thus (u; = 0.495) is bifurcation
point.

=
=

Figure 3: (a) Time series of the solution of system (2.2)) for the data given in eq. (53) with u7 = 0.3 which approach

to E5 = (0.831, 0.316, 0.202, 0.103). (b) Time series of the solution of system (2.2)) for the data given in Eq. (62)
with u7 = 0.9 which approach to E4 = (0.859, 0.533, 0, 0.107).

In system (2.2) as stated above, the same performance for the rest of parameters. Thus finally
the following table make results summarized.
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Table 2: shows the values that consist of BB box of the faces whose parts are to be revealed.

Parameters varied in system(2) Numerical behavior of bifurcation
system (2.2)) point

02<u; <2 Approach ;E5

0.4 < uy < 0.93 Approach to E5

0.3 <uz < 1.79 Approach to Es

0.00001 < uy <2 Approach to E5

0.00001 < us <2 Approach to E5

0.00001 < ug < 0.094 Approach to Es

0.01 < wuy < 0.495 Approach to Es uy = 0.495
0.495 <wuy <1 Approach to E,

0.00001 < ug < 0.137 Approach to Ey ug = 0.137
0.137 < ug <2 Approach to F5

0.00001 < ug < 0.28 Approach to E5

0.00001 < uy9 < 0.076 Approach to E5

0.000001 < uqp < 0.0737 Approach to E5 uy1; = 0.0737
0.0737 < uq1 < 0.0999 Approach to E,

0.000001 < uq9 < 0.0385 Approach to E5 u1g = 0.0.0385
0.0385 <wu1g <1 Approach to E,

0.000001 < uq3 < 0.0158 Approach to Es

0.00001 < uy4 < 0.025 Approach to Ej u14 = 0.025

0.00001 < uys < 0.0259

Approach to E3
Approach to E5

6. Conclusion and Discussion

In this work, the occurrence of local bifurcation and Hopf-bifurcation are discussed with a suitable
conditions of an eco-epidemiological of prey population and two different diseases (SIS and SI) in the
predator population only, the transcritical bifurcation take place near FE;, F, E3 and FEj, a saddle-
node bifurcation take place near E5, at FEo, F3 and FE, pitchfork bifurcation take place near all of
these equilibrium points. Moreover fulfillment for the Hopf-bifurcation near F5, E; and FEs; was
done. Finally, numerical simulations are used to clarification the manifestation of local bifurcation
of this system. And the following impressions are listed below:

1. According to data given in Eq. used in system , the solution remain accession to
positive stable point F5 whatever changing the parameters u;, ¢ = 1,2,3,4,5,6,9,10,13, 15,
therefore these parameters don’t have any influence on the dynamical behavior.

2. Varying the parameters u;, i = 7,8,11,12, 14, keeping other parameters in system ([2.2)) with
set of date in Eq. , these parameters played substantial role in dynamics behavior in terms
of the local bifurcation and Hopf-bifurcation.
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