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Abstract

TThe paper introduces the concepts of w-strongly (resp., w-closure, w-weakly) form of continuous
functions on bitopological spaces, furthermore, we introduce theorems, characterizing on the class of
functions, show how it can be studied from a different point of view.
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1. Introduction and notations

Let 2" be anon empty set and .77, 9 are two topologies on 2", then the triple (Z°, 7, %) is
called bitopological spaces [1]. For other notions or notations not defined here we follow closely S.
Willard [2].

Definition 1.1. [3] A point x of a space 2 is called a condensation point of the sub set W C 2
if every neighbourhood of x contains an uncountable subset of this set.

Definition 1.2. [3] A subset # of a space 2 is called w-closed if all its condensation points are
contains it. Also the w-closure of a set W 1is the intersection of all w-closed sets that contains W',
and denoted by CIZW , then W is w-closed if and only if W = CI=W . The complete of a w-closed is
called w-open. Similarly, the w-interior of a set # in a space X", denoted by Int®, consists points
x of W such that for some open set % containing x such that CI7% C W, then W is w-open if and
only if W = Int™W , or we can write it as & — W is w-closed. Form above, we have every closed
set is w-closed and every open set is w-open.
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Definition 1.3. [1/ A bitopological space (%, T, T) is called pairwise Hausdorff space if for each
pair of difference points x1 and xo in (2, T, T), then there is F1-open set of and Ty-open set N
such that v1 € o/ and xo € N ,where o/ and AN are disjoint.

Definition 1.4. [1] A function f : (2,5, %) — (¥, F1,.F) is call pairwise continuous if f :
(X, A) = (¥, F) and [ - (2, T) = (¥ ,.F3)) are continueus.

Let f: (2,9, %) = (¥, F1,%) be a function, we will use the following symbol in this work
as follow:
JCIl7 (/) denoted the F; — w-closed of a set &7 C (2, A)
F1C17(A) denoted the .#; — w-closed of a set A C (¥, %)
T Int® (/) denoted the J; — w-interior of a set &7 C (27, 7)
F1Int®(A) denoted the .#, — w-interior of a set A C (¥, %)
same as for % and %, with respect to (27, %) and (%, .%,) respectively.
A set o7 is called 7] — w-closed if and only if 7CI% () = o,

same as for Z and F, with respect to (27, %) and (%, %#,) respectively.

2. Main Result

The author in [0} [7, 8, O] define w-strongly (resp., w-closure, w-weakly) continuous functions as
follows: A function f : 2" — % is called w-strongly (resp., w-closure, w-weakly) continuous, if for
each point x € 2" and every open set 4 of f(z) in %, there exists an open set ./ containing x in
2 such that f(Cl7() C N (resp., f(CIZ () C CIZ(AN), f() CCI=(AN)).

Now, we present the main definition in this work.

Definition 2.1. A function f : (2, 71, %) = (¥, F1, F2) is call pairwise w-strongly (resp., w-
closure, w-weakly) continuous, if either f : (X, 7)) — (¥, F1) is w-strongly (resp., w-closure, w-
weakly) continuous or f : (X, T) — (¥, Fs)) is w-strongly (resp., w-closure, w-weakly) continuous
(i.e., for each point x € (2, 71) and every Fi-opening set Ny of f(x) in ¥, there exists an -
opening set oy contain x in 2 such that f(FACI% () C M (resp., [(ACIF () C CIZ (M),
flery) C FCI7 (M) or for each point x € (2, Ta) and every Fo-opening set Ny of f(x) in ¥, there
exist an F-opening set oty contain x in X such that f(FHCIT (o) C Ny (resp., f(FCI7 (o) C
CI=(5), [(sth) © F>CI= (M)

Definition 2.2. If (z,) is a netin a space Z°, then () is called w-convergence to x € 2" denoted
by (vo = x), if for each neighbourhood < of x, there is some g € A such that o < g implies
To € CIZ( ). Thus o = x if and only if each w-closure nbd of x contains a tail of (r.), this is
sometime said; (x,) w-converges to x if it is eventually in every w-closure nbd of x.

Theorem 2.3. For any f: (2, %, %) = (¥, F1,F,)) the follow are equivalent:

(a) f is pairwise w-strongly continuous,

(b) The inverses images of every Fi-closed sets is 1 -w-closed and the inverses images of every
Fo-closed sets is Tp-w-closed,

(c) The inverses images of every Fi-opening set is J;-w-opening and the inverses images of every
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Fy-opening sets is Tp-to-opening,

(d) For each v € (%', T, %) and each net x, —> x, we have f(x,) — f().

Proof . (a) = (b) Let N be Fi-closed sets in (¥, F1) and Ny be Fo-closed set in (¥, F).
Suppose that f~1(A]) is not Fi-closed in (2, 7)) and f~1(N3) is not Fa-closed in (X', F). Then
there is a point © ¢ =Y (M) U f71(As) such that for every Ji-open set & and every Fp-open
set oty both containing x we have A CI% () N f~HM) # 0 and FHCI7 (o) N f~HAs) # 0. Since
f(x) & MUNs, H\N is Fr-open and X\ Ny is Fy-open, both containing f(x), having the property
that no w-closed neighbourhood of x will map into % \ N and % \ N5 under f. Consequently, f is
not pairwise w-strongly continuous [10] at x. This contradiction implies that f~*(M]) is T -w-closed
in (2, %) and f~1(N5) is To-w-closed in (X, Ta).

(b) = (c) Let N be Fi-opening sets in (%, F) and Ny be Fo-open set in (¥, Fs). Then
Y\ M is Fi-closed and Y\ Ny is Fo-closed. By (b) f~HH \ M) is Ti-w-closed in (2, T1) and
U\ M) is Tp-w-closed in (X, Tp). But X\ f[HZ \ M) = [ M) is F-w-opening in
(2, ) and X\ f~HZ \ M) = fHNg) is To-ww-open in (X, Ta).

(c) = (d) Let x € (2, 71, %) and let a net v, = x. Let N, be F1-open set in (¥ ,.F1) and N;
be Fa-open set in (¥, F).), both contain f(x). Thus by (c), f~1 (M) is F1-ww-open in (X, F1) and
Y N) is Ta-wo-open in (X, Ts) both containing x. Thus there exists an Fi-open @ and Fa-open
o such that v € o C FCI% () C f~HM) and x € oty C FCIZ (o) C f~Y(N). The T-w-
convergence and Ja-w—convergence of x, is eventually in FCI7(2t)) and FCIF(oty) respectively.
So that f(z.) is eventually in A1 and AN5. This shows thatf(x,) — f(x).

(d) = (a) Suppose that f is not pairwise w-strongly continuous for some x € (X", A, %). Thus
there is an F-open set N in (¥, F1) and Fy-opening set Ny in (¥, F), both contain f(x) such that
for every Fi-open set oty in (X', 7)) and Fa-opening sets oty in (2, Ts), both contain x, such that
ACI7 () ¢ M and HCI7 (o) ¢ N5. Now consider the directed sets 21 = { xo : SCI7(A) }
and Do = { xo : SCl7(9h) } using by reverse inclusion where <. and <. both contains x and
r € FCI7(He) U RCIZ(y) such that f(xy) ¢ N U A5 Then the net g1 - Dy — (X, A)
and gy Do — (X', %) defined by g1(xq, ) = xo , Ti-w-converges to x and go(xo, ) = T4
Tp-wo-converges to x, but the net fog does not converge to f(x) . The contradiction we obtained
implies that f is pairwise w-strongly continuous function. [J

Similarly, we proving the follow theorems:

Theorem 2.4. For any [ : (2, 7, %) — (¥, F1, %)) the follow are equivalent:

(a) f is pairwise w-closure continuous,

(b) The inverses images of every F-w-closed sets is J-w-closed and the inverses images of every
Fo-w-closed sets is Fa-w-closed,

(c) The inverses images of every % -w-opening sets is J-w-opening and the inverses images of
every Fo-w-opening sets is Jo-w-open,

(d) For each x € (X', 1, %) and each net x, — x, we have f(r,) — f(z).

Theorem 2.5. For any f: (2, %, %) = (¥, F1,F2)) the follow are equivalent:

(a) f is pairwise w-weakly continuous,

(b) The inverses images of every F1-w-closed sets is Ji-closed and the inverses images of every
Fo-to-closed set is Ty-closed,

(c) The inverses images of every .Fi-w-opening sets is J1-open and the inverses images of every
Fry-to-opening sets is Ja-opening,

(d) For each v € (X', T, %) and each net x, — x, we have f(xa) = f(x).
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Definition 2.6. A bitopological space (X, T, Ts) is called pairwise w-Urysohn if for each pairs of
different point 1 and x4 in (2, 71, F) then there is a J1-opening sets o/ and Fa-opening sets N
such that x1 € & and o € N, JCI7 () N FCIZ(N) = ¢.

Theorem 2.7. If f : (2", %, %) — (¥, F1, F) be a pairwise w-strongly continuous invective
function and (%', F1, Fs) be pairwise Hausdorff. Then (2", T, T) is pairwise w-Urysohn.

Proof . Let xy,29 € 2" such that vy # xo. Then f(x1),# f(x2). By hypothesis (%', F1,.%3) is pair-
wise Hausdorff, then there exist disjointing sets F1-opening N and Fa-opening N5 contain f(x1) and
f(za) respective. Since f is pairwise w-strongly continuous, there exist Ji-opening sets &/ and Fs-
opening sets oty containing x1 and xy respectively, such that f(FCI7(et) C M and f(FCI7 (o) C
Ny. It follows that f~1(f(ZACIF (<)) C fFHAM) and f7Hf(FRCI7 (%)) C f~HAs), therefore
FCI(ch) C FUAM) and FCI () C fUN). Then FZiCI(eh) N FHCI () = 6, So
(2, A, T) is pairwise w-Urysohn O

Similarly, we can proving the follow theorems:

Theorem 2.8. If [ : (Z', 7, %) — (¥, F 1, F) be a pairwise w-closure continuous invectively
function and let (%, F1, Fs) be pairwise w-Urysohn. Then (2, 7, %) is pairwise w-Urysohn.

Theorem 2.9. If f : (Z', 7, %) — (¥, F1,F2) be a pairwise w-closure continuous invectively
function and let (%, %1, F2) be pairwise w-Urysohn. Then (2, 71, %) is pairwise Hausdorf.

Now, we are study the composition of difference form of pairwise w-continuous functions.

Theorem 2.10. If f : (2,7, %) — (¥, F 1, F2) be a pairwise w-strongly continuous and g :
(¥, Ty, Fo) = (P, A, H3) be pairwise w-strongly continuous. Then gof : (X", T, T) — (P, K1, H2)
18 pairwise w-strongly continuous.

Proof . take x € (2,7, %). Let Wi be Ji-open set in (P, #1) and Wy be Ha-open set in
(P, 3) both containing (gof)(x) in J, since g is pairwise w-strongly continuous, there is Fi-
open set N in (¥, F1) and Fy-opening set Ny in (¥, Fs) both contain f(x) in ¥ such that
g(FCl= (M) C # and g(FCl=(N5) C Hi. Since f is pairwise w-strongly continuous, there
is A -opening sets oAy in (X, 7)) and Ty-opening sets oo in (X, T) both contain x in 2~ such that
f(ACI" () C M and f(FRCI7 (o) C N, since N) C FCI7 (M) and N5) C FCI7(N35), then
H(FCI7 () € FiCI=( M) and (Tl () © FCI=(N5), s0 g(f(RCI () C g( HiCI=(A))
and g(f(FCI7 () C g(FHCI= (), also gof (FiCI= () C g(FiCI=(M)) and gof(Fel () C
g(FCI7(A35)).  Therefore, found is F-opening sets <y in (2, 71) and Fa-opening sets oty in
(Z', %) both contain x in 2 such that (gof)(FACI7(et) C #1 and (gof)(FCI®(eth) C W and

gof is pairwise w-strongly continuous. [J

Theorem 2.11. If f : (2,7, %) — (¥, F1, F) be a pairwise w-strongly continuous and g :
(%, F1, Fo) — (P, H1, H5) be pairwise continuous. Then gof : (X, %, T) — (P, H, H5) is
pairwise w-strongly continuous.

Proof . Let #, be Ji-open set in (P2, 1) and Ws be JHs-open set in (P, Hy) Since g is pair-
wise continuous, we have g~ (W, is F1-opening sets in (¥ ,.F1) and g~ (Ws is Fo-opening set in
(%, F5). By Theorem 2.3 (c) we have f~ (g~ (#1) = (gof)—1(#; is T -ww-opening sets in (X, T)
and f~1 (g7 (#3) = (gof)—1(#s is To-w-open set in (X', F). Therefore, gof is pairwise w-strongly
continuous. Both contain (gof)(x) in JE, since g is pairwise w-strongly continuous, there is -
opening sets N in (%, F1) and Fy-opening sets Ny in (%, Fs) both contain f(x) in & such that
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g(F1CI= (M) C W and g(FCl=(Ns) C Wy, Since [ is pairwise w-strongly continuous, there is
T1-opening sets oy in (X', T1) and Fa-opening sets <ty in (X', F) both contain x in 2 such that
f(ACI () C N and f(FCI7 (o) C Ny, since N) C F1CI7 (M) and ) C F1CI7(N3), then
H(RCI= () € FiCI=(A) and f(Tel= () C FoCI=(M5), s0 g(f(FCI= () C g( HCIZ(A))
and g(F(FCI= () C g(FCI=(A5)), also gof (FRCI=(s#1) C g(FCI=()) and gof (Tol= (o) C
g(FCI7(N3)).  Therefore, there is Ji-opening sets < in (Z°, 7)) and Ty-opening sets <ty in
(2, F) both contain x in 2 such that (gof)(ACI7(<t) C #1 and (gof)(FCIl®(et) C Ws and

gof is pairwise w-strongly continuous. [J
Similarly, we can proving the follow theorems:

Theorem 2.12. If f : (2", %, %) — (¥, F 1, F) be a pairwise w-weakly continuous and g :
(¥, Ty, Fo) = (P, A, H3) be pairwise w-strongly continuous. Then gof : (2", T, T) — (P, K1, H3)
1S parrwise continuous.

Theorem 2.13. If [ : (2", A, T) — (¥, F1, Fs) be a pairwise continuous and g : (¥, F1, Fa) —
(P, .06, H3) be pairwise w-weakly continuous. Then gof : (X', A, T%) — (P, K, #3) is pairwise
w-weakly continuous.

Theorem 2.14. If f : (2,7, %) — (¥, F1,F) be a pairwise w-closure continuous and g :
(¥, Ty, Fo) = (P, A1, H3) be pairwise w-closure continuous. Then gof : (X, A, ) — (L, K1, H#3)

18 patrwise w-closure continuous.

Theorem 2.15. If f : (2", %, %) — (¥, F1, F) be a pairwise w-weakly continuous and g :
(Y, F1, Fo) = (P, H1, H3) be pairwise w-closure continuous. Then gof : (X, 7, T) — (P, K1, H5)
18 pairwise w-weakly continuous.

Lemma 2.16. If f : (2", A, %) — (¥, F1, F2) be a pairwise w-strongly continuous if and only if
for each pairwise sub basis Fy-open subset . and Fa-open subset T of (¥, F1, F>), then [~H(S)
and [T are F1-w-open in (X', T1) and Fa-wo-open in (X, T).

Proof . (=) Follows from Theorem 2.4.

(<) Let { Sy, To;a0 € A} be a pairwise sub basis for (%, Fy, F) and suppose that f~1(S,) and
~YT,) are Z1-w-opening sets in (X", T1) and Fo-ww-opening sets in (2, %) for each a € A. Every
F1-open subset .S and Fo-open subset T of (¥, F1, F2) can be wrilten as

S = SN2 N oo {al,a2,.....an CA}}

and T =H{ Ty N T2 N eee.Tom;{al,a2,.....,an CTA}}

then 1) = U{ f"H L) N fTHS2) N oo [ TH S an) }

and fH(T) = U fH(To) N f(Toa) O oo SN (Tom) .

The finite intersect of J1-w-opening sets is J1-w-opening and the finite intersect of Jp-w-opening
sets is Tp-wo-opening and the union of 7 -w-open sets is J;-w-opening and the union of Ja-ww-open
sets is Jy-w-opening. Therefore f~Y() is F-w-open and f~(T) is Fo-w-open and hence by
Theorem 2.3, f is pairwise w-strongly continuous. [

Similarly, we can prove the following lemmas:

Lemma 2.17. If f : (2, 7, %) — (¥ ,.F1,F2) be a pairwise w-closed contineous if and only if for
each pairwise sub basis F,-tw-open subset ¥ and Fo-to-open subset T of (¥, F1,.F»), then f~1(.F)
and [T are F1-w-open in (X', T1) and Fy-wo-open in (X, T).
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Lemma 2.18. If f : (2", 7, %) — (¥, F1,Fs) be a pairwise w-weakly continuous if and only if
for each pairwise sub basis F1-w-open subset . and Foy-w-opening subset T of (¥, F1, Fs), then
Y and f~YT) are Fi-open in (X, 7)) and Fp-open in (2, Ts).

Theorem 2.19. the function f : (2, 7, %) — ([[ Za, F1, F2) is a pairwise w-strongly contin-
uous if and only if the composting with each pairwise continuous project function [], is pairwise
w-strongly continuous.

Proof . (=) Follows from Theorem 2.11

(<) Let % and %3 be a pairwise sub basis F1-open set in ([ | Za, F1) and Fo-open set in (][ Za, F2)
for each o € A. Then .7 = [[.' () for some Fi-open set T in (X, F1) and S5 = [[.' (%)
for some Fa-open set Ty in (Zu, Fa). Thus f~H(A) = FULNA)) = (1, of) " H(TF) is Fi-w-
open and f(H) = fFHL(R) = ([1, of) (%) is Fa-w-open. By Lemma 2.16, f is pairwise
w-strongly continuous. [

Similarly, we can proving the follow theorems:

Theorem 2.20. the function f : (2, T, T) = ([[ Za, F1, F2) is a pairwise w-closure continuous
if and only if the compost with each pairwise continuous project function [, is pairwise w-closure
continuous.

Theorem 2.21. the function f: (2", 71, %) — (I] Zu, F1,.F2) is a pairwise w-weakly continuous
if and only if the compost with each pairwise continuous project function [], is pairwise w-weakly
continuous.

The following propositions is follow from Theorem 2.19, Theorem 2.20 and Theorem 2.21.

Proposition 2.22. If f : (2, 7, %) — (¥, %1, %) be a function and let g : (X', T, %) —
(2L X W, T X F1, Do X Fy) be the pairwise graphic function of f given by g(x) = (x, f(z)) for
every point © € Z . Then f is pairwise w-strongly continuous if and only if g is pairwise ww-strongly
continuous.

Proposition 2.23. If f : (2", %, %) — (¥, %, %) be a function and let g : (X, %, T) —
(X x X, T x F1,To x Fy) be the pairwise graphic function of f given by g(z) = (x, f(z)) for
every point v € X . Then f is pairwise w-closure continuous if and only if g is pairwise w-closure
continuous.

Proposition 2.24. If [ : (2,7, %) — (¥, F1, %) be a function and let g : (X, %, T) —
(X X W T x F, T x Fy) be the pairwise graphic function of f given by g(x) = (x, f(z)) for
every point x € . Then [ is pairwise w-weakly continuous if and only if g is pairwise w-weakly
continuous.

Lemma 2.25. Let (2., 71, %) be a bitopological spaces and let Wy; and <f,; be subsets of (Zwi, 1)
and (Zwi, F2) respectively, for each i =1,2,...,n. Then W1 X Waa X . X Wap X Ha;éao(%a» T1) C
[Loca(Za: ). and oy X Hpg X ... X Doy X Ha?ﬁao(%&, T) C [oea(Za, 72) are F1-w-open and
Fp-wo-open respectively if and only if W; is A -w-open in (Zwi, 71) and < is Ta-w-open in (Zui, 1)
for eacht=1,2,....n.

Proof . (<) Suppose that W; is T -w-open in (Zwi, T1) and <t is Fo-w-open in (Zoi, Ta) for each
i=1,2,..,n.

Then for each i and each x; € Soi C FCI7(Lni) C Wi, i € Toi C ACIF(Epi) C i
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Thus, for each {xy} € War X Waa X oo X Wan X Hamo(%a, ) C [oer(Zas 7).
{Za} € Ty X Doy X oo X Doy ¥ Ha;éao(%av T) C [Loen(Zar F2) C ACIT(Fa1) x ACI7(Fp2) X
ee X ACI7 (L) X Hoqéon(%OU ) T Wr X Wag X eeee X W X H#ao(%a, T) C [oen(Za, S).
This show that W1 X Waa X ... X Won X H#ao(ﬁ,’”a, ) C [aer(Za, 7) is T1-w-open.
By a similar way, we get oy X s X oo X Loy X Ha;éaO(‘%;X? D) C [aer(Za, F) is Fo-ww-open
(=) Straightforward. O

Theorem 2.26. The function [[, fo @ [[.,(Za, A, %) — 11.(%a, F1, F) define by { X, } —
{ fa(Z3) } is a pairwise w-strongly continuous if and only if each fo : (Zo, T, To) = (%, F1,-F2)
18 parrwise w-strongly continuous.

Proof . (=) Suppose that [ [, fa is pairwise w-strongly continuous. Let #y; be F1-open in (%, F1)
and p; be Fo-open in (i, Fo). Then W = Woi X Haiao(%, F1) and A = Hp; X Ha;éa()(%’ F3)
are pairwise sub basic Fi-open in [[ (%a, F1) and Fy-open in [[ (%, F2), respectively. And

(L7 7) = fog i) < [ (20, )
a a#a0

is Th-w-open and ([T, fo) () = fon (Hai) X [1arao(Zar Fy is To-o-open. Thus [~ (Was is T -w-
open in (Zwi, 71) and f~1 (i is To-w-open in (Zai, T2) by Theorem 2.3 implies that fa; is pairwise
w-strongly continuous.

(<) W = Wir X Wag X ... X Wen X Ha?ﬁao(%,ﬁl) be a base Fi-open in ], (%, F1) and
A = o X oo X ... xmfanx]—[a#ao(%, F3) be a base Fy-open in || (%, F2). Then fog (W) is -
w-open in (Zui, 1) and fiog (Hugi) is To-wo-open in (Zwi, T2) for each ai, wherei =1,2,....,n. Then
by Lemma 2.25 we have ([1, fa) (#) = fog (Wai) ¥ [osao(Za, S1) is S-w-open in [] (2o, T1)
and (], fa) (L) = fog (Hai) ¥ [ozao(Za: F1) is Fa-w-open in (][, Za. %). This shows that

1., fo is pairwise w-strongly continuous. O

Similarly, we can prove the following theorems:

Theorem 2.27. The function [], fo @ [[.(Za; S, %) = 11, (%, F1, F2) define by { o} —
{ fa(Z3) } is a pairwise w-closure continuous if and only if each fo : (Za, T, To) = (Y, F1,-F2)
18 patrwise w-closure continuous.

Theorem 2.28. The function [[, fo @ [[.,(Za, S, %) — [1.(%a, F1, F) define by { X} —
{ fa(Z3) } is a pairwise w-weakly continuous if and only if each fo : (Za, T, %) — (Y, F1,-F2)
18 parrwise w-weakly continuous.
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