% IN
A
) 1
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Abstract

This paper deals with an epidemiological system with stage-structured, harvesting and refuge for
only prey, the disease of type (SIS) is just in the immature of the prey. The sufficient conditions
guaranteeing the occurrence of local bifurcation and the Hopf bifurcation for the system are obtained.
Further, the validity of our main results was demonstrated by numerical analysis.
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1. Introduction

The bifurcation means existence a change in the stabilization of an equilibrium point (EP) of the
system at the value of a parameter. Most differential equations depend of parameters. The specific
behavior of systems solution can be completely different because of the dependencies on the value
of these parameters. Bifurcation theory studies the periodic orbits, the appearance and vanishing
of equilibrium points (EPs), or more complicated features such as strange attractors. The methods
and results of bifurcation theory are essential to understand the nonlinear dynamical systems.

The bifurcation is divided into two principal classes: local and global bifurcations. Local bifur-
cations (LB), which can be analyzed entirely through changes in the local stability properties of
(EP), periodic orbit or other invariant sets as parameters cross through critical edges such as sad-
dle node(SNB), transcritical (TB), pitchfork (PFB), period-doubling (flip), Hopf (HB) and Neimark
(secondary Hopf) bifurcation. Global bifurcations occur when larger invariant sets, such as periodic
orbits, crash with (EP) [5].
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In recent years, the bifurcation has been studied for its importance by many researchers such as
Majeed and Alabacy [5] established the conditions of occurrence of (LB) for all the (EPs) and (HB)
for the positive (EP) of a food chain prey-predator model with prey refuge and harvesting. Rihan et
al. [16] studied the Allee effect on two prey and one predator system with time delays, also considered
the bistability existence and (HB) for the interior (EP). Alidoust [2] studied the effects of scavengers,
harvesting and fractional derivative on a prey-predator model and it’s noticed the appearance of
(HB) near the interior (EP).. Li et al. [4] established the conditions of occurrence of (LB) for all
the (EPs) and (HB) for the positive (EP) of an SIS disease model with nonlinear contact rate, and
from the results obtained is that the behavior of susceptible individuals may affect the spread of the
disease. Zhang and Wan [20] calculated the occurrence of (HB) in a three-species ecological system
with time delay and harvesting. Sen et al. [I8] studied the Allee effect in prey-predator model
with generalist whose reproduction follows a Beverton-Holt like function in the absence of prey and
established the conditions of occurrence of (LB) and (HB) for all the (EPs). Mukherjee and Maji
[15] established the conditions of occurrence of (LB) for all the (EPs) and (HB) for the positive (EP)
of a prey-predator model with prey refuge. Ghosh et al. [3] established the conditions of occurrence
of (LB) for all the (EPs) and (HB) for the positive (EP) of a prey-predator model and studied the
extent of memory effect on the dynamic evolution. Saikh and Gazi [I7] calculated the occurrence of
(LB) for all the (EPs) and (HB) for the positive (EP) of an SIS epidemic model with with immigrants
and treatment. Melese and Feyissa [14] established the conditions of occurrence of (LB) for all the
(EPs) and (HB) for the positive (EP) of an eco-epidemiological model of a prey predator system
where prey population is infected with a disease. And many other researchers have studied the (LB)
like [6, [7, [, (9], (191, [0, [T, (12, [13].

Finally, in this work, a set of basic outcomes and methods in the theory of (LB) around all (EPs)
and a theory of (HB) around the positive (EP) for an epidemiological system [1] which consists on
a single parameter. The system includes harvest and refuge for only prey, the disease of type (SIS)
is just in the immature of the prey and the disease is spread by contact and by external source has
been studied.

2. Model Formulation [1]

In this section, an epidemiological mathematical model has been suggested. The model includes
of a stage-structured in "prey whose population density at time 7" is represented by” U(T') and a
predator is represented by V(7). The following assumptions are assumed for this model:

1. The population density of the prey consists of stage structured, the immature represented by
Uy (T) and the mature which represented by Us(T'), where U(T) = Uy(T') + Us(T) .

2. An epidemic of type SIS disease in the immature prey’s population which divides the population
into two classes, namely S(T) that represents the susceptible immature prey’s at time 7" and
I(T) that represents the infected immature prey’s at time 7', where Uy (T") = S(T) + I(T).

3. This disease is transmitted through contact between S and I and through an external source,
it does not spread to the mature prey and predator. The proposed disease can be treated and
does not give immunity to the immature.

4. The immature prey depends on the mature prey on their feeding.

The predator predate the immature (susceptible and infected) and the mature of prey by Lotka
Voltera of functional response. Also, this model involving refuge and harvesting, and the parameters
are described in Table 1.
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Table 1: The model’s parameters [1|]

Parameters Symbolizing from a biological point of view

r>0 The growth rate of immature’s prey.

K>0 The carrying capacity of the susceptible prey.

Bi, 1=1,2,3. The maximum predation rate (MPR) of the predator over the sus-

ceptible, infected and the mature of prey respectively which are
outside refuge.

vj,J=1,2. The infection rate.

m;, 1=1,2,3 The refuge rate of the susceptible, infected and the mature of prey
respectively.

Y3 The recovering rate.

a>0 The grown up rate of the immature into mature (in prey popula-
tion).

N, ©t=1,2,3 The conversion rate of food from susceptible, infected and the ma-
ture of prey respectively.

d The natural death rate of the predator.

0;, i=1,2,3 The harvesting rate of the susceptible, infected and the mature of

prey respectively.

According to these assumptions, we propose the model by ”first order non-linear differential
equations”.

\

ds U.
d—T:TUQ (1—?2) —aS =015 =1 (1 =m1) SV = ST — 7S+ 3!
dI

— =S+ 7S — 3l — o (1 —me) IV — 651

dc}}f (2.1)
d_T? = a8 — B3 (1 —m3) UsV — 03U,

av
7
Note that, the model has eighteen ”parameters which make the analysis difficult, so to simplify
it, we reduced the number of them by using dimensionless variables and parameters” as follows:
t=0rT, h =2 hzZ%, hgz%, h4=%, p=% p=2 p3:971, ps = 1K

K> T r ) r
ps = 2 pe = —ﬂl(l_rml)K, b7 = —ﬂ2(1_rm2)K7 bs = 972, Py = —BS(I_TW)K, po =2, pu =
771(1—74"11)K7 Pio = 772(1—:”2)K7 P13 = 773(1—Tm3)K’ Pra = g
So the dimensional system ([2.1)) can be formulated as:
dhy N \
T hs (1 — hs) — (p1 + p2 + p3) b1 — pahihy + pshy — pshihy = fi (h1, ho, by, hy)
dho

P pohy + pahihy — pshe — prhohy — pshy = J?2 (h1, ho, hs, hy) (22)
2.2

dh ~

d_t3 = p1h1 — pohshy, — piohs = f5 (h1, he, hs, hy)

dh ~
d_t4 = p11h1ha + pr2hohy + pishshy — prahy = fi (ha, ho, hs, hy) )

With Ay (0) > 0, hy(0) > 0, hg(0) > 0 and hy(0) > 0. It is noticed that the parameters’
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number have been reduced from eighteen in system (2.1) to fourteen in system (2.2). Clearly, the
"interaction functions of system (2.2) are continuous and have continuous partial derivatives on the
following positive four dimensional space”.

3. The Local Bifurcation (LB)

In this section a study for dynamical behavior of system (2.2) under the impact of changing one
parameter every time is achieved. The appearance of (LB) in the neighborhood of the (EPs) of
system is investigated. Recall that for occurring bifurcation, the existence of non- hyperbolic
(EP) of system (2.2)) is necessary condition but not sufficient. Therefore, Sotomayor’s theory [5] has
been applied in the following theorems.

Now, since the Jacobian matrix (JM) of system which is given in [I]

-~

Ji = [ ] , 2.3
i 23)

where 4,5 =1,2,3,4 and J?n = — (p1 + p2 + p3 + pahy + pehy) fi2 = s — pahy J?13 =1-—2h3,

fl4 = _p6h1 ) };1 = p2+p4h2 ) ,}?22 = p4h1—P7h4—(p5 ‘HUS) ) f23 =0, J?24 = —p7h2 ) J?s1 =N 7fg2 =0,

faz = — (p9h4 +p10) , faa = _p9h3 cfu = p11h4 , fa = P12h4 , fag = p13h4,f44 = p11h1 +p12h2 +
p13h3 — P14

. A~ o~ AT
Clearly for any nonzero vector G = <G1, Gs, G, G4> to prove that we have:

D?F (X,1) (G.G) = [ s (2.4)
where:
§11 = -2 [p4@2 +p6@4:| @1 - 263 ) §21 =2 [mal —p7@4} @2 ) §31 = —2]99@3@4 )
a1 =2 [p11@1 +p12@2 +p13@3} @4-
and

D*F ()’ZM) (@@ @) = (0], . (2.5)

Where X = (h1, ha, hs, hy) and p be any bifurcation parameter. Therefore system (2.2)) has no pitch
fork bifurcation (PFB) for all the (EPs).

In the next theorems the (LB) conditions near (EP) are determined.

Theorem 2.1. System (2.2)) at the (EP) Ay (0,0,0,0) with the value of parameter pl, = pip =

p2tp8+I€;ETp+3€?;5+p8) has “transcritical bifurcation (TB) but, saddle-node bifurcation (SNB) can’t occur
a 0-

Proof . The (JM) given in [1] of system (2.2) at the (EP) Ay has an eigenvalue equal to zero (say
Aons = 0) at pio = pYy, and the (JM) of system (2.2)) with p1g = p%, becomes:

— (p1 +p2+ p3) D5 1 0
— 0 0

J0:J A, 0 — D2 (p5+p8)
0 ( 0 Plo) h 0 —P[l)o 0

0 0 0 —pu
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Ao _ (A Al Al AT : 0 _
Now, let GV = (G}, Gy, Gy, G, ) be the eigenvector (EV) of Jy for Aon, = 0.

~ ~ ~ ~ ~ T ~
Thus (J§ — Xony 1) GI% = 0, that gives: GV = (alG[ZO], G[QO}, agG[ZO], 0> where G[QO] # 0 any real number

__ pstps __ pi(ps+ps)
and o = B8 oy = s
2P10

p2
y St ot ot o\ T
Let Y0 = ( ﬁo], go], :[))0]7 P) be the (EV) of (Jg)Tfor Aons = 0.
We get ((Jg)T — )\0h3[> D = 0. Now we can solve the previous equation for Y we obtain,

00— (o0l ol o0 NT e _ 1. _ pstps
VO = (aghy” s gy ,0) ) s #0 anyrealnumberanda3—1+z)—5>1,a4—m.
10

Now, consider:

N ~ o o \T
of _ (2f Oofr Ofs OFf. — T
% - fp10 (Xaplo) - (8p1107 8}7120’ ap1307 ap_140> - (07 07 _h/37 0) .

o NT

S0, foro (A0, 1%) = (0,0,0,0)" and hence (w[0]> Tono (Ao, D) = 0.
Therefore, by using Sotomayor’s theorem the (SNB) condition can not satisfy at Ag. But the first
condition of (TB) is verified, as below,

0 0 0 0]
. > 0 0 0 0 > . S >
since Df,,, (X,pm) =10 0 -1 0 where D f,,, (X,pm) noticed the derwative of fp,, (X,pl())
0 0 0 0]
for X = (hy, ha, hs, ha)"
Additional, it is observed that i
0 0 0 07]GY 0
A 0 0 0 0] G 0
0\ A0 _ b _ R
D fpro (Ao, Pho) G = 0 0 -1 0 042@[20] = —agG[QO} , hence
O 0 0 0 0 0

o \NT R oy A ] N
(w[m) [Dfpw (Ao, Plo) G[O]] :(agz@o}? 9 o wgn,o) (o,o,—agGg‘”,o) N
Moreover, by substituting G in equation (24) we get:

~ 2
—2 (G[z()}) (pacy + 3)
~ 2
D2f (Ao.iy) (G0.G0) = | 2picn (GF) |
0
0

Thus (WO]) [DQf (Ao, pYo) (G[O], G[0]>] =2 (Gg)]> D pran (1 = as) — aza?] #0.
Hence, by using Sotomayor’s theorem system (2.2)) has (TB) at Ay with the parameter p{y, = p1o. O
Theorem 2.2. Assume that the conditions (4.9), (4.10) given in [1] and

a14Q33 > 13034, (2-6)

a11G33014 > 31 (a13a34 - a14a33) ) (2-

. <p4ﬁ1 B (ps + ps) (p1 + p3) + p2p8> > — 1102201, (2.8)
(p1 + ps3)

are hold. Then system (2.2)) at the (EP) A; = <51,O,53,0) with the parameter pyy = Py =
p117L1 —l—p137L3, has (TB) but, (SNB) can’t occur at A; .
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Proof . According to the (JM) given in [1] for the system (2.2)) at the (EP) Ay has an eigenvalue
equal to zero (say Aip, = 0) at P14 = p1a = p11h1 + pishs ,obviously that pry > 0, the (JM) of system
(2.2) with p14 = p1a becomes:

Jv = J (A1, D) = [aglyyy

where a;; = a1, 5 =1,2,3,4 as given in [1] accept agq = 0.

An_ (AU AL Al A 7
Now, let GM = <G1 Gy, Gy Gy > be the (EV) of Jy for A, = 0.
- ~ ~ 1~ ~ T ~
Thus <J1 — A1h4I) G =0, that gives: Gl = <91G[21],G[Zl],HQG[ZH,HgG[;]> where G5! £ 0 any real

7 +
as4 (:D4h1 - (p5+p8zgﬂ_¥;3)) Pars )+a11a22a14

number and 04 = =22, 0y = ,
a1 a21(a14a33—a13a34)

p5+prg)(p1+p3)+pP2p
a22(as1(a14a33— a1:«;6l34)-i-aua;33a14]-|-a33¢134[< 51P8) (P1P3) FPops

6. = (p1+P3)
3 a21a34(a14a33—a13034)

y or1 o ot e\ T AT
Let @b“]:( g”, E], g}, Z&”) be the (EV) of (Jl) for Aip, = 0.

\T o .
We get (<J1> — A1h4]> YN =0. Now we can solve the previous equation for Y we obtain,

—pahi]

n ARt
¢H — (O, 0,0,y ) , ¥y # 0 any real number.
Now, consider:

oL = fp14 (‘557]914) - ( 8f1 /2 afg 8f4 > (07 07 Oa _h4)T.

Ip14 Op14’ Op14’ Op14’ Op14

T
50, fyra (A1, Bra) = (0,0,0,0)" and hence (G11)" f,., (A1, Bus) = 0.

Therefore, by using Sotomayor’s theorem the (SNB) condition can not satisfy at Ay. But the first
condition of (TB) is verified, as below,

0 0 0 0
. > 0 0 0 0 > . S >
since Df,,, (X,p14> =10 o 0 0 where Df,,, (X,p14> noticed the derwative of fp,, (X,p14>
0 0 0 -1
for X = (h1, ha, hs, hy)" .
Additional, it is observed that
0 0 0 07][0G 0
- A o 0 0 0]|GY 0
Dfp14 (A17p14) Gl = 0 0 0 0 82(/;2\[21] - 0 , hence
0 0 0 —1]|gay| [-6:GY

o\ T ~ v ~\ T ~1]
<¢[1]> [Dfp14 (A1, p1a) Gm] —£ 0,0 @Zﬂ”) (0 0,0, —93G[21]> = —93G[2” E] # 0 if the conditions

(4.9), (4.10) given in [1] and [2.6), .7) hold
Moreover, by substituting G 1] mn equatzon we get:

(G[z ) (01 (p4 + pebls) — 03 ]
2 (Gl ) [ps61 — pr0]
20,05 (@[2”) i
N 2
_293 (Gg”) [p1101 + P12 + p1392]

o T —~ ~ ~
Thus <¢[1]) [DQf (A1, p1a) (G’[l], Gmﬂ = 20, (G[21]> [1] [p1161 + p12 + p1362]#£0 under conditions

D2f (Ay, ) (G, GI) =
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(4.9), (4.10) given in [1] and (2.6), 2.8).

Hence, by using Sotomayor’s theorem system (2.2) has (TB) at Ay with the parameter p1y = p14. O

Theorem 2.3. Assume that the conditions (4.16), (4.17) given in [1] and

N34M21 > N24N31, (2.9)
N13N31M22 > N33 <(p5 Ealn 2l g (p2 +p4h2) - p4ﬁl) ’ (2.10)
(1 + p3)
n13 (N2anar — n21n34) > N33 (n24n11 - n14n21) ) (2‘11)
N13M22M34 > N33 (n14n22—n12n24) (2-12)
n12 (n21n34 - 7124”31) > Nag (n34n11—n31n14) ) (2-13)
o4 > 1, (2.14)
0204 > P90, (2.15)
P1101 + P12 < —P1302, (2.16)

are hold. Then system at the (EPs) Ay (El,EQ,Eg, 0) and Az (Wl,ﬁg,ﬁg, 0) with the parameter
Pia = P1a = Prihy + praho + pishs, has (TB) but, (SNB) can’t occur at Ay and As.

Proof . According to the (JM) given in [1] for the system (2.2)) at the (EP) Ay that is the same for
As has an eigenvalue equal to zero (say Agn, = 0) at Py = p1a = pr1h1 + prahse + pishs , the (JM) at
Ay is the same for As with Py, = p14 becomes:

Jy = J (Ag,Pra) = [ﬁij]4><4’
where T = nyj, 4, j = 1,2,3,4 as it given in [20] accept nyy =0 .
Now, let G2 = (@52},6[22],@?],@3})T be the (EV) of Jy for Aon, = 0.
Thus (J2 — Aop, ) G2 = 0, that gives: G = <01@§],@[22},02@[22},03@[22]>Twhe7’e GY £ 0 any real

n33(ni2nsg—niqangs)+ni3n22anag __ mn22(n3inia—nzani1)—ni2(n2an31 —noina4)

number and o, = o9 =

n33(n14n21—n24n11)+n13(n2anzi —nsanay)’ n33(n14n21—n24n11)+n13(neanzi —naingy)’

7 + +p3)+ +pyh:
n33(p4h1_(zﬂ5 Ps)(m(pplsjp;)s(pz pahg)

n33(n14m21 —n24m11)+n13(N24n31—N21M34)

v v v v v T —
Let 92 = ( I F) be the (EV) of (72)" for Ao, = 0.
We get ((72)T — )\gh4l> @Zv)m = 0. Now we can solve the previous equation for @/UJ[Q] we obtain,

) —MNni13n3i1n22

O3 =

v v v v v AV v
02 = (o O, s ) 0 £ 0, O £ 0 any real number and oy = 5222, 05 = .

ni2 n12m33
Now, consider:

~ ~ ~ ~ ~\T
L= fo, (X,pm):(afl 2l Ofs %) = (0,0,0, —hy)".

Op14 Op14’ Op1a’ Op14’ Op14
o T
S07 fp14 (A27]_714) = (07 Ov 07 O)T and hence <1/}[2]> fp14 <A27ﬁ14> =0.

Therefore, by using Sotomayor’s theorem the (SNB) condition can not satisfy at As. But the first
condition of (TB) is verified, as below,

where D f,,, ()z,p14> noticed the derivative of f,,, ()Z',pM)

— o O O

‘ > 0 0 0
since Df,,, (X,p14> =10 o0 o0
0 0 O
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for X = (h, hy, ha, hy)" .
Additional, it is observed that

0 0 0 0 al[@][f] 0
- 0 0 0 o0]]|GY 0
- 2 _ 2 _
Dfp14 (AQ,pM) G[ I = 0 0 0 0 0_26[22] - 0 ’ hence
0O 0 0 -1 el el
v T ~
(92 [D s (A2, 510) G2 = (a0 08, 050 98 (0,0,0, oG oy G2 £ 0
under conditions (4.16) and (4.17) given in []] with the conditions (2.9)-(2.11)).

Moreover, by substituting G2] mn equatzon we get:
(G[ ]> [‘71(294 + pe03) — 03]
2 (G[2]> [pao1 — pro3)
~i2\ 2
—2py0203 (Gg )
o\ 2
203 (G[22]> [p1101 + P12 + p1302]

o T ~ ~
thus (1/1[2]> [DQf (Azaﬁm) (Gm, Gm)] (G[2) ( oo [ 01 (p4(1 - 04) - p60304)
+03 (09 [peos — 0904] — pr)] + UngE] [p1101 4 p12 + p1302]) # 0 under conditions (4.16) and (4.17)

given in [1l] with the conditions (2.9))-(2.16)).

Hence, by using Sotomayor’s theorem system (2.2)) has (TB) at Ay with the parameter Py, = pra. O

D2f (AQaﬁ14) (ap])@p]) =

Theorem 2.4. Assume that the condition (4.24) given in [1|] and the following conditions hold

pahy > ps — ps — prha, (2.17)
Mg (Ma1M3z — M31Ma3) > M3aMizMar, (2.18)
M141M33 > M341M13, (2.19)
Bs # P, (2.20)
Bs < P, (2.21)
MMz > Mo, (2.22)
p12 + p13fa2 < —puphi, (2.23)
Bs (p11B1 + P12 + p13Ba) — peBifa — pofla > prfs (2.24)
B3 [Bs (pu1fr + pra + p13Ba) — peBrBa — prBs — pofa] — B354 > pab (Ba — Bs) , (2.25)

are hold. Then system (2.2)) at the (EP) Ay = (ﬁl, O,/l:tg,ﬁzl) with the parameter Py = py = % where

Zl = maao([m14 (Marmss — mg1mays) — maamasma| — [p1 + ps + P6ﬁ4]m34m43),
Ly = mys (m14m33 - m13m34) — N3443 [ps + p7h4]7

has (SNB) but, (TB) can’t occur at Ay.
Proof . According to the (JM) given in [1] for the system at the (EP) Ay has an eigenvalue

equal to zero Zf and only if Ly = 0 (say \p, = 0) at po = pa = 1—1 , obm'ously that py > 0 under
conditions [2.17)-[2.19) with (4.24) given in [1), the (JM) of System with py = ps becomes:

:7:1 = J (A4, 2) = [Myl g



The bifurcation analysis of an ecological model involving SIS disease with a prey refuge 2371

where my; = my;, 1,7 = 1,2, 3,4 as it given in [20] accept my; = — <p1 +p2+ps+ p6ﬁ4> , Ma1 = Pa.
~ ~ ~ ~ ~ T ~
Now, let GH = <G[14}, G[24],Gg4],GL4]> be the (EV) of Jy for Agp, = 0.
~ ~ ~ ~ ~ ~ ~ T ~
Thus (J4 — Mhsy ]) GW =0, that gives: G = (6 G[24],G[4] /BQG[4] BgG[4]) where G[24] # 0 any real

—m 41 mos—masi mM31M22M43— m33(m41m22 ma2m )
number and 51 m;Q’ 6 == ﬂizlmmz =, B M21M34M43 -
Let 14 = ( S > be the (EV) of <J4) for Agp, = 0.

We get ((ﬂ) — Mhy > W = 0. Now we can solve the previous equation for 15[4] we obtain,

v v v T v
P = (54 4};551/)[4] [4] BG¢[4]) , wgl] # 0 any real number and

By = =msi 3. — m12m34m43+m42(m14m33 m13ms3a) B = Iuama—magmig
4 mig 7 M14M43M22 ! mi14m43
Now, consider:

~ T
0 0 0, 0 0, T
A = o <X7P2) = (i 8 0k i) = (—hy,h1,0,0)".

Op2 Op2? Op2? Op2’ Op2

V)

DU T o NT . ' '
S0, f, (A, P2) = (—hl, 71,0,0) " and hence (10 fm (As, o) = s (Bs — Ba) # 0 if the condi-
tions (4.24) given in [1], with (4. 15) (4.18) and (2.15))-(2-18)) hold.
Now substitute GH in equation (2.4)) we get

( ) [81 (s + peBs) + 52]
( ) [p4B1 — p7/3s]
—2py 23 (G[24]>2
|25 (é[24}>2 [P S+ pro + pisfa] |

D*f (Aw,2) (G1,GH) =

v T ~
thus ($10) [ D2 (A4 o) (G, G) | =
i\ 2 o
2 (G[;}) :[1,4] (paBr (Bs — Ba) — 52254 + B3 [B6 (P1151 + P12 + p13B2) — peB1Ba — prfBs — pofa) ) #0 under
conditions (4.24) given in [1], with [2.17)-([2.25).

Therefore, by using Sotomayor’s theorem the (SNB) conditions can satisfy at Ay. But if the condi-
tions (2.20) holds then there is no (SNB), to verify the conditions of (TB) is, as below,

-1 0 0 0
‘ > 1 0O 0 0 > : S >
since D f,, (X,p2> = 0 0 0 0 where D f,, (X,p2> noticed the derivative of f,, <X,p2>
0 0 0 0
for X = (ha, ha, ha, hy)".
Additional, it is observed that
_1 0 0 0 @%[24} —BGY
A 1 0 0 0 G B,GHY
4 _ 2 _

Dfpz (A47P2) GH = 0 0 0 0 /326[24] = 10 2 , hence

0 0 0 0 53G[24] 0

CNT ~ PU.
(1) | Dfy (A1 52) G| = BGE"ILT (85— B1) = 0 if the condition ([2:20) hold.
Hence, by using Sotomayor’s theorem system (2.2)) can’t has (TB) at Ay with the parameter Dy = ps.
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OJ
Theorem 2.5. Assume that the conditions

734 [(p2 + pah3) (ps + prhy) — (p1 + 3+ pehy ) (Pah] — ps — ps — prhy)] + 733 (114721 — T11724)

< 731 (r12r24 — T1aT02) (2.26)
Pum +piz < —piave, (2.27)
Yo (P1171 + P12z + P13) — PoYs > Pre; (2.28)
1 > pem17s, (2.29)

are hold. Then system (2.2)) at the (EP) As = (h}, hi, hi, h}) with the parameter pf, = p11 = &
where

Ry = 113734701742 — Ta3[134[(D2 + pahy) (ps + prhy) — (01 + ps + pehy ) (pah — ps — ps — prhy)]
+ 733 (r1aror — T11724) — 713 (712724 — T14722)],
Ry = hj[ri3 (134792 + T24T42) + 733 (112724 — T14722)]

has (SNB) but, (TB) can’t occur at As .

Proof . According to the (JM) given in [1] for the system (2.2) at the (EP) As has an eigenvalue

equal to zero if and only if Ey = 0 (say Asp, = 0) at pi; = pn = % , obviously that p7; > 0 under

conditions (4.52)-(4.34) given in [1] with (2.26)), the (JM) of system with pi; = p11 becomes:
T =T (As,p11) = i) s

where 15, = 1y,4,7 = 1,2,3,4 as it given in [1] accept r}; = pi hj.

Now, let GI) = <@[15},@[25],@g5],@£5}>T be the (EV) of J for Asp, = 0.

Thus (J; — Asp, 1) G = 0, that gives: GP = <’yl@£5], 2625],@?],73@%5})Twh6re G £ 0 any real

* *

_ —733 T T33—T43T31 721733742 —T22(T}T33—T43731)

number and = =T33 = a2 2S5 = )
N r31 ) 2 731742 e 731724742

Let b = ( P BT op “f])T be the (EV) of (J2)" for Asn, = 0.

We get <(J§)T — )\5h21> W = 0. Now we can solve the previous equation for 15[5} we obtain,
91 = (8, 3950 7h) . I £ 0 any real number and 5, = 232,

p = e, oy = s

~ 2o oz oo NT
SRR af _ _(oh of: 0fs 0f\ _ T
Now, consider: piy = pu1, 77 = Jou <X,p11> = <8p111’ T B 3[,141) =(0,0,0,h1hy)" .

o T o

So, fp, (A5,07,) = (0,0,0, h’{hj)T and hence <¢[5]) foin (A5,0%,) = hihjyﬁﬁbg} # 0 under condition
(4.32) given in [1].
Now substitute G in equation (2.4) we get
[ 5 (A1) ]
-2 (G3 ) (Y1 (pay2 + pey3) — 1]

o 2

272 (G?}) [pay1 — pr73)
A1\ 2
—2pgy3 G3
o\ 2

273 (G[;’}) (D317 + P12y + pas)

D2f (A57p>{1) (6[5]a@[5}> =
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v T ~ ~
thus (¢[5}> [DQf (A5, 1) <G[5}> Gmﬂ 2 (G[5]> 3 [v3 [%6 (P1171 + Prav2 + P13) — prya — Po¥s)] +
pav1ve (1 — 7a1) +7v4(1—pey17y3) #0 under conditions (43’2) and (4.33) giwen in [1] with (2.27)-(2.29).
Therefore, by using Sotomayor’s theorem system has (SNB) at As but, (TB) can’t occurs As
with the parameter pj; = p11. U

3. Hopf Bifurcation Analysis (HB)

In this section, the occurrence of (HB) near the positive (EP) of system ([2.2]) has been investigated
according to the Haque and Venturino methods [10] for n = 4 is stated in terms of the properties of
eigenvalues as shown below:

Py(\) = X'+ WA + Wod? + Wi + Wy = 0,

where Wy = —tr (J (%)), Wo = M, (J (2*)), W3 =— My (J (z*)) and Wy = det (J (z*)) with

M, (J (2*)) and My (J (x*)) represent the sum of the principal minors of order two and of J (z*)
respectively. Clearly, the first condition of (HB) satisfies if and only if

W, > 0;2=1 ,3,4, Al =W Wy — W3 > O, W13 —4A1 > 0, and Ag = Wg(W1W2—W3)—
WiW, = 0.

Consequently, W, = s(WaWa—Ws)

Wl
So, the characteristic equation becomes:

P\ = (V + WWB’I) (V + Wi+ —1> — 0. (3.1)

Clearly, the roots of eq. (4.1) are Aj o = +i W and 34 = (—W1 + /W2 —4 %[}1>

Now, in order to verify the transversality condition of (HB), we substitute A\(u) = p1(p) F ip2(p)
into eq. (3.1), and then calculating its derivative with respect to the bifurcation parameter pu,

P, (A (u)) = 0, comparing the two sides of this equation and then equating their real and imaginary
parts, we have:

@ (1) py (1) — @ (1) py + 0 (1) = 0, } (32)
© (1) py (1) + @ (1) py (1) + T (1) =0 '
where:
@ (1) = 4(p1(p))* + 3W1 (1) (p1(1))* + W) + 2Wa(p) pr (1) — 1201 (1) (p2 (1)) )

— 3W1 () (p2())?,
0 (1) = 12(p1 (1)) p2 (12) + 6W1 (12) p1 (1) p2 (1) + 2Wa (1) pa (1) — 4(pa())?,
O (1) = (pr(p))® Wy (1) + Wiy (1) p1 (1) + Wy (1) (pr(p))* + W, ()
— 3Wy (1) p1 (1) (pa(10))* = Wy (1) (p2 (1)),
T (1) = 3W5 (12) (p1(1))? 2 (1) + Wi (1) p2 (1) + 2W5 (1) pr (12) p2 (1) — Wy (12) (p2(p))? )

(3.3)

Solving the linear system (3.2)) by using Cramer’s rule for the unknowns p) (1) and py (1), gives that

0w GWHTW 26 o ()= LW (1) +0 (1) @ (n)
(B () + (@ (1)) : C

(1)) (@ (1)) + (© (w)
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Hence, the second condition of the (HB) which is necessary and sufficient condition (transversality
condition) %Re (A) |u=z = py (1) | 4=z not being zero if and only if:

0 (1) @ () +T (1) @ (u)#0. (3.4)
Theorem 3.1. Suppose that the following conditions hold:

rsaf > by, (
T19T21 > 11 (Tog + T33) + roarss — T13731 — r1aTa1 — T24T42, (

*
T'43 [bl - 7”34E1] -k [7’11 (7”22 + 7’33) + 799733 — T12721 — T137°31 — 714741 — 7”247’42] > bo, (
P11 < P12, (
3

3

E
E3<A1<I1,

rsaby > b1 By, (3.10
Where

Ay = E By — Es = 7“23 [bl - 7”34E1] — I [7“11 (7’22 + 7“33) + 799733 — T12721 — T13731 — 714741 — 7’247“42] - 527
by = 34 [(p1 + p3 + pehy ) (Pah] — ps — ps — prhy) — (P2 + pah3) (ps + prhy)] + rau(rigras — 74722),
by = r33 [7"42(7“147"21 - 7“117’24) +ra (7“127’24 - 7”147’22)] + 7"13[7“347"22hz (p11 - plz) + 7”247”427“41]-

Then for the parameter value p13 = pis , system (2.2) has a (HB) at A .
Proof . The characteristic equation of system (2.2) at As mentioned in [1].

M+ BN+ Es\® + EsA + B, =0, (3.11)

“we need to find the parameter” (pi3) “to verify the necessary and sufficient conditions for (HB)” to
occurs at the positive (EP) that satisfy; E; (pi3) >0, i=1,3, 4, Ay (p}3) = E1Ey — E3 >0,

E13 — 4A1 > 0 and AQ (]f{g) = (ElEQ — Eg) Es — E%E4 = 0.

Ei (pi3) > 0, provided condition of locally (4.52) given in [1], E5(pis) > 0, provided conditions of
locally (4.32)-(4.35) given in [1], Ey (pi3) > 0, provided conditions of locally (4.32)-(4.34) and (4.56)
given in [1], Ay (p}3) > 0, provided conditions of locally (4.32) and (4.34) given in [1] with (3.5)-
B.9), E} —4A; > 0 provided conditions of locally (4.32) and (4.35) given in [1], with (3.5)-(3.9)
hold. On the other hand, It is observed that Ay = 0, gives:

Bipy; + Bopys + B3 =0, (3.12)

where Bl = hZle [bl + T34E1] s Bg = —thl [El — bg],

Bs = _bQ(bQ - E; [7"11 (7“22 + 7"33) + 722733 — T12T21 — 713731 — T14741 — 7"247"42])-

Now, By > 0 provided conditions of locally (4.32) and (4.34) given in [1] hold and Bs < 0 if the
conditions of locally (4.32) and (4.33) given in [1] with and are hold.

By using ”Descartes rule of sign”, equation has a unique positive root

pig = %(BQ + \/B% — 4B1.Bg )

Now, at (p13 = pi3), the characteristic equation (3.11)) can be rewritten as:

E3 A1

P(\) = <A§ + E) (Ag + B\ + E) : (3.13)
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which have four roots: s p, p, = 1@'\/%’ and N5 hghy = %(—E11~ |E? — 4% ).

Observe that at (p13 = pis), there are two pure imaginary eigenvalues (s n, and s p, ) and two
eigenvalues are real and negative (A5 p, and A5 p,) -

Now for all values of pi3 in the neighborhood of pis, Toots are generally as follows

As hihe =TI EIT2, As hghy = %(_El$\/ B} — 4% )-

Clearly, Re(As nyhy (013)) |pis=pr, = 71 (Pi3) = 0 that means the first condition of the necessary and
sufficient condition for (HB) is satisfied at (p13 = pi3). Now, to verify the transversally condition we
must prove that:

0 (pis) @ (pis) + 1 (pi3) @ (pi5) # O,
Where 8, ¢, I' and ® are given in (3.3)). Note that for p13 = pi5 we have:

1=0and 7= %’ substituting the value of T gives the following simplifications:
A >k h* * * A * >k
0 (p13) = —4* [r3aE3 (p13) — b1Eq (p1s)], @ (p1s) = —2E3(p13)
Eq (pis)

- Ej (pis) 2 Es (pis) (Al (pis) — E3 (ﬂs))
I' (pis) = h; 5 s (T +re2) — T and P (pi;) =2 - - ,

( 13) 4 E, (plg) [ 34( 11 22) 14 31)] ( 13) E, (plg) E, (p13)
Where

b oF . oF. .
Ey (p1s) = a_l =0, E,(pis) = 3_2 = —hyra,

P13 P13=P]3 P13 P13=P]3

. OF . '’ oF .

Ey (pis) = K = hy[rsa (rin +ra2) —rursy)], By (pis) = - = —bihy.
8}913 P13=P]3 8}913 P13=P]3

provided condition of locally (4.32)-(4.34) given in [1] with conditions (3.9) and (3.10)) are hold.
Therefore system (2.2)) at As with the parameter pi; has a (HB). O

4. Numerical Simulation of System ({2.2))

In this section, ”our obtained results in the previous sections are confirmed numerically by using
the method of Runge Kutta beside the method of predictor corrector. Note that, in programming
we used turbo C++ and for plotting Matlab, and then our obtained results have been discussed.
System is solved numerically for a set of parameters and sets of initial points”. The purpose of
studying numerical simulations is first to see the effectiveness of parameters and second confirm our
obtained analytical results. It is noticed that, for the following set of hypothetical parameters that
is assumed bellow which satisfies the stability conditions for the positive (EP), system has a
(GAS) positive (EP) .

P1 = 04, P2 = 03, D3 = 001, Ps = 05, D5 = 09, Pe = 02, Pr = 03, (4 1)
Ps = 05, Po = 02, P10 = 006, P11 = 0157 P12 = 02, P13 = 017 P14 = 0.11. '

The solution of system ([2.2)) ”converges asymptotically to” As (0.324,0.063,0.489,1.025) beginning
from different four initial points (0.7,0.1,0.9,0.5) , (0.2,0.2,0.7,0.6) , (0.8,0.4,1,0.7) and (0.4,0.3,0.6,0.4)
and this confirms our analytical result that was obtained.
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Table 2: Numerical behavior for bifurcation of system (2.2) as varying some parameters and keeping

the rest fized as in eq. ([4.1)).

The range of the parameters Converge to Bifurcation point
0.01 < 1< 0.8 A5 p1 = 0.8
08<pi <1 As

0.0001 < p2 < 0.001 Ay p2 = 0.001
0.001 < py < 2 As

0.001 < p3 < 0.53 As

0.53 <p3 <1 As p3 = 0.53
0.0l <pys <1 As

0.1<ps<1 As

0.15 < pg < 2 As

03<pr<1 As

001 <pg<1 Ay

0.1 S P9 < 1.5 A5

0.01 < p1g < 0.52 As

0.52 < p1p9 < 0.89 As p1o = 0.52
089 <pip<1 Ay p1o = 0.89
0.1 <p;; <0.19 As

0.1 <p12<0.3 A5

0.1 < P13 < 0.2 A5

0.01 < p14 <0.14 As

0.14<puu<1 As p1a = 0.14

To discuss the effectiveness of parameters on the behaviour of a dynamic system. By varying one pa-
rameter at each time for the data in the system has been solved numerically and the observations
are summarized in Table (2).

The parameter pyg. It is noticed that the solution converges to As in the range 0.01 < pyo < 0.52
as seen in Figure 1(a), for typical value p1g = 0.3 , but if we increasing pyo in the range 0.52 < pjg <
0.89 the solution converges to A, see Figure 1 (b), for typical value p;g = 0.7 , but in the range
0.89 < pjp <1 the solution converges to Ay ,see Figure 1 (c), for typical value p;g = 0.99

ta)

Population

Figure 1: (a) Time series (TS) of the solution converges to As = (0.333,0.066,0.469,0.920), for typical value
p1o = 0.1, (b) (TS) of the solution converges to A = (0.148,0.033,0.085,0) , for typical value p;p = 0.7, (c) (TS)
of the solution converges to Ay = (0,0,0,0), for typical value p19 = 0.99.
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Now, changing only the parameters ps, ps, p11 and pi3 at the same time with the set of parameter
given in eq. (4.1)) it is noticed that for 0.0001 < py < 0.002, 0.6 < pg < 0.99, 0.001 < p; <
0.04 and 0.01 < p13 < 0.105 the solution converges to A; as seen in Figure 2, for typical value
p2 = 0.01, pg =0.7,p11 = 0.01 and p13 = 0.1.

n S}
L=]

Papulation

] 2 1 6 O 10
Tima e

Figure 2: (TS) of the solution converges to A; = (0.141,0,0.938 ,0) for typical value po = 0.001,pg = 0.7,p11 =
0.01 and p13 =0.1.

5. Conclusion and Discussion

In this paper, the conditions of occurring the (LB) are established, it’s noticed that near the
trivial, axial and free predator (EPs) there is (TB), while at free disease and the positive (EPs) there
is (SNB). On the other hand near all of these (EPs) there is no (PB). Further investigations for
the (HB) near the positive (EP) are carried out. Finally, to illustrate the occurrence of (LB) of the
system have been used the numerical simulations. Further, system "has been solved numerically
for different sets of initial points and one set of parameters starting with the hypothetical set of data
given by eq. and we obtained that:

1. For the set of parameters given that we have proposed in eq.(4.1) the system (2.2) has no
periodic solution.

2. For the set of parameters given in eq. (4.1]), the most effectiveness parameters on the stability

of system (2.2)) are p1, p2,ps, pio P11, Przand pia.
3. Varying only the parameters ps, ps, p11 and pi3 at the same time with the rest of parameters as
in eq. (4.1)) it’s noticed that for 0.0001 < py < 0.002, 0.6 < pg < 0.99, 0.001 < py; < 0.04 and

0.01 < p13 < 0.105 ”the solution converges to” A; .
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