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Abstract

In the present paper, We introduce a new kind of Toeplitz operators on the spaces of 27 periodic
holomorphic functions on the upper halfplane equipped with an integral norm similar to the norm
of L? spaces. We prove the boundedness of Toeplitz operators in the case of bounded symbols. Also,
we state some open problems for unbounded symbols and other cases in which our spaces are not
Hilbert spaces.

Keywords: Toeplitz operator, projection, 2w periodic holomorphic functions, upper halfplane.
2010 MSC: Primary 47B35; Secondary 46C05.

1. Introduction

We begin by recalling some definitions, notations and results of [I]. Let G = {w € C: Im w > 0}
denotes the upper halfplane. Also, let 1 be a bounded positive non-atomic measure on (0, 00) with
1((0,€)) > 0 for all € > 0. A function f : G — C is called 27-periodic if f(w + 27) = f(w) for
all w € G. For example f(w) = €™ is a 27-periodic function on G. For a holomorphic function
f:G— Cand 1< p< oo we put

1 o 0] ™
15, = %/0 /_ | fla+it) [P dedu(t),

HP

27, p

(G) ={f: G — Cis 2r periodic, ||f|lp. < oo}
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and
L*(G) = {f | is measurable and | f||,, < 0o}

Here, we mean that f is measurable with respect to dxdu as a product measure on GG. We say
measure £ satisfies condition (By) if there exists n € N such that [~ e™dpu(t) = oo (See Example
1.2 of [1]).

It is well-known that:
(a) H3, ,(G) is isomorphic to the Hilbert space ly(See Theorem 1.4 of [I]).
(b) For each f € H3, ,(G) there exist ay such that f(w) = > 7" age™ where the series converges
uniformly on compact subsets of G (See Lemma 2.4 of [I]).

(c) L*(@G) is a Hilbert space with the usual inner product
1 oo s
Y LgeNG) (fo)= 5 [ [ fleiglr idedut).
0 -

2. Preliminaries

In this section we provide necessary tools which for obtaining main results of this paper in the
next section. For readers which are not familiar with Toeplitz operator we refer the reader to [?7 |.
As first step we prove the following classical result for our case.

Lemma 2.1. H?

52u(G) is a closed subspace of L*(G) and therefore a Banach space.

Proof . Suppose {f,} is a sequence in H3, ,(G) such that ||f, — flla,, — 0 for some f € L*(G). It
is well-known that , there is at least a subsequence { f,,, } of {f,} such that f,, converges pointwise
to f. Since {f,, }’s are 2m periodic so f is 27 periodic too. Also, f,, are uniformly convergent to f
on compact subsets on G. This implies that f is holomorphic on G. Thus f € H3, ,(G) and we are
done. [

Now, we intend to present an orthonormal basis for the Hilbert space H?

5., (G), but firstly we need
to prove that:

Lemma 2.2. (i) If u does not satisfy condition (By), then |||y, is finite for each k € 7Z.
(ii) If u satisfies condition (By), then for each k > —n +1 ||e*¥||y,, is finite.

Proof . (i): There is no n € N with [~ e™du(t) = +oo (equivalently p does not satisfy condition
(B1)) and f(w) = > 52 . axe™. By our definition for w = z + it we have

. 1 o0 m .
kw2 ikw |2
1, = 5 [ [ 1™ P daduty
1 [ee] s )
— %/0 /_7r ’ ezkxe—kt |2 dxd,u(t)
]‘ > " —kt |2
S dxdu(t
%A[ge|xm>

= /0 e 2 dpu(t)

If k > 0 then e " <1 and [le||3 , < 1((0,00)). Since p is a bounded measure so [e*||y, < co.
If k < 0 then —2k € N. Since u does not satisfy condition (B;), again ||e"*||5, < co.
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(ii): Let p satisfy condition (B;) and n be the smallest integer such that [~ e™dpu(t) = oo, then
fw) =300 1 axe™ (See Lemma 2.7 of [1]). By the proof of Lemma 2.5 of [I] we have

| o [ 1€ lloe = llowe™ o < N f 2 < 0. (2.1)

Since a.s in relation (2.1]) are not necessarily zero, so for each k > —n + 1 ||e®*|,,

that o = 0 for each k < —n. O

p < 0o. Here note

Remark 2.3. Lemma enable us to define an orthonormal basis for 27rN(G) independent of that
p satisfies or does not satzsfy condition(By). Indeed it insure us for any f € Hj, ,(G) and each k
which ay, is not zero in the representation of f |||z, < co.

By Lemma Lemma 2.4 of [I], it is clear the set {¢*** : k € Z} spans H2

27,1
(eikw7 ik'w 2 / / zkw Zk,“’dxd,u()
T

- / / ei (k—K') .Z’e (k—K' )tdxd,u(t)
T Jo -

s are mutually orthogonal. Therefore ej(w) =

(G) and since

elkw
e iz,

whenever k # k', so e is an orthonormal

basis for H2

5r,,(G) and following definition make sense.

Definition 2.4. The orthogonal projection P : L*(G) — Hj, ,

(G) is defined by

oo

P(f) = Z (f ex(w))ex(w)

k=—o00

1y / T b+ ityere F D dedu(ten(z + it
71—k:—oo 0 -

where w=x+1it —nm<z<mandt>0.

In this step we must show that P in the above is really well defined i.c P(f) € Hj, ,(G) for each

f € L*(G). Equivalently, we must show that coefficients which appear in the representation of
Definition are the same as ay’s which come from Lemma 2.4 of [I].

Lemma 2.5. The orthogonal projection P in Definition[2.]] is well defined.

Proof . Firstly we compute coefficients in the representation of P in Deﬁnition Since eg(x + it) =

e*ikrefkt
[ P

1 > 1 00 T ' '
P - - it —ikx 7ktd du(t lkw'
f) o ; Heme%,u/o /_7r flz+it)e e " dxdu(t)e

This means in the representation of P(f) our coefficients are of the following form

Br = 27TH€Z'WHQ / /f:r;—i—zt Te M dydp(t). (2.2)
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By Lemma 2.4 of [I] coefficients which appear in the representation of an element f € H3_,(G) are
ay’s with the following form

l = ﬂefikﬁkt T+ i) dx du(t)
5o ) [ i s 2%

( see the last assertion of Lemma 2.4 of [1]). Relations (2.2) and (2.3)) are apparently different. In
order to show that the orthogonal projection P is really well-defined, we must show that oy = [, for
each k € Z. Evidently, oy = B if and only if

1 1 ~ " : —ikr — tkw
W%/O - f($+lt)€ K € ktdflfdu(t) = HGk ngak (24)

Since f(w) = f(z +it) = e’ generates Hj, ,(G) it is enough to prove relation (2.4) for f(w) . For
f(w) = €™ we have o, = 1. Hence the right hand side of ([2.4)) is equal to |5, but the left
hand side of (2.4)) is equal to

1 1 /00 /ﬂ' ik —kt —ikx —kt ]' /00 —2kt
- e FleT W o  dad(t) = ———— e du(t
T 2m Jo | i) = e, fy ¢ 0

— % _ H lka
T

which shows that aj = (B for each integer k. [J

Now, consider a measurable function f from G into C. We intend to define a Toeplitz operator
Ty (with symbol f), from H3_ (G) into H3, ,(G). Usually, Ty is defined by Ty(h) = P(fh) for each
h € Hz, (G)if fh really belongs to L*(G) i.e ||fhll2, < oo. If f € H*(G) (space of all bounded
holomorphic functions on the upper halfplane) then

T / / f(a +it) [2| h(x + it) [P dedu(t)

< M2||h||2,u
< 00
where || f||cc = sup,eq | f(w) [= M. Hence if f € H*(G) then fh € L*(G) for each h € H3_ ,(G).

For example f(w) = e € H*(G). Hence we have the following definition.

Definition 2.6. Suppose f € H>*(G). Toeplitz operator Ty : HQWM(G) — H%WM
by Ty(h) = P(fh) for cach f € HE, (G).

Here we give an example of a function which is not in H*°(G), while its multiplication by any element

of H, ,(G) is again an element H3_ (G).

(G) can be defined

Example 2.7. Put f(w) = f(zx +it) = "™ = e¥. Since | f(w) |=¢€® so f ¢ H*(G). But f is
bounded on the strip {x +it: —m <x <m, t >0} and e™™ <| f(w) [< €. Thus

/73, < emlIRll3,, < oo.

Therefore fh € L*(G) for each h € H3,_ (G).
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Remark 2.8. (i) As Ezample (2.7 shows assumption f € H*(G) in Definition[2.6 is only a sufficient
condition which guarantees Ty is well defined and it is not a necessary condition. Hence the set of

functions f such that fh € L*(G) for each h € H2_ (G) includes H*(G). Also Example revalues

27,1
that all the holomorphic functions which are bounded on the strip {x +it : —m < z < m, t > 0}

induces well defined Toeplitz operators. Therefore, characterizing the set of functions f such that
fh € L*(G) for each h € H3_,(G) is an open problem.

2m,p

(i1) Note that for our aim, we need not necessarily assume that fh € L*(G) for each h € H3, (G).
If we apply the definition of P to fh we have
1 > 0 T
P(fh) = Py Z / / f(x +it)h(z + it)e,(z + it)dudp(t)ey(x + it) (2.5)
ke — 00 0 —Tr

another alternative for defining a class of well defined Toeplitz operators is finding a condition on f
such that the series of the right hand side of relation converges uniformly on the compact subsets
of G. In many classical texts on reflexvive Bergaman spaces (see [2,3,4,5,6]) a priori assumption
f e L' (for our case f € LY(G)) is a usual sufficient condition in order to guarantee that series
converges uniformly on the compact subsets of G. Here

1« 1 T . .
P(fh) = o k:zjoo W /0 /Tr flz +it)h(z + it)dxdu(t) (2.6)

looking at the proof of part (i) of Lemma we see that the estimation for ||e™* ||y, does not depend
on k. So there is not a straightforward way in order to show the convergence of the series of the
reight hand side of (2.6]). Maybe a better converges estimation (depending on k) for > -

1
k=—oo TR [E ,

can be worked out.

3. Main result

Toeplitz operator can be viewed from another aspect as a composition of multiplication operator
and projection operator. Indeed, if we consider My : H3 (G) — L*(G) and P : L*(G) —
Hs,. (G) then T(h) = (PoM;y)(h) for any h € H3_,(G). This motivates to characterize boundedness
Toeplitz operator in terms of boundedness of multiplication operator and projection operator. In the

following Theorem we characterize boundedness of multiplication operator.

Theorem 3.1. Following statements are equivalent.

(i) Multiplication operator My : H3  (G) — L*(G) is bounded.

(ii) f € H®(G).

Besides, if My is bounded then | M¢|| = || fl|co-

Proof . (i) = (ii): Since My is bounded so the adjoint operator M} is bounded too and || M| =

|M7]|. for any fixed w in G the evolutional function d,, : L*(G) — C defined by d,(h) = h(w) (h €
L*(@)) belongs to : L*(G)*. We have

1M (00) ] o
| f(w) |= el < |[[Mp]| = || M| < oo.

Since w € G is arbitrary so
sup{| f(w) | w € G} = [[flloc < [[M| < o0

(17) = (i): Computation which has done before Definition shows that || M| < || f||ls whenever
feH®(G). O
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Theorem 3.2. Let f € H*(G) and projection P be a bounded operator. Then the Toeplitz operator
of Definition [2.6] is bounded.

Proof . Since f € H*(G) Theorem implies that the multiplication operator My is bounded.
Now, Ty as a composition of bounded operators is bounded too. [J

The question of boundedness of Toeplitz operator for unbounded symbols is an open problem. How-
ever, we have obtained a partial result. Looking at Example we have

Corollary 3.3. Let f be a holomorphic function on G such that f is bounded on the strip {x + it :
—m <z <m t >0} (f is not necessarily in H*(G)) and P be a bounded projection. Then the
Toeplitz operator of Definition is bounded.

Open problems

1- We can try to define Toeplitz operators in a more general case on HSW’M(G) p # 2 and char-
acterize its boundedness. Since in this situation Hy ,(G)’s are not Hilbert spaces so we probably
deal with a very big and complicated problem.

2- Characterizing of compactness of Teplitz operator of Definition2.6| as first step and then charac-

terizing of compactness of Teplitz operators on H;;,#(G) p F# 2.
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