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A class of harmonic univalent functions defined by
the g-derivative operator
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Abstract

In this paper, a class of harmonic univalent functions has been studied by using g-analogue of the
derivative operator for complex harmonic functions. We have obtained a sufficient condition, a rep-
resentation theorem for this harmonic univalent functions class and some other geometric properties.
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1. Introduction

Let T denote the class of functions h that are analytic in unit disk
A={zeC:|z| <1}

with the condition h(0) = A/(0) — 1 = 0. Each complex—valued harmonic functions of the formf =
a + ib, where a and b are real-valued harmonic functions in A can written as function f = h + 3.
The Jacobian of the function f = h + g is given by [§]

Every harmonic function f = h + g is locally univalent and sense-preserving in A if and only if
J¢(2)>0 in another meaning |h'(z)| > |¢'(z)|[1].
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Let #Z % be denote a class of harmonic functions f = h + g such that h is the analytic part and
g is the co-analytic part and of the form

f(z) :z—l—Zcmzm—l—dezm (1.1)

where h(z) =24+ >~ ,cnz™ and g(z) = >~ dyp2™.
If g(z) = OVz € A, then the class Z' X is diminutive to the class T of normalized and analytic
functions which are univalent in A [7, 10} [11].

We can denoted by S#Z’to the class of functions f = h + g which are harmonic, univalent and
sense-preserving in A. In 1984 Clunie and Sheil-Small inspected the class S# as well as its geometric
subclasses and obtained some coefficient bounds.

Furthermore, the theory of g-calculus has motivated the researchers due to its applications in
the field of physical sciences, some applications were given by [4], [14] about g-calculus by preface the
g-analogues of derivative operator 0, which is defined for ¢ € (0,1) by

%qh)(zqz):l—i-i[m]qcmzm_a Q#LZ?&O

m=2

where h(2) = 2 + 3, ¢,,2™, 2 € A. Clearly, we have lim,_,;- 9,h () = h'(2), as long as that the
ordinary derivative h'(z) exists.
Now, the g-number [x], has defined as follows

1—g~
"] = g ) ke C
a v—0q, k=neN

see [13] and g-factorial [m] ! has defined by

Some others applications of g-calculus are studied by [I], 3]. Other interesting works on harmonic
functions can be traced in [6], 9], [12].

For 0 < 8 < 1, a function f = h+ g of the form (|1.1)) is said to be in the class S*#(3), C# (3) of
normalized harmonic starlike functions and convex functions of order [ respectively, in A if satisfies

sa)={rne ()25 el
w1 ne (10RO 5 ea)

Definition 1.1. [13] The g-analog of the derivative operator for the harmonic function f=h + g
given by (1.1) can defined as

Bangl (2) = B gh (2) + (=1)°B575 49(2),

a,Ag g
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where
SVICEERD SRR

'%a)\qg Z(bm Q ,LL, )\75;Q)dm2

and

Iiiﬂﬁ_{1+aQ} —n}>, (A gty s € Np) (1.2)

Gl i1, N, 5,q) = [m]; ( [m —

Remark 1.2. [5] For s = o = 0, up = 1, we obtain the g-Ruscheweyh derivative for harmonic
functions.

Remark 1.3. For s = 0, p = 1 and q¢— 17, we have the operator for harmonic functions studied
by.[2]

Remark 1.4. [5] For p =0, we get the operator of g-Salagean for harmonic functions .

Definition 1.5. Let 9! ° (o, ¢\, B) denote the class of compler-valued and sense-preserving har-
monic univalent functions of the form (L.1)) which holds the next condition

. (z@ B S (2) +0220,(0, gggjqf(z))> 58

(1—0) B (2) +020,8B55 ] (2) (1.3)

where B € [0,1), o € [0,1] and q € (0,1).

By appropriately specializing the parameter ¢ , we can have several known subclasses .For example,
if ©=0, we have a class of harmonic functions which was studied by [13]. On the other hand, when

o=1, we get a class of convex harmonic functions of order f.
We further denote by H#%°(a, ¢,A, ) the subclass of the class H#%°(a, ¢,A, ) consists f such
that the function f, = hg + g5 is of the following form

2)=z2-Y len|2™ and g,(z) = Z]d 2™ |dy| < 1) (1.4)
m=2

such that HFZ°(a, ¢\, B) = HH L (a, 0, B)NSH , where SF denote the subclass of SZ consisting
of functions of the form f=h + 3.

Clearly, if 0 < 8 < 8 < 1, then HZ*(a, ¢\, B) C HH L (a, 0, Br).

2. Coefficient Estimates

First we begin by proving some sharp inequalities for coefficient in the next theorem.
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Theorem 2.1. Let f= h + g be defined as in equation (1.1). Also suppose that

- B—28c+1
m=2
where | , | [ , |
dm|B(1—¢)—[m] o+ [m] o—[m] +[m] o8 dm|B(1—0)—[m] o+[m] o+[m], —[m], B
U (0,8, m, fm) = o  and @ (¢,8,m, 6) = il ,

where G (o, 1y A, 8,q) given by (1.2) with ¢; = 1. Then f is sense-preserving, harmonic univalent in
A (mdfefj%f;s(a o\ B).

Proof . Let f be as in and holds the condition . Then f is sense-preserving in A if f holds
|0,h(2)] > 10,9(%)| so, we have

0un(2)] = |1+ i[m1qcmz =S el [ 5 1= 3 il el
m=2 m=2
> 1= 3 fenl U (0B, 6m) > 3 Wl (0,8, 8) > 3 o], d
m=2 m=1 m=1
> fj il Il |21 > (2490
So that

W (2) = lim |0,h(z)| > lim [99(2)] =g ().

Q*)

To show that f is univalent in A , for 0< |z1| < |z| < 1, we obtian

‘f(zl)—f(@) S ‘ 9(z) —g(=)| _ | Dt @ (27" — 23Y)
—h(z)| ~ h(z1) — h(z2) (21— 22) + 2 g (27" — 237)
_ Z [m]q |dm| _ Zm:l ¥ (0;5, m, ¢m) |dm|
Tl el T 1o S, U (0B ) ]

Using the condition (2.1)), then the last expression is non-negative.

Finally, to show that f € HH!*(a, ¢,), B) we may show if (2.1)) holds then (1.3) is satisfied.
From (L.3)), we can write

o (P Tl 6,0, (At o = o)+ () S il 6,4, 2" (-1=otlml, o))

24 OmCp 2™ (1 — o+ [m], 0) + (=1)°>%  dmd,, 2™ (1 —o—[m], 0)
U(z)
e (5v3).
where U(z)=z+> [m], qucmzm(l +[ml], ¢ — o)+ (=1)">>>_, [m], (bmdmzm (—1 —o+[m], 0)
and W(z)=z4+> 5 OmCp 2" (1 — o+[m], 0) + (=1 > % dmd,, 2" (1 —o—[m], 0)
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Using the fact Re(M) > <= |1 — B+ M| > |1 + 5 — M|. It suffices to show that

_g V@] _UG)
‘1 - W<z>’ '”5 W)
B) 1zl - Z¢m o—[m], +[m], of+o+8 — Bo—1) [enl 2"
=Y b= [ml2 o+ [m], — [m], 0B+0+8 — Bo + 2[m], 0—1) |du| |2|"
_ Z Gm(— [m]z o—[m], +[m],¢f—0+B — Bo+2[m] o +1)[cn| 2"
=Y bu(=[ml; o+ m], — [m], ¢f—0+8 — Bo +1)|dul ||
o B(l—-v)- [m]z o+ [m]qo— [m]q - [m]qoﬁ ~1
ot 1= el — ) el 21"
< [80-0) = o), o)~ lml, e8]
-3 o — ) dal |2
B —2B60+1 -
> 2<1 - B) [1 - (T;) ¢1 ’d1’ - (mzz [\Ij (076am7 ¢m) ‘Cm‘ + 90(076777% ¢m> ’de> ]

The last expression is non-negative by (2.1), hence f € HF*(a, ¢\, B). The proof is complete.
]

From the different choices for parameters, we derive new results as following.
If 4 =0 in Theorem [2.1 we get the next result.

Corollary 2.2. Let f=h + g € SH given by (L.1)) and holds

WE

(U (08,1, 6 lem| + (0,8, m, 6u2) [dl] < 1 — (w) i,

1—p

3
I,

N otim] o—lml +im] o
q](076ama¢m) d)m[ﬁ(l )—I ]q 1+_[B]q [ ]q+[ ]q 5] (md

o (0B, ) =22 e iy iyl ], where G i, N 5.q) given by ([2), o € [0.1] ,
g€ [0,1) and q € (0,1). Thenfeﬁ%s (v, 0\, B) .
when g— 17, then Corollary . derwe to new result as follows

Corollary 2.3. Let f(z)=h(z) + g(z) € S# given by (L)) and holds

Z U (e,B,m, o) lcm| + ¢ (¢,8,m, dn) |dn|] <1 — (%ﬁ;l) |di1|, where
m=2

d)m[,B(l o)—m2o+mo— m+moﬁ] [5(1 o)—m2o+motm— mo,B]

U (.8, m, o) = -3 and ¢ (¢,6,m, ¢n)= -5 ;
Om(a, p, Ay s,q) given by (1.2 .,06[01/ p e [0,1). Then fe Hx* (o, 0)\ ,B). When ¢ =0 in
Corollary[2.3, then we have the next Corollary.
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Corollary 2.4. Let f(z)=h(z) + g(z) € S given by (L.1)) and holds

;:2{%1[6—_5 ]|m|+¢m1[ﬁ+5m] d,, ‘] GM) .

where ¢y, 1, A, 5,q) given by (L2), 8 € [0,1). Then f € HI° (o, ), B).
The condition (2.1)) is also essential for functions belong to HI'*(a, o\
in the following theorem.

Theorem 2.5. Let f = h+ g with h and g given by and fs = hs + g5 with hs and gy given by
(L4). Then f; € HF!*(a,¢,), B) if and only if the condition is satisfied .

Proof . Since HF"*(a, 0\, B)C HI"* (o, 0\, 3). Then the " if 7 part follows from Theorem
noting that if the functions h and g in f =h +g € QX (o, ¢,A, 3) are given in then
fenx (o, 0,\B) . Forthe "only if” part, we show (by contradiction) that f & HI'*(a, ¢\, B)
if the condition does not hold.

Thus, we write

2+ S Il 0,0, 2 (U )0 — ot (<1 S0 ], 6, d = (<1 = o [m], o)

,B), this is what clarified

Re 2 ﬁ7
2y OmCp 2™ (1 — o+ [m], 0) + (=1)° Y% dmd,, 2™ (1 —o—[m], 0)
or equivalent to
z2+ oy [ml, ¢ ¢ 2"(1+[m|,0— o+ (=1)° >y [ml, ¢ d 2" <—1 — o+ [m]q0>
Re = - —5>0,

24D OmCp 2™ (1 — o+ [m], 0) + (=1)" > dmd,, 2™ (1 —o—[m], 0)
That is

-

el 2™ + ( Z bm [ — [m]? o+ [m], o+ [m], — [m]qoﬁ] (o] zm‘

(1-5 z+2¢m[ (1= o) = [l o=+ ml, o [m], + [m], o]

z+§:¢m|cm|zm<1—0+[ ) Zgbm|d yzm(1— o—[m], )‘ > 0.

The above condition satisfies for all values of z .By choosing the values of z on the positive real
aris (0 < z=r < 1) we get

Re<

£ 60 [B0 = @) = 2 o[l o[, = (], 28] m] (22)

3 500 o) ik o i iy o]l

1+Z¢mc rml(l—o—i- ) Z(bmd rm1<1—0 [m ]q0>]_ >0

We note that if the condition (2.1) does not satisfy, then numerator in (2.2)) is negative . This
contradicts with f € HI"* (o, ¢, )\, B). Hence, the proof is complete. [J
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3. Convolution

In this section, we show that H# f;’s(oz, o, A, B) is closed under convolution for
fs(2)= 2320 lem| 2™+ (=1)° 300 |dm| 2™, and Hy(z)= 2300 [pm| 2™+ (=1)" 320 [l] 2™, the
convolution is given by

oo (e 9]

(fo# Hy)(2) = fo(2) ¥ Hy(2) = 2 = ) lempm| 2"+ (=1)" Y |dln| 2"

m=2 m=1
Theorem 3.1. For 0 < 1 < 3 <1, let f, € 9} (a, ¢,\, B) and Hy € HI'* (o, 0,0, B1) . Then
fs*x Hy € DI (o, 0,0, 8) C HH (o, 0,), Br)

Proof . To show that the coefficients of f.x Hy satisfy the condition (2.1)), for Hy € HF* (o, ¢\, B1)
we note that |p,| <1 and |l,,| < 1, we consider fs* Hy as follows

oy, [ﬂl (1-—0)— [m]z o+ I:m]qO_ [m]q + [m]qoﬁl]

Z ) | [Pm]+
© pm [51 (1—0)— [m]z o+ [m]q0+ [m]q — [m]q051]
) || |1
> 6m | B1 (1= o) = [m]; o+ [m], o= [m], + [m], f
< Z [ - ] |em |+
= ém | (1= 0) = [m]; o [m], o+ [m], = [m], 261
> [ 1- 6 ] ]

=1

<D U (0,B,mbn) [em| + > 0 (0,8,m, ) |dm| < 1,
m=1

m=2

3

Since 0 < 1 < B <1 and f, € HX"*(a, 0\, B). Therefore
fsx Hy € DI (o, 0,7, 8) C NHL° (o, 0,0, Br) .
[l

4. Neighborhood
Suppose that My(z)= = z-Y_ °_, |An| 2™+ (=1)" >~ |Bm| 2™, we call the set

o0

Np (f) = A{M: Y [ml, (Jem = Al + dm — Bul) < T} (4.1)

m=1
is the T-neighborhood of f.
From (4.1)), we get

Z [m]q (lem = Am| + [dm — Bwl) = |di — B| + Z [m]q (lem = Am| + |dm — Bnl) < T (4.2)

m=1
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Theorem 4.1. Let f, € HF (o, ¢,), B) and T< . If My € Ny (f), then My is harmonic starlike
function.
Proof . Assume that My € Nr (f), then we have

o0

[m]q ([Am] + [Bml]) + |B1]| < Z [m]q (lem — Al + |dm — Bml) +

2 m=2

WE

3
Il

NE

(ml, (leml) + [ml, (Jdml) + B = di| + |di ]

<D [V (0B m, ) (lem = Anl) + @ (0,8,m, 6m) (|dm = Bul)] + | By = du| + |di| +

3
I|

[\

(W (2.8,m, ¢m) |em| + @ (¢,8,m, ) |dnl|] < T+ [da| + (1 = 5 = |di]) < 1.

(]2

[\

3

Hence, Mg (z) is a harmonic starlike function. O

5. Extreme points

In this section, the extreme points of the closed convex hull denoted by clco H#Z g"s(a, o\, ) are
obtained.

Theorem 5.1. Let f, be given by (L4). Then f, € HF'*(a, 0, B) if and only if

fs(z) = Zi}:l (Tihm (2) + Ymgsm(2)), where
hi(z) = z, hm(z):z—q](061qu )zm, m=2,3,... and
1

Jsm(2) :Z+(_1)S¢(0,B,m, ¢m)2m, m=12...

m=2 m=1

Specially, the extreme points of HF (o, ¢\, B) are {hy} and {gom}-
Proof . Assume that f, can be written as

() = 3 (b () 4 ugon() = 3 (o )2 = D o

m m=1 =2

—_

R 1 —m
+(_1) Z(P(ﬁ,ﬁ,m,¢m)ymz )

m=1

then

~ ) 0 1
Z U (0.0, m, pm) (\If (0,5,m,¢m)xm) " Z o (0,8, m, ) (@ (e,8,m, ¢m)ym)

m=2

m=1

m=2



A class of harmonic univalent functions defined by the g-derivative operator 2721

Hence f(z) € clco N (o, .7, B).

Conversely, suppose that fs € clco 5’)%’“(04 o\ B)andxy =1—=3"" Zp — D 0 Yn.

Let xp, =V (0,8, m, o) Cmy (M = 2,3,...) and Y = ¢ (¢,0,m, o) dm, (M =1,2,...), we get

fs(z):z—Zcmzm+ (—1)82dm2m— Z—Z\Ij 51 o m
)Y S = 2= D (b ()5 = 3 (2= g ()
— (1= = 2wz D Tl () D YnGon (2) = 3 (mhon (2) + Yo (2))

6. The Distortion

The following theorem gives the distortion bounds in §#%"° («, ¢\, 3) .

Theorem 6.1. Let f € HF"* (o, ¢,A, 3). Then

1 /1-— 1
= a-lahr - o (57 - )

and

FOI< @rlabr+ o (57 - 5l )

where ¢, (v, i1, A, 8, q) given by (1.2)) with ¢; = 1 and ‘5:[5 (1—0)-— [2]30 + [2],0—[2], + [Z]qoﬁ]
Proof . To prove the left-hand, we assume that f € HF"* (o, ¢,), B) then

F) = (= d ) r = (eml + ldnl) ™ > (1= |di)r =Y (lem] + |dm]) r?
m=2 m=2

> (1—|di))r 1 Z¢2 (Iem] + [d]) 72

1_ 1 1 (1-8 1
> (1 i - Mﬁ (1 ) =l - o (S50 - S )

In the same way, the right —hand is proven. [
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