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Abstract

This paper proved the existence and uniqueness of the solution of the Schrédinger equation with
singular potential and initial data in the Colombeau algebra G..
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1. Introduction

The optimal solution for overcoming the problems that Schwartz theory of distributions is con-
cerned with was offered by Colombeau (1984, 1985) ([1l, [2]). He constructed an associative dif-
ferential algebra of generalized functions G (R), which contains the space D’ (R) of distributions as
subspace and the algebra of C*° — functions as subalgebra. This theory of generalized functions of
Colombeau actually generalizes the theory of Schwartz distributions: these new Colombeau general-
ized functions can be differentiated in the same way as distributions, but where multiplication and
other nonlinear operations are concerned. It is significant that the result of these operations always
exists in this algebra as Colombeau generalized functions. These new generalized functions are very
much related to the distributions, in the sense that their definition may be considered as a natural
evolution of the Schwartz definition of distributions.

The notion of ‘association’ in G (R) is a faithful generalization of the equality of distributions,
and again enables us to interpret results in terms of distributions.
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Due to all these properties, Colombeau’s theory has found extensive applications in different
natural sciences and engineering, especially in fields where products of distributions with coinciding
singularities are considered.

This paper solves the following nonlinear Schodinger equation with singular potential and initial
data in Colombeau algebra of generalized functions G¢ which allows multiplication of distributions
and solution of nonlinear problems with singularities and proved the association of the solution.

{ 20pu(t, ) — Au(t,z) + v(z)u(t,z) =0
v(z) = o(x), (0, x) =d(x)

This paper is divided into five parts. After the introduction, we give some basic preliminaries
such as notations and definitions of the objects we will work with. We also introduce different spaces
of Colombeau algebra of generalized functions. In the third section, we proved the existence and
uniqueness of the solution of Schrédinger equation with singular potential and initial data in the
Colombeau algebra G. In the final section, we study the association.

2. Preliminaries

Similar to [2], we use the following notations:
Ay = {90 €eDR")/ | ¢x)de = 1,/ p(z)dr =0 for 1<|a|< q}
R?’L n
q=1,2,...
1 x
() = e <g> for ¢ e D(R")

and £ (R") = {u: A; x R" — C/ with u(p, z) is C* to the second variable x}

u <x7908) = us(x) Vo € Ay
Ev (R™) ={(us).oy C ER") VK CCR", Vo € Nj,IN € N such that
sup [Du.(z)| = O (e7Y) as ¢ — 0}
zeK

N (R") ={(u:).oo CE(R") /VK CC R", Vo € Nj,Vp € N such that
sup | D% (z)] = O (e?) as e— 0}
zeK

The Colombeau algebra is defined as a factor set G (R") = &y (R™) /N (R™), where the elements of
the set &y (R™) are moderate while the elements of the set N (R") are negligible.
We denote: [7]
ER) ={(ue).oy CEMR)/VK CCR,Va € Ry U{0},IN € N such that
sup |[D%u.(z)] = O (e7V) as e = 0}
zeK
NR) ={(u.).., CEMR)/VK CCR,Va € Ry U{0},Vp €N such that
sup | D% (z)] = O (e?) as e —0}.

zeK

The extended Colombeau algebra of generalized functions is the factor set:

G (R) = & (R) /N (R).
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A fractional integral is defined by: [§]

1 t
I1“f(t :—/ t—1) f(r)dr a > 0.
(t) o) J, (t—7)*f(7)
The fractional derivative of order a > 0 in the Caputo sense is defined by [§],

N B 1 b (r)dr
Df(t)_F(m—a)/o(t—T)O‘“—m , m—1l<a<m.

Let (f.) be a representative of F' € G, then

D*f.(t) = ml_a) /0 (tf}:_))adT O<a<l

/t fi(m)dr
o (t—T1)>
1 Eodr
< —— ;o sup / dr
Il —a) 170 ([O’T})te[O,T] o (t—T7)

11—«
“I'(l-a -«
S Ca,TE_N'

1
sup |D*f.(t)| < —— sup
t€[0,T] D7) I'(l-a) t€[0,T]

In general, from [§], for m — 1 < o < m, we have
1 L)
sup |DYf.(t)] < =—=—— sup / ————dr
t€[0,T] D 1e(2)] L(m —a) ey Jo (t—T)ottmm
1 ! 1
<L ym _
=Tm—a) 177 o 0.1 tSEéI;]/O (t — r)ari—m 7
< 1 N "=
“I'm—a) m-—«
S Ca,Tg_N-
The constant C,, v depends on two parameters o and 7.

Definition 1. [2] Let G1,G2 € G (R") and G, Ga. their representatives respectively. We say that
G1,Gy € G (R™) are associated, and we write G ~ Gy, if for every ¢ € D (R"),

lim (G1e — Gap) p(z)dx = 0.

e—0 R™

3. Existence and uniqueness

Consider the nonlinear Schrodinger equation with singular potential and initial data:

{ %atu(t, x) — Au(t,z) + v(z)u(t,x) =0
v(xz) =6(x), u(0,z)=14dz)

For the Dirac measure, we will apply regularization:
Ve(z) = 0:(x) = (pe(2)) = | Ine|"¢ (x| Ing|); ¢>0
z€R" €A, o(x) >0.
For the initial data, we use

upe(z) = |Ine|™¢ (x|Inel®), a>0, zeR", ¢ech, ¢x)>0.
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3.1. Ezistence and uniqueness in the Colombeau algebra

Theorem 1. The reqularization of equation (3.1), defined as

{ LDt o) — Aus(t ) 4 ve(x)uc(t, x) = (3.2)

: /
V() = 0c(),  upe(x) = de(

where v, and ug. are reqularized of v and wg, respectively. Then, the problem (3.2) has a unique
solution in G (RT x R™).

Proof . From [4], the integral solution of the equation (3.2) is

t
wita) = [ Suto—yuody+ [ [ 8.t o -y gy,
n 0 n
where S,,(t,z) is the heat kernel. Then

e (8, )| ooy < 1St = s ol oo gny + Jo 150t =732 = g l[02( )] poe e (7, ) oo oy 7
e (&, Ml e eny < C a0l oo gy + C 10w (Voo my Sy (7 N oo oy -

By Gronwall inequality, we have
lue(t, )l e ny < C|Ine|™ exp (CT|Ine|™)
Then there exists N > 0, such that

lute (8, Ml oo oy < O™

For the first derivative to z;,i € {1,...,n}, we obtain
a:plus = fRn )ayZUOs dy + fO fRn — T, — ) (8%7]5(3/)”5(7—7 y) + UE(y>ayiU’€(7-7 y)) dydT
|0z, ue (2, )||Loo gy < [Sn(t, 2 = )l ||ayzu05||L°° gy + Jo ISn(t = 7,2 = )l

(||ayiv5||Lm<Rn> otz + 10l e oy 19307 M ey ) 7
t
100,12, My < el ™) +-C [l e’ Dl + |10, 17, e ey d
0

102,18, ) ey < € (|l T I e D] 1) + ] Ine" / 18, (7, ey
By Gronwall inequality, we have:
191108, Il gy < € (Il 4 T e ) 1) exp (CT] Inel™)
By the previous step there exists N > 0, such that
021, ) ey < O

For the second derivative for y;,j € {1,...,n}, we obtain

t
Oz, O ue(t, ) = / Sn(t,x —y) (0y,0y,u0(y)dy +/ / St — 7,2 —y) (05, 0y, v (y)u(1,y)
n 0 n
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+ayj Ve (y)ayz Ue (T7 y) + ayi Ve (y)ﬁy] Ue (T7 y) + Ve (y)ayz 8?;]' Ue (T7 y))dydT
By Gronwall inequality:

Haxza% UE

M ey < O™ 4 e | oo +| el [0, 0]

+[Ine P10, ue| | 1) exp (CT| Ine|™) .
By the previous step there exists N > 0, such that

100,02, <Ce N,

Moo

For uniqueness.
Suppose that there exist two solutions u; .(t,.), ug.(t,.) to problem (3.2), then:

%& (ure(t,x) —uge(t,x)) — A(ure(t,2) — use(t, ) + ve(2) (urc(t, ) — ugc(t, z))

= N.(t,x)u1.(0,2) — u2.(0,2) = Ny ()

Then
ure(t, @) —uz(t, ) = - Sn(t, x—y)No(y)dy+ / t - Sn(t=T, 2=y)v=(y) (w1(T, y) — u2e(7,y)) dydr
/ RnS — y)N.(7,y)dydr
Jure(t,.) = uae(t, ) poe (R") < ([Snlts 2 = )l 1 (| Noe (W) oo m)
+ (IS (t IILl/ [0 (] oo reny 126 (T, ) = w2e (7, )| ooy A7 + 1St @ — )| g [[Vel| oo

lune(ts) = 2 (t M goeqny < C (1No2(®)llpoeqany + IVl )

t
+C o)l e ary / luse(r, ) = (7, )l oy 47
By Gronwall inequality:
Jeare(t ) = 2 (ts M poeqny < C (N0 ()l poeqamy + IVl ) X 0P (CT o) ey )

Then
Jure(t,.) — u2e(t, )HLOo Rr) < Ce? Vq.

Then, the problem (3.2) has a unique solution in G (R* x R"). O
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3.2. Ezistence and uniqueness in the extension of Colombeau algebra
Theorem 2. The regularization of equation (3.1), defined as :

{ 20pu(t, ©) — Auc(t, z) + ve(2)uc(t, z) =
va(x) = 56(17), UO,&( ) - 6<x

where v, and ug . are reqularized of v and ug, respectively.
Then, the problem (3.3) has a unique solution in G¢ (Rt x R™).

(3.3)

Proof . We shall prove only the fractional part since the entire part is already proved in theorem

(1).

Consider the fractional derivative D% 0 < « < 1, without loss of generality. The same holds for

m—1<a<m;meN.
Take the fractional derivative to the spatial variable to equation (3.3):

D" (us(t,2)) = /s< DD uc o)y + [ [ 8= 70 =)Dl )t

/ / n — y)ve(y) D ue(7, y)dydr

1D (et Dl gy < ISt = Ml 1D 020 oy
t
18,0 =70 = i [ 100 oy e M
t
18,0 =70 = M | 100y 1700l
1D (et Dl ny < € (1D ()l ey + T 1D () oy 1l )

t
+C||va(.)||Loo(Rn)/ [ D%us(7, )| oo ey dT-
0

By Gronwall inequality

1D (el Nl gy < C (1D 0 () gy + T 1D 0l ey 1l )

xexp (CT oo() | pegry) (3)
by theorem (1) and the estimate (3):

1D (et )l gy < € (Cair el 4+ TCh I e i o) exp (CT o () o e
Then there exists N > 0, such that:

1D (e (t, Dl ooy < C™

It follows moderation for the fractional derivatives in the space G (R x R™).
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For uniqueness,
Take D*0 < a < 1.
D« (ul,s(twr) U26 t {L‘ fRn t €T — )DQNO,E(y)dy

+/0 /n Sn(t - T, — y)DaUa(y) (ula('r; y) - U28<7_7 y)) dydT

t
+ / / Sult — 7,2 — y)0a(y) D (1o (7, y) — s (7, ) dydr
0 n
t
+/ Su(t — 1,2 — y) DN (7, y)dydT
Rn

1St — 7o — I / A —
[[D* (ure(t,.) —u2e(t, ) || ee@ny < Cl|Noel|zoo @)

+T||DQU5(.)||Lw(Rn)||U15 — u28||L°°d7- + ||DaNa||Loo

t
[0l e e / 1D (uie(7, ) = o7, ) | ey
0

By Gronwall inequality

3099

D (ure(t,.) = ue(t, )l oo < C (Nog || oo@ny + T|| D* () || ooy || wre — uae ||z dr+]| D*Ne| 1)

X exp (C’T ||U€||L00(Rn)>

By theorem (1)
D (ure(t, ) = uge(t, ) | e@ny < Ce?, Vg

U

4. Association

Let w; be a solution to the problem:

{ 10 (t, x) — Aw (t, ) =0
wy(0,z) = §(x)

And w, be a solution of the problem:

{ L0wa(t, x) — Aws(t, z) + v(z)we(t,2) =0
v(x) =6(x), we(0,2)=0

Proposition 1. The generalized solution u of the problem (3.2) is associated with wy + ws.
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Proof . Let w; . be the classical solution to:

%&twl,e(t, x) —Awy(t,z) =0
w1 (0, 2) = d.(x)

And ws . the classical solution to:
1
gatha(t, x) — Awy(t, ) + ve(x) (wae(t,x) + m(t,z)) =0

ve(x) = 0(z), we.(0,2)=0.
Then

%&t (ue —wy e —wae) — Aluc(t, ) — w1 (t, ) — wo(t,x)) + ve (ue(t, x) —wo(t,x) —m(t,z)) =0
—w1£(0,2) —wa(0,2) =0

(we(t, ) = w12l ) = w31, 2) / / n = Do)l 9) — ol ) = m(r,)dyds
(ue(t,x) —wie(t, x) —wae(t, ) = / /n Sp(t—7,2—y)ve(y) (ue(T,y) — w1 (T, y) — wor(T,y)) dydr

/ [ Suft =7 = y)0u(v) (w1 (r9) — m(r.) dydr

e (t, ) —wre(t, ) =wae(t, Mawn) < fg [18n(t =72 = [nal[oe (Voo [ (wr e (r, ) =7, )| dr

t
+ ; HSn(t_Tam_ ')HLIHUE(')HLW(R")

UE(T, ) - wl’E(T7 ) - w275(7-, )HLOO(Rn)dT
t
lue(t, ) = wie(t, ) = wae(t, llpe@n) < Cllve( |z @ny fo Nwie(r.) = m(r, )| @ndr

t
+C||va(-)||Loo<Rn>/ [|ue (T, ) = wre(7,:) = wao (7, )| oo ey dT
0

By Gronwall inequality
[ue(t,.) = wielt, ) = wae(t, )l poo(rny < [C 0= oo ny Jo 1w (7, 2) = M7y D ooy dT

xexp (OT () o)

By applying the limit, we have
U~ Wy + Wy

This completes the proof of the proposition. []
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5. Conclusion:

In this work, we have transformed the problem of Schrodinger in colombeau algebra and proved the
existence and uniqueness of the solution to this problem. This is significant because its a fundamental
equation in quantum mechanics. It describes the evolution over time of a massive non relativistic
particle, and thus fulfils the same role as the fundamental relation of dynamics in classical mechanics.

As an example of what we demonstrated earlier, we will look at the description of electronic
transport in semiconductor devices of nanometric size (MOSFET, RTD, waveguides, ...). These
devices are the essential components of today’s electronics industry. Because of their small size,
reaching nanometric scales, quantitative effects begin to play an important role, such as effect,
interference, quantification, etc. Classical models (Newton’s equation among others) are no longer
valid and the quantum approach (Schrédinger’s equation) becomes necessary. In this approach,
Especially when applying very high potential from what we know (v=0), the evolution of particles
(electrons or protons) in an electric field can be written using the ”Schédinger equation with singular
potential and initial data”.
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