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Abstract

Our aim in this work, general formula for solution some partial differential equations are derived,
which have applications in other sciences. Elzaki transformation was used to obtain these formulas.
Moreover, some examples are solved using these formulas.

Keywords: Elzaki transformation, Linear differential equations, Constants coefficients.

1. Introduction

By converting differential and integral equations to algebraic equations, the integral transform has
played a significant role in solving differential and integral problems. Furthermore, various integral
transformations have been applied in many of the solutions to problems that are difficult to address
using traditional methods such as Laplace, Temimi, Novel, Sumudu, and so on 10} 4 3 2].

The Laplace transform can be used to solve differential equations which have constants or variable
coefficients [13]. It’s also used to solve systems of ordinary differential equations [7], and defined as
follows:

L8] =T (v) = / T e, t >0,

In 2016, an integral transform known the Novel transform was introduced to solve a large number
of differential equations [9] 8]. The function is defined as follows:

1

3(5) = Na(yl0) = - / e ty(b)dt, > 0
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e—st

when y(t) is a real function, £ > 0, — is the kernel function.

In this study, we used Elzaki transform [6, 5], [12], for solving some partial differential equations,
which have more application in other sciences as Laplace, Transport, Poisson, Heat and Telegraph
equations.

Moreover, General formula for solution of these equations are derived using Elzaki transform,
whereas, they homogenous or non-homogenous.

The definitions and attributes of the Elzaki transform for several functions are shown in section
2. We got the general formulas for solving the Laplace, Transport, Poisson, Heat and Telegraph
equations in section [3] In the concluding section ] we’ll use these formulas to solve some problems
[12) 1, [11].

2. Elzaki Transform: Fundamental Definitions and Properties

2.1. The Elzaki transform is described as follows [1]

E(y(t); 1) Zu/ v(t) e P dt =T (n), pe(—ar,a2), ar,a>0
0
The set w is also defined as follows:
w = {7 (t):3N, o, x> 0 such that |7 (t)] < Nell/ei if te(—1)"x [0.00)},

a1 and ap can be finite or infinite, but N is constant must be finite.
The inverse of Elzaki transform is define by: E~'(T(M)) = ~(t), where (E~!) returning the
transform to the original function.

2.2. Properties
The ELzaki transform of the function £(¢) is defined as:

E[£(t)] =T(u) = ,u/ooo £(t)e rdt, t >0, pe(— ki, k).

We employ integration by parts to derive the ELzaki transform of partial derivatives as follows

[6]:
oLt < oL ¢ oL
E| = (z,t)| = —— e t/rdt = i = dt
{at(x’)} /Oﬂate aeo Jo H° T ot
= lim {[uet/“f (z,t)] ‘a —/ e L ()t dt]
a—00 0 0
T
:M_Wg (2,0).
1
We consider £ to be piecewise continuous and of exponential order:
oL o oL o [~ 0
El—| = T () dt = — Hrp (g, t)dt = =— [T
S| = [ e e [T aae= i),
and

B 5] = el
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Table 1: Elzaki transformation for some functions

ID Function ~(¢) E(y(t) = p [, v@)e " rdt =T (p)
1 1 1
2 tn n!un+2
at p?

3 e I
4 sin(at) e
5 cos(at) T +‘£ 2

tn—leat _ “n+1
6 oo = 1,2, ... G—a)

Also we can find:

B[ 28] - L),

To find E [%ZT;’C (x, t)}, assume that ‘%‘f = h. By using the equation

ah_g)lo [[uet/“f (2,t)] ‘Z - /Oa e VR L (2,t) dt] = W—uf (z,0),
we have,
B[22 ] [ )
—E {h(x’ﬂ — ph (2,0)
5 Tla) — £ (2.0) -G (2,0).

Using the mathematical induction, we can readily extend this result to the n-th partial derivative.

3. General Formulas of Laplace, Poisson, Transport, Heat and Telegraph Equations

Formula(1): Consider the following Laplace equation:
Ltt (ZL', t) —+ Lx:p (ZL', t) = 0, (31)

with the initial conditions L(z,0) = 0(x), L(z,0) = J(x) and L(0,¢) = L(1,¢) = 0. By taking Elzaki
transform to the both sides, we have
T(x,p) d?

e L(z,0) = Lup(z, 0) + -T2, ) = 0.

After substituting the initial conditions:

ST+ T 5+ ) (32)
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Note that (3.2)) is an ordinary differential equation and has the solution:

T(a, 1) = {hl cos (i) + hysin (%) x] 4
K_“ / ((3(x) + 1 3(x))) sin (i) xdx) cos (%)m + (u / ((3(x) + pu3(x))) cos (i) xdx) sin (%M

Utilizing the boundary conditions, yields: hy = hy = 0, so
7o) = | (= [ (@) + w6 sin( e ) cost o+ (1 [ (@) + 13l cos(yade ) sin()e |

The general solution of equation (3.1) obtained by taking the inverse of both sides is as follows:

T(x,t) = B [(—u / ((B(z) + 3())) sin(2)ade) cos(2)z + (4 / ((0(x) + 13 (2))) cos<%>xdx> sin<%>z} |

M f
(3.3)
Formula(2): Consider the Poisson equation
Lu(z,t) + Lyp(z,t) = £L(2,1). (3.4)
Using Elzaki transform to equation (3.4) and applying formula (3.3), yields:
.1 1
T(w,p)=E"" [(—u/ (E(£(z,1)) + () + p3(@))) sin( 2 )edz) cos( 2
1 .1
+ (u / ((B(£(.8) +0(x) + () cos()ade) sinf)a (3.5)
Formula(3): Consider the following homogeneous transport equation:
L, 4+ nk, = 0, (3.6)

under the conditions L(z,0) = d(x), L(0,t) = L(1,t) = 0, and 7 is constant. Using Elzaki transform
to the both sides and substitution the initial conditions:

d 1 1
%T (x’:u) + %T (3:,,u) = 56 (X) ) (37)

The above equation (3.7)) is an ordinary linear differential equation and has the following solution:

1 2 *
T (z,p) = —emw” lim /ﬁ(:v)eﬁTdT.

7] a—r—0o0 a

We get the general solution of equation (3.6]), by taking the inverse of Elzaki transform as follows:
Y L s N (= Ly
L(xz,t)=~F [ew /5(x)ew dt] (3.8)
n

Formula(4): Consider the following non-homogeneous transport equation:

L, +nb, = £(x,1), (3.9)
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under the conditions L(z,0) = d(x), £(0,t) = L(1,¢) = 0, where 0 and 7 are constants. Using Elzaki
transform and utilizing the pervious formula with equation (3.9), we get

1 —1 1 -
T(x,t)=-E"" {ewm/E(f(x,t)ewtdt} +Ep {em}m/ax)enlutdt} : (3.10)
Ui Ui
Formula(5): Consider the homogeneous heat equation:
Li(x,t) — nhy.(z,t) = 0, (3.11)

with the initial and boundary conditions L(x,0) = d(z), L(0,t) = L(1,¢) = 0, and 7 is constant. We
take Elzaki transform and substitute the initial conditions:
d? 1 H
—T - —T -0 3.12
2 L (@ m) ” (z, 1) = p (), (3.12)
Equation (3.12)) is an ordinary differential equation which has the following solution:

o = (V% 1 V) 4 = ([ o5

277,/#

+ 1 </ eV nu nu dﬂf) W
/1
Since T'(z, p) is bounded, we have hy = hy = 0 and so

B = 277_\/1% (/u%i(x)e‘ﬁ’“‘dx) eVmi? | 27}\1/% (/ eV e dx) Ve,

We get the general solution of equation (3.11]) by taking the inverse of both sides as follows:

T(z,t) = E~ - (/ /ﬁ(tx)e_\/gxdx) § i + ! (/ Mﬁ(w)emxdx> e i
20/ 3 20\/ o

(3.13)

Formula(6): Consider the following non-homogeneous heat equation:
Li(x,t) — nhye(z,t) = £(x,1), (3.14)
with the conditions L(z, ) = 5( ), L(0,t) = L(1,t) = 0, where 0 and 7 are constants. Using Elzaki
transform with equation (3 , we have

T(x,t) =E""

_ gn[ (/

+277\1/I (/[E( )+ ()oY dx) Ve (3.15)

t)) + po(x \/;dx) Vo
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Formula(7): Consider the following homogeneous telegraph equation:
Ly (2,t) + 208 (z,t) + n*L(z,t) = Lo (2, 1), (3.16)

with the conditions L(z,0) = 0(x), Li(x,0) = J(z),L(0,¢) = L(1,¢) = 0, such that n and 0 are
constants. By applying Elzaki transform to the both sides and substitute the initial conditions,
imply that

d’ T(x, 1)

L) - T 0T v ) = —3(0) - o) - 20400). (310

Equation (3.17)) is an ordinary differential equation and has the following general solution:

T(z, 1) :h1($)6<\/w>x + M@)g(%)z
- = 13(e) e VETEeg, | (T
20p — 1)o( r)e dz|e
el L |
- | 1200 1000) = eV E ) [ (V)

2(y/ e + 2+ P)

Since T'(x, ) is bounded, we have h; = hy = 0 and so

~1 1 ~ (=t 4n?)a oo Vo tiltn? )z
T(z,t) =E 2(@) {/[(—28” — 1)0(x) — pJ(x)]e ( 7 ) d ] ( )
- ! [ / [(—200 — 1)3(x) — p3(2)]e VT2 de] o (Va3

2(y/ e + 2 +P)

The general solution of equation (3.16)) by the inverse Elzaki transform is as follows:

-1 1 ~ (/= + 2 4n?)a ole 2Rz
T(e, ) = e U[(—zau— 1)3(z) — p3(x))e Wi THm)eg ] (v )
- ! [ / (=204 — 1)3(z) — p3(2)]e VT2 7 ﬁdx} (VBT

2(y/ o + 2 +P)

Formula(8): Consider the following non- homogeneous Telegraph equation:

(3.18)

Ly, t) + 20L(z,t) + n*L(z,t) = Lo + (£(2,1)), (3.19)

with the conditions L(x,0) = (), Ly(z,0) = J(x),L(0,t) = L(1,t) = 0, n and O are constant. By
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applying Elzaki transform to the pervious formula, we get

T(x,t) =

h 1 —20u — — p3(z) — (Vi )e | o (it )
E 20 1)0(x z) — E(£(z,t))]e azl e
2B+ 2 ) 200 1)300) = o) — B 1) ]
e 201~ 1)d(x) — () - (T, | (T
0 o(x x)— E(£L(z,t))le dzl e
2/ + 2 ) | [i=200 - 1)000) - ) - BL£(a0) }

4. Applications

(3.20)

In this section the transform efficiency in finding solution of partial differential equations by
applying the previous formulas in solving the following examples is shown:

Example 4.1. Consider the Laplace equation:
with the conditions L(x,0) = 0, £:(x,0) = = and L(0,t) = L(1,t) = 0. Using the equation (3.3)) in
the formula (4.1)), we have

1
W) =57 | (< [ (@) + o)) sin o ) cos

(1 [ (@) + ) cos( e ) sin( e

£(x,t) =T(x,t)=E"! {u?’x COSQ(l)m — i sin(
v

1
)
1

—)xcos(—)xr + prsin“(—)xr + w sin(—)x cos(—)x
u> ( u) ( u) ( u) ( u>
= 2B (i?) = at.

which represents the particular solution of equation (4.1)).
Example 4.2. Consider the following Poisson equation

Lig(x,t) + £op(x,t) = (4.2)
with the conditions £(x,0) =0, L;(z,0) = 1 and L(0,t) = L(1,t) = 0. Then by applying the equation
(13.5) on the formula (4.2)), we obtain that

To) =57 | (= [(B£0) + 80 + ) sin( e ) cos()a

i
(1B +8) + ) cos( e ) sin )
L@ ) =T(a,t) = B! [ _zu cosz(%)x + _QM sinQ(%)x]

which represents the solution of equation (4.2)).
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Example 4.3. Consider the homogeneous transport equation
Uy +3u; =0 (4.3)

with the conditions L(x,0) = e” and L(0,t) = L(1,t) = 0. By employing the equation (3.8]) to the
formula (4.3)), we have

Ui

2
T(z,t)=E"! {%ex]

u(z,t) = T(x,t) = "3 !

T(x,t) = g {e;ﬂ}m/ﬁ(:ﬁ)eﬁtdtl

which represents the particular solution of equation (4.3)).
Example 4.4. Consider the non- homogeneous transport equation

2u, +up =6 (4.4)
with the conditions u(x,0) = e** and u(0,t) = u(1,t) = 0. Employing equation (3.10) to (4.4) implies
that

1 - 1
uQJ)Z—EflFﬁx/fﬂ£u¢»mﬁa]+ﬁE—[ t/a erd__&+e%_“
Ui n

which represents the particular solution of equation (4.4)).
Example 4.5. Consider the homogeneous heat equation
Ly(x,t) — Lyu(2,t) =0 (4.5)

with the conditions E(x,0) = > £(0,t) = £(1,t) = 0. Then by applying the equation (3.13)) on
(4.5), we have

1 1

2’)7Q / ﬁ 27’] ﬁ

Lz, t) =T(x,t) = B! {%e%} = P,
which represents the particular solution of equation .
Example 4.6. Consider the non-homogeneous heat equation
Fi(x,t) — Epp(x, t) = " (4.6)

with the conditions L(z,0) = e*, £(0,t) = L(1,t) = 0. By applying (3.15) on (4.6)), we get

By
W) = 57 | (= [1BC ) + deds + [B(£0) + e/ a
3.z 2.

LLt:TLt:E*{ et +“e}:&u¥+&&
(z.8) = Tz 1) =) (X —p) 1-up (te)
which represents the particular solution of equation (4.6)).
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Example 4.7. Consider the homogeneous Telegraph equation:
Eu(x,t) + 208 (2, t) + n*L(x,t) = Luy (4.7)

with the conditions L(x,0) = e, Li(x,0) = €* and L(0,t) = L(1,t) = 0. Using the equation (3.20)
on (4.7)), where 0 = —% and n =1, we have

1
252
1 1420 2y, (A 420 4 2y,
N { / [(—20p — 1)3(x) — p3(a)le! Vi i dm]e (52 47)
o2

12
Lz, t) =T(x,t) = B! L e”’] = e%e.
— i

T(x,t) = E!

1200 0900) — o VFTF ] T

which represents the particular solution of equation (4.7)).

Example 4.8. Consider the non-homogeneous telegraph equation:
Lu(w,t) + 208 (2, t) + n°E(x,t) = Lyp + € sinh(x) (4.8)

with the conditions L(x,0) = 0, L;(x,0) = sinh(x) and £(0,t) = L(1,t) = 0. Applying the equation
(13.18) on (4.8), where 0 = —% and n =1 imply that

e< /%2—"_2’7‘6-1—”2):6 1,20 ,,2
i U[(—%’M —1)3(z) — 13 (z) — E(£(z, t))]e‘\/mﬁdgj}
2/ + 2+ )

2002

~(/ % -
e [/[(—2@ —1)o(z) — pJ(z) — E(f(;p,t))]e<\/m)xdx]

2/ + 22 +1?)
3

L(z,t) = T(z,t) = B Lll—t—u)? sinh(x)] — te! (sinh(z)),

which represents the particular solution of equation (4.8]).

T(x,t)=E"
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