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Abstract

The main aim of the present paper is to establish a new form of Hermite-Hadamard inequalities using
left and right-sided ψ-Riemann-Liouville fractional integrals for preinvex functions and present two
basic results of ψ-Riemann-Liouville fractional integral identities including the first-order derivative
of a preinvex function. We derive some fractional Hermite-Hadamard inequalities with the help of
these results. Further, we pointed out some applications for special means.
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1. Introduction

Hanson [4] introduced one of the most important generalizations of convex functions is the class
of invex functions. Ben Israel and Mond [2] gave a simple characterization of invexity for both
constrained and unconstrained problems, and showed that invexity can be substituted for convexity
in the saddle point problem and in the Slater constraint qualification. It is well known that ξ
is invex if and only if every stationary point is a global minimum [3]. Pini [14] established the
relationship between invexity and generalized convexity and showed that ξ(w) = w3 is quasi-convex
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but not invex, since w = 0 is a stationary point but not a minimum point and also given an example
ξ(w, z) = −w2+wz−ez which is invex but not quasi-convex because it fails to satisfy the second-order
necessary and sufficient condition for quasi-convexity.

Noor proved some Hermite-Hadamard (H-H) type inequalities for preinvex [13], log-preinvex [12]
and the product of two preinvex functions [11]. Further, Işcan [5] obtained some H-H type inequalities
using fractional integrals for preinvex functions. For more generalizations of the H-H inequality, see
[1, 8, 11, 12, 13, 15].

Recently, Wang et al. [15] investigated fractional integral identities for a differentiable mapping
involving Riemann-Liouville (R-L) fractional integrals and Hadamard fractional integrals and given
some inequalities via standard convex, r-convex, s-convex, m-convex, (s,m)-convex, (β,m)-convex
functions, etc. Further, the H-H type inequality for fractional integrals obtained by Liu et al. [7].

The organization of the paper is as follows: In Section 2, we recall some basic results which are
necessary for our main results. In Section 3, we prove a new form of H-H inequalities using left
and right-sided ψ-R-L fractional integrals for preinvexity. We present two essential results of ψ-R-L
fractional integral identities using the first-order derivative of a preinvex function. These results
will be used to obtain some fractional H-H inequalities and give some examples which satisfy the
theorems. Further, we discuss some applications for special means with the help of these results.

2. Preliminaries

In this section, we recall some basic definitions and results required for this manuscript.
Hermite established the most popular inequalities known as H-H integral inequality.

ξ

(
ϱ1 + ϱ2

2

)
≤ 1

ϱ2 − ϱ1

∫ ϱ2

ϱ1

ξ(w)dw ≤ ξ(ϱ1) + ξ(ϱ2)

2
,

where ξ : [ϱ1, ϱ2] ⊂ R → R is a convex function [9].

Definition 2.1. [16] The set A ⊆ Rn is said to be invex with respect to vector function ℏ : Rn×Rn →
Rn, if

z + δℏ(w, z) ∈ A, ∀w, z ∈ A, δ ∈ [0, 1].

It is well known that every convex set is preinvex with respect to ℏ(w, z) = w−z, but not conversely.

Definition 2.2. [16] The function ξ on the invex set A is said to be preinvex with respect to ℏ, if

ξ(z + δℏ(w, z)) ≤ (1− δ)ξ(z) + δξ(w), ∀w, z ∈ A, δ ∈ [0, 1].

It is well known that every convex function is a preinvex with respect to ℏ(w, z) = w − z, but not
conversely.

CONDITION C [10] Let A ⊆ Rn be an open invex subset with respect to ℏ : A × A → R. The
function ℏ satisfies the condition C if for any w, z ∈ A and any δ ∈ [0, 1],

ℏ(z, z + δℏ(w, z)) = −δℏ(w, z),

ℏ(w, z + δℏ(w, z)) = (1− δ)ℏ(w, z).

Note that ∀w, z ∈ A and δ ∈ [0, 1], then from Condition C, we have

ℏ(z + δ2ℏ(w, z), z + δ1ℏ(w, z)) = (δ2 − δ1)ℏ(w, z).
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Theorem 2.3. [12] Let ξ : A = [ϱ1, ϱ1 + ℏ(ϱ2, ϱ1)] → (0,∞) be a preinvex function on the interval
of real numbers int(A) and ϱ1, ϱ2 ∈ int(A) with ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). Then,

ξ

(
2ϱ1 + ℏ(ϱ2, ϱ1)

2

)
≤ 1

ℏ(ϱ2, ϱ1)

∫ ϱ1+ℏ(ϱ2,ϱ1)

ϱ1

ξ(w)dw ≤ ξ(ϱ1) + ξ(ϱ2)

2
. (2.1)

Definition 2.4. [6] Let (ϱ1, ϱ2) (−∞ ≤ ϱ1 < ϱ2 ≤ ∞) be an interval of the real line R and α > 0.
Also let ψ(w) be an increasing and positive monotone function on (ϱ1, ϱ2], having a continuous
derivative ψ′(w) on (ϱ1, ϱ2). The left and right-sided ψ-R-L fractional integrals of a function ξ with
respect to an other function ψ on [ϱ1, ϱ2] are defined by

Iα:ψ
ϱ+1
ξ(w) =

1

Γ(α)

∫ w

ϱ1

ψ′(µ)(ψ(w)− ψ(µ))α−1ξ(µ)dµ,

Iα:ψ
ϱ−2
ξ(w) =

1

Γ(α)

∫ ϱ2

w

ψ′(µ)(ψ(µ)− ψ(w))α−1ξ(µ)dµ

respectively.

3. Main results

In this section, first, we prove H-H inequalities for ψ-R-L fractional integrals via preinvexity.

Theorem 3.1. Let A ⊆ R be an open invex subset with respect to ℏ : A×A→ R and ϱ1, ϱ2 ∈ A with
ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). If ξ : [ϱ1, ϱ1 + ℏ(ϱ2, ϱ1)] → (0,∞) is a preinvex function, ξ ∈ L[ϱ1, ϱ1 + ℏ(ϱ2, ϱ1)]
and ℏ satisfies Condition C. Also suppose ψ(w) is an increasing and positive monotone function on
(ϱ1, ϱ1+ℏ(ϱ2, ϱ1)), having a continuous derivative ψ′(w) on (ϱ1, ϱ1+ℏ(ϱ2, ϱ1)) and α ∈ (0, 1). Then,

ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)
≤ Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
≤ ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))

2
≤ ξ(ϱ1) + ξ(ϱ2)

2
.

Proof . By definition of invex set w, z ∈ A, then w + δℏ(z, w) ∈ A, ∀δ ∈ [0, 1].
From Theorem 2.3, we get

ξ

(
w +

1

2
ℏ(z, w)

)
≤ ξ(w) + ξ(z)

2
. (3.1)

Using w = ϱ1 + (1− δ)ℏ(ϱ2, ϱ1) and z = ϱ1 + δℏ(ϱ2, ϱ1) in (3.1), we have

ξ(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1) +
1

2
ℏ(ϱ1 + δℏ(ϱ2, ϱ1), ϱ1 + (1− δ)ℏ(ϱ2, ϱ1)))

≤ ξ(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1)) + ξ(ϱ1 + δℏ(ϱ2, ϱ1))
2

. (3.2)

Applying Condition C in (3.2), we have

ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)
≤ ξ(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1)) + ξ(ϱ1 + δℏ(ϱ2, ϱ1))

2
. (3.3)
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Multiplying (3.3) by δα−1 on both sides and integrating the resultant with respect to δ over [0, 1], we
have

2

α
ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)
≤
∫ 1

0

δα−1ξ(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1))dδ +
∫ 1

0

δα−1ξ(ϱ1 + δℏ(ϱ2, ϱ1))dδ. (3.4)

Next,

Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψ
ψ−1(ϱ1)

+(ξ oψ)ψ
−1(ϱ1 + ℏ(ϱ2, ϱ1)) + Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ

−1(ϱ1)
]

=
α

2ℏα(ϱ2, ϱ1)

[∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α−1(ξ oψ)(µ)ψ′(µ)dµ

+

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ψ(µ)− ϱ1)
α−1(ξ oψ)(µ)ψ′(µ)dµ

]

=
α

2

[∫ 1

0

δα−1ξ(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1))dδ +
∫ 1

0

δα−1ξ(ϱ1 + δℏ(ϱ2, ϱ1))dδ
]
. (3.5)

From (3.4) and (3.5), we have

ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)
≤ Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψ
ψ−1(ϱ1)

+(ξ oψ)ψ
−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
.

Now, we prove the second pair inequality of the theorem.

ξ(ϱ1 + δℏ(ϱ2, ϱ1)) = ξ(ϱ1 + ℏ(ϱ2, ϱ1) + (1− δ)ℏ(ϱ1, ϱ1 + ℏ(ϱ2, ϱ1)))
≤ δξ(ϱ1 + ℏ(ϱ2, ϱ1)) + (1− δ)ξ(ϱ1). (3.6)

Similarly,

ξ(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1)) = ξ(ϱ1 + ℏ(ϱ2, ϱ1) + δℏ(ϱ1, ϱ1 + ℏ(ϱ2, ϱ1)))
≤ (1− δ)ξ(ϱ1 + ℏ(ϱ2, ϱ1)) + δξ(ϱ1). (3.7)

From (3.6) and (3.7), we have

ξ(ϱ1 + δℏ(ϱ2, ϱ1)) + ξ(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1)) ≤ ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1)). (3.8)

Multiplying both sides by δα−1 in (3.8), then integrating with respect to δ over 0 to 1, we have∫ 1

0

δα−1ξ(ϱ1 + δℏ(ϱ2, ϱ1))dδ +
∫ 1

0

δα−1ξ(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1))dδ ≤
ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))

α
. (3.9)

From (3.5) and (3.9), we have

Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)) + Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
≤ ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))

2
≤ ξ(ϱ1) + ξ(ϱ2)

2
.

This completes the proof. □
Now, we present results of ψ-R-L fractional integral identities including the first-order derivative

of a preinvex function.
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Lemma 3.2. Let A ⊆ R be an open invex subset with respect to ℏ : A × A → R and ϱ1, ϱ2 ∈ A
with ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). Suppose that ξ : A → R is a differentiable function. If ξ′ is preinvex
function on A and ξ′ ∈ L[ϱ1, ϱ1+ℏ(ϱ2, ϱ1)], ψ(w) is an increasing and positive monotone function on
(ϱ1, ϱ1+ℏ(ϱ2, ϱ1)), having a continuous derivative ψ′(w) on (ϱ1, ϱ1+ℏ(ϱ2, ϱ1)) and α ∈ (0, 1). Then,

ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))
2

− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
=

1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

[(ψ(µ)− ϱ1)
α − (ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α](ξ′ oψ)(µ)ψ′(µ)dµ

=
ℏ(ϱ2, ϱ1)

2

∫ 1

0

((1− δ)α − δα)ξ′(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1))dδ.

Proof . Let M1 =
Γ(α+1)

2ℏα(ϱ2,ϱ1)I
α:ψ
ψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))
and
M2 =

Γ(α+1)
2ℏα(ϱ2,ϱ1)I

α:ψ
ψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ

−1(ϱ1).

M1 =
α

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α−1(ξ oψ)(µ)ψ′(µ)dµ

= − 1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ξ oψ)(µ)d(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α

= − 1

2ℏα(ϱ2, ϱ1)

[
−ξ(ϱ1)ℏα(ϱ2, ϱ1)−

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α(ξ′ oψ)(µ)ψ′(µ)dµ

]

=
ξ(ϱ1)

2
+

1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α(ξ′ oψ)(µ)ψ′(µ)dµ.

M2 =
α

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ψ(µ)− ϱ1)
α−1(ξ oψ)(µ)ψ′(µ)dµ

=
1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ξ oψ)(µ)d(ψ(µ)− ϱ1)
α

=
1

2ℏα(ϱ2, ϱ1)

[
ξ(ϱ1 + ℏ(ϱ2, ϱ1))ℏα(ϱ2, ϱ1)−

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ψ(µ)− ϱ1)
α(ξ′ oψ)(µ)ψ′(µ)dµ

]

=
ξ(ϱ1 + ℏ(ϱ2, ϱ1))

2
− 1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ψ(µ)− ϱ1)
α(ξ′ oψ)(µ)ψ′(µ)dµ.

It follows that

ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))
2

−M1 −M2

=
1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

[(ψ(µ)− ϱ1)
α − (ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α](ξ′ oψ)(µ)ψ′(µ)dµ. (3.10)
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Next, we prove the second pair equality of the lemma.

Let M3 =
ℏ(ϱ2, ϱ1)

2

∫ 1

0

((1− δ)α − δα)ξ′(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1))dδ

=
ℏ(ϱ2, ϱ1)

2

[∫ 1

0

(1− δ)αξ′(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1))dδ −
∫ 1

0

δαξ′(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1))dδ
]

=
ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))

2
− α

2

[∫ 1

0

δα−1ξ(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1))dδ

+

∫ 1

0

δα−1ξ(ϱ1 + δℏ(ϱ2, ϱ1))dδ
]

=
ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))

2

− α

2ℏα(ϱ2, ϱ1)

[∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α−1(ξ oψ)(µ)ψ′(µ)dµ

+

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ψ(µ)− ϱ1)
α−1(ξ oψ)(µ)ψ′(µ)dµ

]

=
ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))

2
− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
. (3.11)

This completes the proof. □

Remark 3.3. When ℏ(ϱ2, ϱ1) = ϱ2 − ϱ1, then above lemma reduces to Lemma 3.1 of [7].

Lemma 3.4. Let A ⊆ R be an open invex subset with respect to ℏ : A × A → R and ϱ1, ϱ2 ∈ A
with ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). Suppose that ξ : A → R is a differentiable function. If ξ′ is preinvex
function on A and ξ′ ∈ L[ϱ1, ϱ1+ℏ(ϱ2, ϱ1)], ψ(w) is an increasing and positive monotone function on
(ϱ1, ϱ1+ℏ(ϱ2, ϱ1)), having a continuous derivative ψ′(w) on (ϱ1, ϱ1+ℏ(ϱ2, ϱ1)) and α ∈ (0, 1). Then,

Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)) + Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
− ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)
=

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

k(ξ′ oψ)(µ)ψ′(µ)dµ

+
1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

[(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α − (ψ(µ)− ϱ1)
α](ξ′ oψ)(µ)ψ′(µ)dµ,

where

k =

{
1
2
, ψ−1

(
ϱ1 +

1
2
ℏ(ϱ2, ϱ1)

)
≤ µ ≤ ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)),

−1
2
, ψ−1(ϱ1) < µ < ψ−1

(
ϱ1 +

1
2
ℏ(ϱ2, ϱ1)

)
.
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Proof . Let

N1 = −1

2

∫ ψ−1(ϱ1+ 1
2
ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ξ′ oψ)(µ)ψ′(µ)dµ =
1

2
ξ(ϱ1)−

1

2
ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)
, (3.12)

N2 =
1

2

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1+ 1
2
ℏ(ϱ2,ϱ1))

(ξ′ oψ)(µ)ψ′(µ)dµ =
1

2
ξ (ϱ1 + ℏ(ϱ2, ϱ1))−

1

2
ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)
, (3.13)

N3 =
1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α(ξ′ oψ)(µ)ψ′(µ)dµ

= −1

2
ξ(ϱ1) +

α

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α−1(ξ oψ)(µ)ψ′(µ)dµ

= −1

2
ξ(ϱ1) +

Γ(α + 1)

2ℏα(ϱ2, ϱ1)
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)), (3.14)

and

N4 = − 1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ψ(µ)− ϱ1)
α(ξ′ oψ)(µ)ψ′(µ)dµ

= −1

2
ξ(ϱ1 + ℏ(ϱ2, ϱ1)) +

α

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

(ψ(µ)− ϱ1)
α−1(ξ oψ)(µ)ψ′(µ)dµ

= −1

2
ξ(ϱ1 + ℏ(ϱ2, ϱ1)) +

Γ(α + 1)

2ℏα(ϱ2, ϱ1)
Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ

−1(ϱ1). (3.15)

Adding (3.12), (3.13), (3.14) and (3.15), we have

N1 +N2 +N3 +N4 =
Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
− ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)
.

This completes the proof. □

Remark 3.5. When ℏ(ϱ2, ϱ1) = ϱ2 − ϱ1, then above lemma reduces to Lemma 3.2 of [7].

Now, we derive some fractional H-H inequalities using the above results.

Theorem 3.6. Let A ⊆ R be an open invex subset with respect to ℏ : A × A → R and ϱ1, ϱ2 ∈ A
with ϱ1 < ϱ1+ℏ(ϱ2, ϱ1) such that ξ′ ∈ L[ϱ1, ϱ1+ℏ(ϱ2, ϱ1)]. Suppose that ξ : A→ R is a differentiable
function. If |ξ′| is preinvex function on A, ψ(w) is an increasing and positive monotone function on
(ϱ1, ϱ1+ℏ(ϱ2, ϱ1)), having a continuous derivative ψ′(w) on (ϱ1, ϱ1+ℏ(ϱ2, ϱ1)) and α ∈ (0, 1). Then,∣∣∣∣ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))

2
− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]∣∣∣ ≤ ℏ(ϱ2, ϱ1)
2(α + 1)

(
1− 1

2α

)
[|ξ′(ϱ1)|+ |ξ′(ϱ2)|].
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Proof . From Lemma 3.2 and definition of preinvexity, we have∣∣∣∣ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))
2

− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]∣∣∣
=

∣∣∣∣∣ 1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

[(ψ(µ)− ϱ1)
α − (ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α](ξ′ oψ)(µ)ψ′(µ)dµ

∣∣∣∣∣
≤ ℏ(ϱ2, ϱ1)

2

∫ 1

0

|(1− δ)α − δα||ξ′(ϱ1 + (1− δ)ℏ(ϱ2, ϱ1))|dδ

≤ ℏ(ϱ2, ϱ1)
2

∫ 1

0

|(1− δ)α − δα|[δ|ξ′(ϱ1)|+ (1− δ)|ξ′(ϱ2)|]dδ

=
ℏ(ϱ2, ϱ1)

2

[
|ξ′(ϱ1)|

(∫ 1/2

0

δ(1− δ)αdδ −
∫ 1/2

0

δα+1dδ +

∫ 1

1/2

δα+1dδ −
∫ 1

1/2

δ(1− δ)αdδ

)

+ |ξ′(ϱ2)|

(∫ 1/2

0

(1− δ)α+1dδ −
∫ 1/2

0

(1− δ)δαdδ +

∫ 1

1/2

(1− δ)δαdδ −
∫ 1

1/2

(1− δ)α+1dδ

)]

=
ℏ(ϱ2, ϱ1)
2(α + 1)

(
1− 1

2α

)
[|ξ′(ϱ1)|+ |ξ′(ϱ2)|].

This completes the proof. □

Remark 3.7. When ℏ(ϱ2, ϱ1) = ϱ2 − ϱ1, then above theorem reduces to Theorem 3.4 of [7].

Example 3.8. Let ϱ1 = 0, ϱ2 = 2, ξ(w) = w,ψ(w) = w and ℏ(ϱ2, ϱ1) = ϱ2−2ϱ1
2

. Then all the
assumptions of above theorem are satisfied. Clearly,

ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))
2

=
ξ(ϱ1) + ξ(ϱ1 +

ϱ2−2ϱ1
2

)

2
=

1

2
, (3.16)

and

Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)) + Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
=
α

2

[∫ 1

0

(1− µ)α−1µdµ+

∫ 1

0

µα−1µdµ

]
=
α

2

[
ΓαΓ2

Γ(α + 2)
+

1

α + 1

]
=

1

2
. (3.17)

From (3.16) and (3.17), we get∣∣∣∣ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))
2

− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]∣∣∣ = 0

Next,

ℏ(ϱ2, ϱ1)
2(α + 1)

(
1− 1

2α

)
[|ξ′(ϱ1)|+ |ξ′(ϱ2)|] =

ϱ2 − 2ϱ1
2(α + 1)

(
1− 1

2α

)
=

1

(α + 1)

(
1− 1

2α

)
> 0.
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Theorem 3.9. Let A ⊆ R be an open invex subset with respect to ℏ : A × A → R and ϱ1, ϱ2 ∈ A
with ϱ1 < ϱ1+ℏ(ϱ2, ϱ1) such that ξ′ ∈ L[ϱ1, ϱ1+ℏ(ϱ2, ϱ1)]. Suppose that ξ : A→ R is a differentiable
function. If |ξ′| is preinvex function on A, ψ(w) is an increasing and positive monotone function on
(ϱ1, ϱ1+ℏ(ϱ2, ϱ1)), having a continuous derivative ψ′(w) on (ϱ1, ϱ1+ℏ(ϱ2, ϱ1)) and α ∈ (0, 1). Then,∣∣∣∣ Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)) + Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
− ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)∣∣∣∣ ≤ |ξ(ϱ2)− ξ(ϱ1)|
2

+
ℏ(ϱ2, ϱ1)
2(α + 1)

(
1− 1

2α

)
[|ξ′(ϱ1)|+ |ξ′(ϱ2)|].

Proof . Using Lemma 3.4, we have∣∣∣∣ Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)) + Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
− ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)∣∣∣∣ ≤
∣∣∣∣∣
∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

k(ξ′ oψ)(µ)ψ′(µ)dµ

∣∣∣∣∣
+

∣∣∣∣∣ 1

2ℏα(ϱ2, ϱ1)

∫ ψ−1(ϱ1+ℏ(ϱ2,ϱ1))

ψ−1(ϱ1)

[(ϱ1 + ℏ(ϱ2, ϱ1)− ψ(µ))α − (ψ(µ)− ϱ1)
α](ξ′ oψ)(µ)ψ′(µ)dµ

∣∣∣∣∣ .
Using previous theorem and definition of preinvexity, we have∣∣∣∣ Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)) + Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
− ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)∣∣∣∣ ≤ |ξ(ϱ2)− ξ(ϱ1)|
2

+
ℏ(ϱ2, ϱ1)
2(α + 1)

(
1− 1

2α

)
[|ξ′(ϱ1)|+ |ξ′(ϱ2)|].

This completes the proof. □

Remark 3.10. When ℏ(ϱ2, ϱ1) = ϱ2 − ϱ1, then above theorem reduces to Theorem 3.5 of [7].

Example 3.11. Let ϱ1 = 0, ϱ2 = 1, ξ(w) = w/2, ψ(w) = w and ℏ(ϱ2, ϱ1) = ϱ2 − 3ϱ1. Then all the
assumptions of above theorem are satisfied. Clearly,

Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)) + Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
=
α

4

[∫ 1

0

(1− µ)α−1µdµ+

∫ 1

0

µα−1µdµ

]
=
α

4

[
ΓαΓ2

Γ(α + 2)
+

1

α + 1

]
=

1

4
, (3.18)

and

ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)
= ξ

(
ϱ1 +

1

2
(ϱ2 − 3ϱ1)

)
=

1

4
. (3.19)

From (3.18) and (3.19), we get∣∣∣∣ Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1)) + Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]
− ξ

(
ϱ1 +

1

2
ℏ(ϱ2, ϱ1)

)∣∣∣∣ = 0. (3.20)

Next,

|ξ(ϱ2)− ξ(ϱ1)|
2

+
ℏ(ϱ2, ϱ1)
2(α + 1)

(
1− 1

2α

)
[|ξ′(ϱ1)|+ |ξ′(ϱ2)|] =

1

4
+

1

2(α + 1)

(
1− 1

2α

)
> 0.
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Theorem 3.12. Let A ⊆ R be an open invex subset with respect to ℏ : A × A → R and ϱ1, ϱ2 ∈ A
with ϱ1 < ϱ1+ℏ(ϱ2, ϱ1) such that ξ′ ∈ L[ϱ1, ϱ1+ℏ(ϱ2, ϱ1)]. Suppose that ξ : A→ R is a differentiable
function. If |ξ′|q is preinvex function on A for some fixed q > 1, ψ(w) is an increasing and positive
monotone function on (ϱ1, ϱ1+ℏ(ϱ2, ϱ1)), having a continuous derivative ψ′(w) on (ϱ1, ϱ1+ℏ(ϱ2, ϱ1))
and α ∈ (0, 1). Then,∣∣∣∣ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))

2
− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]∣∣∣ ≤ ℏ(ϱ2, ϱ1)
2(αp+ 1)

1
p

(
|ξ′(ϱ1)|q + |ξ′(ϱ2)|q

2

) 1
q

,

where 1
p
+ 1

q
= 1.

Proof . From Lemma 3.2, we have∣∣∣∣ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))
2

− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]∣∣∣
≤ ℏ(ϱ2, ϱ1)

2

∫ 1

0

|δα − (1− δ)α||ξ′(ϱ1 + δℏ(ϱ2, ϱ1))|dδ.

Using Hölder’s inequality and definition of preinvexity, we have∣∣∣∣ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))
2

− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]∣∣∣
≤ ℏ(ϱ2, ϱ1)

2

(∫ 1

0

|δα − (1− δ)α|pdδ
) 1

p
(∫ 1

0

|ξ′(ϱ1 + δℏ(ϱ2, ϱ1))|qdδ
) 1

q

≤ ℏ(ϱ2, ϱ1)
2

(∫ 1

0

|1− 2δ|αpdδ
) 1

p
(∫ 1

0

((1− δ)|ξ′(ϱ1)|q + δ|ξ′(ϱ2)|q)
) 1

q

=
ℏ(ϱ2, ϱ1)

2(αp+ 1)
1
p

(
|ξ′(ϱ1)|q + |ξ′(ϱ2)|q

2

) 1
q

.

This completes the proof. □

Theorem 3.13. Let A ⊆ R be an open invex subset with respect to ℏ : A × A → R and ϱ1, ϱ2 ∈ A
with ϱ1 < ϱ1+ℏ(ϱ2, ϱ1) such that ξ′ ∈ L[ϱ1, ϱ1+ℏ(ϱ2, ϱ1)]. Suppose that ξ : A→ R is a differentiable
function. If |ξ′|q is preinvex function on A for some fixed q > 1, ψ(w) is an increasing and positive
monotone function on (ϱ1, ϱ1+ℏ(ϱ2, ϱ1)), having a continuous derivative ψ′(w) on (ϱ1, ϱ1+ℏ(ϱ2, ϱ1))
and α ∈ (0, 1). Then,∣∣∣∣ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))

2
− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]∣∣∣ ≤ ℏ(ϱ2, ϱ1)
(α + 1)

(
1− 1

2α

)[
|ξ′(ϱ1)|q + |ξ′(ϱ2)|q

2

] 1
q

,
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where 1
p
+ 1

q
= 1.

Proof . Using Lemma 3.2, Hölder’s inequality and definition of preinvexity, we have∣∣∣∣ξ(ϱ1) + ξ(ϱ1 + ℏ(ϱ2, ϱ1))
2

− Γ(α + 1)

2ℏα(ϱ2, ϱ1)

[
Iα:ψψ−1(ϱ1)+

(ξ oψ)ψ−1(ϱ1 + ℏ(ϱ2, ϱ1))

+ Iα:ψψ−1(ϱ1+ℏ(ϱ2,ϱ1))−(ξ oψ)ψ
−1(ϱ1)

]∣∣∣ ≤ ℏ(ϱ2, ϱ1)
2

(∫ 1

0

|δα − (1− δ)α|dδ
) 1

p

×
(∫ 1

0

|δα − (1− δ)α||ξ′(ϱ1 + δℏ(ϱ2, ϱ1))|qdδ
) 1

q

=
ℏ(ϱ2, ϱ1)

2

(∫ 1/2

0

((1− δ)α − δα)dδ +

∫ 1

1/2

(δα − (1− δ)α)dδ

) 1
p

×

(∫ 1/2

0

((1− δ)α − δα)((1− δ)|ξ′(ϱ1)|q + δ|ξ′(ϱ2)|q)dδ

+

∫ 1

1/2

(δα − (1− δ)α)((1− δ)|ξ′(ϱ1)|q + δ|ξ′(ϱ2)|q)dδ
) 1

q

=
ℏ(ϱ2, ϱ1)
(α + 1)

(
1− 1

2α

)[
|ξ′(ϱ1)|q + |ξ′(ϱ2)|q

2

] 1
q

.

□

3.1. Application to special means:

We recall the following means for two real numbers β, γ, β ̸= γ:

A(β, γ) =
β + γ

2
, β, γ ∈ R,

H(β, γ) =
2

1
β
+ 1

γ

, β, γ ∈ R\{0},

L(β, γ) =
γ − β

ln|γ| − ln|β|
, |β| ≠ |γ|, βγ ̸= 0,

Ln(β, γ) =

[
γn+1 − βn+1

(n+ 1)(γ − β)

] 1
n

, n ∈ Z\{−1, 0}, β, γ ∈ R, β ̸= γ.

Now, using the above results in previous theorems, we have some exciting results.

Proposition 3.14. Let ϱ1, ϱ1 + ℏ(ϱ2, ϱ1) ∈ R+, ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). Then

|A(ϱn1 , (ϱ1 + ℏ(ϱ2, ϱ1))n)− Lnn(ϱ1, ϱ1 + ℏ(ϱ2, ϱ1))| ≤
nℏ(ϱ2, ϱ1)
2(p+ 1)

1
p

(
ϱ
(n−1)q
1 + ϱ

(n−1)q
2

2

) 1
q

.

Proof . Applying Theorem 3.12 with ξ(w) = wn, ψ(w) = w, α = 1. Then we compute the result
easily. □
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Proposition 3.15. Let ϱ1, ϱ1 + ℏ(ϱ2, ϱ1) ∈ R+, ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). Then

|A(eϱ1 , eϱ1+ℏ(ϱ2,ϱ1))− L(eϱ1 , eϱ1+ℏ(ϱ2,ϱ1))| ≤ ℏ(ϱ2, ϱ1)
2(p+ 1)

1
p

(
eϱ1q + eϱ2q

2

) 1
q

.

Proof . Applying Theorem 3.12 with ξ(w) = ew, ψ(w) = w, α = 1. Then we compute the result
easily. □

Proposition 3.16. Let ϱ1, ϱ1 + ℏ(ϱ2, ϱ1) ∈ R+, ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). Then

∣∣H−1(ϱ1, ϱ1 + ℏ(ϱ2, ϱ1))− L−1(ϱ1, ϱ1 + ℏ(ϱ2, ϱ1))
∣∣ ≤ ℏ(ϱ2, ϱ1)

2(p+ 1)
1
p

[
1

2

(
1

ϱ2q1
+

1

ϱ2q2

)] 1
q

.

Proof . Applying Theorem 3.12 with ξ(w) = 1
w
, ψ(w) = w, α = 1. Then we compute the result

easily. □

Proposition 3.17. Let ϱ1, ϱ1 + ℏ(ϱ2, ϱ1) ∈ R+, ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). Then

|A(ϱn1 , (ϱ1 + ℏ(ϱ2, ϱ1))n)− Lnn(ϱ1, ϱ1 + ℏ(ϱ2, ϱ1))| ≤
nℏ(ϱ2, ϱ1)

4

(
ϱ
(n−1)q
1 + ϱ

(n−1)q
2

2

) 1
q

.

Proof . Applying Theorem 3.13 with ξ(w) = wn, ψ(w) = w, α = 1. Then we compute the result
easily. □

Proposition 3.18. Let ϱ1, ϱ1 + ℏ(ϱ2, ϱ1) ∈ R+, ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). Then

|A(eϱ1 , eϱ1+ℏ(ϱ2,ϱ1))− L(eϱ1 , eϱ1+ℏ(ϱ2,ϱ1))| ≤ ℏ(ϱ2, ϱ1)
4

(
eϱ1q + eϱ2q

2

) 1
q

.

Proof . Applying Theorem 3.13 with ξ(w) = ew, ψ(w) = w, α = 1. Then we compute the result
easily. □

Proposition 3.19. Let ϱ1, ϱ1 + ℏ(ϱ2, ϱ1) ∈ R+, ϱ1 < ϱ1 + ℏ(ϱ2, ϱ1). Then

∣∣H−1(ϱ1, ϱ1 + ℏ(ϱ2, ϱ1))− L−1(ϱ1, ϱ1 + ℏ(ϱ2, ϱ1))
∣∣ ≤ ℏ(ϱ2, ϱ1)

4

[
1

2

(
1

ϱ2q1
+

1

ϱ2q2

)] 1
q

.

Proof . Applying Theorem 3.13 with ξ(w) = 1
w
, ψ(w) = w, α = 1. Then we compute the result

easily. □

4. Conclusion

We established a new form of Hermite-Hadamard inequality having left and right-sided ψ-
Riemann-Liouville fractional integrals for preinvex functions and results of ψ-Riemann-Liouville frac-
tional integral identities including the first-order derivative of a preinvex function and derived some
fractional Hermite-Hadamard inequalities. Some applications for special means are also discussed.
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