% [N
WA
N
Hermite-Hadamard type inequality for
1-Riemann-Liouville fractional integrals via preinvex
functions

Nidhi Sharma?, Shashi Kant Mishra®, Abdelouahed Hamdi®*

aDepartment of Mathematics, Institute of Science, Banaras Hindu University, Varanasi-221005, India

bDepartment of Mathematics, Statistics and Physics College of Arts and Sciences, Qatar University, P. O. Box 2713,
Doha, Qatar

(Communicated by Madjid Eshaghi Gordji)

Abstract

The main aim of the present paper is to establish a new form of Hermite-Hadamard inequalities using
left and right-sided -Riemann-Liouville fractional integrals for preinvex functions and present two
basic results of ¥-Riemann-Liouville fractional integral identities including the first-order derivative
of a preinvex function. We derive some fractional Hermite-Hadamard inequalities with the help of
these results. Further, we pointed out some applications for special means.

Keywords: Invex sets, preinvex functions, Hermite-Hadamard inequalities, 1-Riemann-Liouville
fractional integrals, Holder’s inequality.
2010 MSC: 26A51, 26A48, 26D99.

1. Introduction

Hanson [4] introduced one of the most important generalizations of convex functions is the class
of invex functions. Ben Israel and Mond [2] gave a simple characterization of invexity for both
constrained and unconstrained problems, and showed that invexity can be substituted for convexity
in the saddle point problem and in the Slater constraint qualification. It is well known that ¢
is invex if and only if every stationary point is a global minimum [3]. Pini [I4] established the
relationship between invexity and generalized convexity and showed that £(w) = w? is quasi-convex
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but not invex, since w = 0 is a stationary point but not a minimum point and also given an example
&(w, z) = —w?4+wz—e* which is invex but not quasi-convex because it fails to satisfy the second-order
necessary and sufficient condition for quasi-convexity.

Noor proved some Hermite-Hadamard (H-H) type inequalities for preinvex [13], log-preinvex [12]
and the product of two preinvex functions [I1]. Further, Iscan [5] obtained some H-H type inequalities
using fractional integrals for preinvex functions. For more generalizations of the H-H inequality, see
[T, 8, [T, [12], 13 [15].

Recently, Wang et al. [15] investigated fractional integral identities for a differentiable mapping
involving Riemann-Liouville (R-L) fractional integrals and Hadamard fractional integrals and given
some inequalities via standard convex, r-convex, s-convex, m-convex, (s,m)-convex, (f,m)-convex
functions, etc. Further, the H-H type inequality for fractional integrals obtained by Liu et al. [7].

The organization of the paper is as follows: In Section 2, we recall some basic results which are
necessary for our main results. In Section 3, we prove a new form of H-H inequalities using left
and right-sided ¥-R-L fractional integrals for preinvexity. We present two essential results of ¥-R-L
fractional integral identities using the first-order derivative of a preinvex function. These results
will be used to obtain some fractional H-H inequalities and give some examples which satisfy the
theorems. Further, we discuss some applications for special means with the help of these results.

2. Preliminaries

In this section, we recall some basic definitions and results required for this manuscript.
Hermite established the most popular inequalities known as H-H integral inequality.

01+ 02 1 e £(01) +&(02)

where ¢ : [01,02] C R — R is a convex function [9].

Definition 2.1. [16] The set A C R" is said to be invex with respect to vector function h : R"xR™ —
R™, if
z+0h(w,z) € A, Yw,z€ A, §e€][0,1].

It is well known that every convex set is preinvex with respect to i(w, z) = w — z, but not conversely.
Definition 2.2. [16] The function & on the invex set A is said to be preinvex with respect to h, if
E(z+ 0h(w, 2)) < (1 —0)E(2) + 0&(w), Yw,z€ A, 6 €]0,1].

It is well known that every convex function is a preinvex with respect to A(w, z) = w — z, but not
conversely.

CONDITION C [10] Let A C R™ be an open invex subset with respect to i : A x A — R. The
function A satisfies the condition C if for any w, z € A and any § € [0, 1],

hz,z 4+ 6h(w, 2)) = —6h(w, 2),

hw, z 4+ dh(w, z)) = (1 — §)h(w, z).
Note that Vw, z € A and 6 € [0, 1], then from Condition C, we have

h(z 4 0oh(w, 2), 2z + 61h(w, 2)) = (03 — §1)A(w, 2).
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Theorem 2.3. [12] Let € : A = |01, 01 + h(02,01)] = (0,00) be a preinvex function on the interval
of real numbers int(A) and o1, 02 € int(A) with 01 < 01 + h(02,01). Then,

201 + h(02, 01) 1 e +h(eze) §(o1) +&(02)
() s [ dwans SRR 2

Definition 2.4. [0] Let (01, 02) (—00 < 01 < 2 < 00) be an interval of the real line R and o > 0.
Also let (w) be an increasing and positive monotone function on (o1, 02|, having a continuous
derivative ' (w) on (01, 02). The left and right-sided -R-L fractional integrals of a function £ with
respect to an other function 1 on |0, QQ] are defined by

I / () (b () — ()* € (),

1w / () (1) — ()2 ()dy

respectively.

3. Main results
In this section, first, we prove H-H inequalities for ¢)-R-L fractional integrals via preinvexity.

Theorem 3.1. Let A C R be an open invex subset with respect to h: Ax A — R and 01, 0o € A with

01 < 01+ 02, 01). If § : [o1, 01 + N(02, 01)] — (0,00) is a preinvex function, & € Lo, 01 + (02, 01)]
and h satisfies Condition C. Also suppose ¥ (w) is an increasing and positive monotone function on

(01, 01 + h(02, 01)), having a continuous derivative ¥'(w) on (o1, 01 + (02, 01)) and o € (0,1). Then,
1 F(Oé + ].) aw 1
—h < — h
(o gten o)) < gL 1 0w o + Al o)
C“l’
+ ] Ho1+h(e2,01)) (Eov)y™ ( >]

< £(01) +&(o1 + M(02, 01)) < £(01) +£(02)

- 2 - 2 .
Proof . By definition of invex set w, z € A, then w + 0h(z,w) € A, Vo € [0,1].
From Theorem 2.3 we get

¢ (w + %h(z,w)) < w (3.1)

Using w = 01 + (1 — 0)A(02, 01) and 2 = g1 + 6702, 1) in (3.1), we have

o+ (1= 0)h(os, 00) + ghlor + h(os, ), o1 + (1 — 6)h(on, 01))
< §(o1 + (1 = d)h(o2, 91;) + &(01 + 6h(02, 91))' (3.2)
Applying Condition C in , we have
¢ (Q1 n %h(gz, Q1)> < §(o1 + (1 —6)h(o2, 012)) + &(01 + 0R( 02, Ql)). (3.3)
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Multiplying (3.3)) by 6! on both sides and integrating the resultant with respect to § over [0, 1], we
have
1

2¢ (o phlenen) < [ o tetort (1= tlenaab + [ 56+ Shloa ). (30

Next,

22&0(4_@1 2) [ Dot o) o1 + 102, 00)) + I s higmony- (EOVIT (o )]
a P~ (e1+h(02,01))
= 2h%(02, 01) Ml( ) (o1 + P02, 01) — () (€ o) (p)o' (1) dp
Y(o1+h(e2,01))
+ (i) - gl)al(éow)(u)w’(u)du]
»~1(01)
= % [/0 001 + (1 = 8)h(02, 01))dd +/0 0 €01 + h(02, gl))dd] : (3.5)

From (3.4) and (3.5)), we have

1 [(a+1) o 1
(ot gten o)) < s L1 (0w o + Al o)

+f“w<gl+59291 (Eow)v )]

Now, we prove the second pair inequality of the theorem.

£(01 + 0h(02, 01)) = &(01 + P02, 01) + (1 — 0)h(01, 01 + P02, 01)))
< 0&(01 + M2, 01)) + (1 = 6)&(01)- (3.6)

Similarly,

£(01 + (1 —=0)h(02, 01)) = E(01 + (02, 01) + 0h(01, 01 + h(02, 01)))
(1 =6)&(o1 + h(o2,01)) + 0&(01)- (3.7)

IN

From (3.6) and (3.7), we have
§(o1 + 0R(02, 1)) + &(01 + (1 = 0)h(02, 01)) < (1) + €01 + (02, 1)) (3.8)
Multiplying both sides by §%~! in (3.8)), then integrating with respect to § over 0 to 1, we have

£(01) +&(01 + (02, 01))

1 1
/ 6 ¢(01 + R (09, 01))dS +/ 8701 + (1 = 6)h(02, 01))dd < - . (3.9)
0 0
From and , we have
['(a+1)

2he (02 91)[ oy €0V (01 + P02, 00)) + Iy 1 00y (0T (o )]

< £(o1) +&(o1 + M09, 01)) < £(o1) +&(02)
- 2 - 2 '
This completes the proof. [J

Now, we present results of ¢-R-L fractional integral identities including the first-order derivative
of a preinvex function.
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Lemma 3.2. Let A C R be an open invex subset with respect to h : A x A — R and 91,0, € A
with 01 < 01 + k02, 01). Suppose that £ : A — R is a differentiable function. If & is preinvex
function on A and £ € L|p1, 01+ 102, 01)], ¥(w) is an increasing and positive monotone function on
(01,01 + h(02, 01)), having a continuous derivative ¥'(w) on (o1, 01 + h(02, 01)) and a € (0,1). Then,

{(o1) +&(01 + o2, 01))  Tla+1)
2 2h (02, 01
+ 15

Y= 1(01+h(02,01))~ (€O¢)¢ ( )]

[ €0v)0 ™ (01 + Rlez, 01)

1 ¥~ (e1+h(e2,01)) . s 0
s ) (5(0) = 02)° = o1+ s, o0) = ¥())1(E 0 ) (1) ()

~1(01)
_ @ /01((1 —0)* = 0%)¢ (01 + (1 — 0)R(02, 01))dd.

Pré)of cLet My = @10 (o) (o1 + Mo, 1))
an

_ T(a+1) jatp
M2 o 250‘(92,@1)[111 1(01+n(02,01)) (50w>¢ ( )

«

e Y~ (o1+h(02,01)) , ol o
e ) (en-+ s, 02) = ()" (€0 0) () (1)

~1(o1)
1 ~L(o1+n(02,01))

p
_ _m/w ( (o) (p)d(o1 + h(02, 01) — P (1))*

~1(e1)
1 Y~ (o1+n(02,01))

P [—g(gl)ho‘(@, o= [ (o1 + Bz, 1) — B (€ 0 0) (1) (w)dp

~1(o1)
£(01) n 1 /¢1(01+ﬁ(92,g1))
2 2ha(@27 Ql) (

(01 + (2, 01) — P())* (€ 0 ) ()¢’ (1) dp.

P~1(e1)

Iy a ¥~ (e1+h(02,01)) ol 0
= o) ) (W) — 00" (€0 0) () ()

~1(e1)

1 =1 (o1+N(02,01))
- e / ( (€0 (w)d(e(n) — 01)°

¥=1(e1)
1 ¥~ (o1 +h(ez,01))
= Sz (0 e e o) = [ ) — o€ 0w ()
h P~ (e1+h(e2,01))
R rrwnd I ORISR IR

It follows that

§(01) +&(01 + 102, 01))
2

1 Ho1+n(02,01))
o 00 = 2" = o+ ) = D)€ o)) . (310

— M, — M,



3338 Sharma, Mishra, Hamdi

Next, we prove the second pair equality of the lemma.

Let MFM / (1= 6)* — 8¢ (o1 + (1 — 6oz, 01))ds

_ —h<922’ = [/01(1 — )¢ (o1 + (1 = 0)h(0z, 01))d6 — /0 6 (o1 + (1 = 8)A(es, 01))dd

_ &(o) +E&(o1 +he2.01) @ {

: 3| [ 5t + (1= Dl )as

0

+/0 5 (o +5h(@2:@1))d5]
_ £(01) +&(01 + R(02, 01))

2
Qa L(o1+1(02,01)) - /
T 2 (o0 1) [/w(gl) (01 + h(o2; 01) — ¥ (1) (§ o) ()Y (1) dp
Y (014+h(02,01))
+ / () — 1) (€ ow)(u)w’(u)du]
¥~1(01)
_&o) +&(o1 +h(02,01))  Tl(a+1)
- 3 ~ S as ] Lo (€000 (01 4 Plo2,00)
+ I 1(914—77 (02,01)) <§O¢)¢ ( >i| : (311)

This completes the proof. [J
Remark 3.3. When h(02,01) = 02 — 01, then above lemma reduces to Lemma 3.1 of [7].

Lemma 3.4. Let A C R be an open invexr subset with respect to h : A x A — R and 01,0, € A
with 01 < 01 + kg2, 01). Suppose that £ : A — R is a differentiable function. If & is preinvex
function on A and £ € L|p1, 01+ 102, 01)], ¥(w) is an increasing and positive monotone function on
(01, 01+ h(02, 01)), having a continuous derivative Y'(w) on (o1, 01 + h(02,01)) and o € (0,1). Then,

Dla+1) [ja o .
%[ ey (€00 o1+ Rlo2, 00)) + I}y, gy 00y (€0 V)V (e1)

- (91 + %h(gz, 91))

v~ (01+nh(02,01))
- /w ( K€ o) () (1)

~1(o1)

1 Y~ (e1+0(02,01)) ) o /
i m/ ( [(01 + (02, 01) — ()™ — (¥(1) — 01)*](§" 09) ()" (1)dps,

¥~1(e1)

where
b — %’ @b*l (Ql —+ %h(@g, Ql)) S 1% S @Z}il(Ql + h(@?) Ql))a
1 o) < p <y (o1 + Lh(o, 01)) -



Hermite-Hadamard type inequality via preinvex functions 3339

Proof . Let

¢~ (e1+3h(02.01))
N = —% /w(gl) (& o) (W' (u)dp = %5(91) - %é (91 + %h(QQ, gl)) : (3.12)

P~ (o1+Nh(02,01)) 1 1 1
/w : (& o) () (w)dp = 3¢ (01 + h(02,01)) — 5¢ <91 + §h(92’ 91)) , (3.13)

“1(e1+5h(02,01))

N | —

1 ¥~ o1 +h(02,01))
Mo= s / ( (01 + Floz, 01) = ¥ (1)) (€ o) (W)Y (n)dn

Y~1(e1)
1 o Y o1 +N(02,01)) " ol d
500+ g [ e hlan ) = 0 0w )
1 Fla+1) _
=—5¢(e) + mw(m)+<fo¢>¢ "(o1+ h(02, 01)), (3.14)
and
N 1 Y(o1+h(02,01))
e Lo, e (€ oy s
B 1 . a 1 (o1+N1(02,01)) - y
= 58+ )+ e [ ) — 0 0w )
1 MNa+1) .
= 5801+ bl )+ G I - (€000 20 (3.15)

Adding (3.12)), (3.13), (3.14) and (3.15)), we have

F(a—l— 1) oz -1
T [ w (§o¢)¢ (01 + h(02,01))

+ [a¢(g1+h(92 o) (&0 Yo )] - (Ql + %h(QQ,Ql)) .

N1+ Ny + N3+ Ny =

This completes the proof. [
Remark 3.5. When h(02,01) = 02 — 01, then above lemma reduces to Lemma 3.2 of [7].
Now, we derive some fractional H-H inequalities using the above results.

Theorem 3.6. Let A C R be an open invex subset with respect to h : A X A — R and 01,0, € A
with 01 < 01+ h(02, 01) such that & € L{o1, 01 + (02, 01)]. Suppose that € : A — R is a differentiable
function. If |£'| is preinvez function on A, P(w) is an increasing and positive monotone function on
(01,01 + (02, 01)), having a continuous derivative ' (w) on (01, 01 + h(02, 01)) and a € (0,1). Then,

{(o1) +&(01 + h(02,01))  Tla+1)
2 2h* (02, 01

o shanany (0T n]]s%(l—;) 1€/ (00) + €' ()]

) [ mp (501/))¢ (Q1+h(02791))

+Ia
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Proof . From Lemma and definition of preinvexity, we have

‘5(@1) . 5(91; Hene)) 21;154?9; Z) [ s+ 0V (o1 + hlez, 1))

T Ia (o1 +h(02,01)) (foz/})w”(@l)} ‘

1 ¥~ (o1 +h(e2,01)) . o /
= m/wm [(() = 01)* = (01 + Bl02, 01) — (1)U (€ 01p) (1) () dpa

< h(@227 01) /0 (1= 6)" = 6%]1€' (01 + (1 = 0) (02, 01))|dS

< h(mg’ = /0 (1= 6)* = 8°|[61€' (1) + (1 = 6)I¢'(02) ) dd

/ /
h(QQan) [|€( )| (/01 25(1—5)ad5—/01 25a+1d5+/1/1250‘+1d5—/1/125(1—5)ad5>

1/2 1/2 1 1
! —0)tds — — 0)0%dd — 0)d6%dd — —5)*tds
+|§<92>|(/0 (1 8)*1ds / (1-4) +/1/2<1 ) [ a-9) )]

_ No2, 01) 1 ! !
- Mooy (1 - 2—) 1€/ + I 2]

This completes the proof. [
Remark 3.7. When h(0s, 01) = 02 — 01, then above theorem reduces to Theorem 3.4 of [7].

Example 3.8. Let o1 = 0,00 = 2,{(w) = w,Y(w) = w and h(o2,01) = QQEA. Then all the
assumptions of above theorem are satisfied. Clearly,

€(01) +E(o1 + Tlos, 01)) (o) +E(or +2572) 1

and
Fa+1) azﬁ B
(o on) L ¥ [ 1 (€0 o1 + M2, 01)) + Iy ihamary- (EOVIE (01)
o« ! o1 Lo _a| Tal?2 1 1
_5{/0(1—#) udu+/ou Mdﬂ]_§{F(a+2)+a+J—§‘ (3.17)

From (m and (-) we get

’5 o) +&(o1 + o2 0))  Tla+1)
2 2h( 02, 01)

+]a Y(o1+h(02,01))™ (Eoy)y™ ( )] =0

[ I3 e (Eo) (o1 + (02, 01))

Next,

(2, 01) 1 02 — 201 1
S (1= L) el + el = 2728 (1= 1)
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Theorem 3.9. Let A C R be an open invex subset with respect to h : A X A — R and 01,0, € A
with 01 < 01+ h(02, 01) such that & € L{o1, 01 + 102, 01)]. Suppose that £ : A — R is a differentiable
function. If |£'] is preinvez function on A, {(w) is an increasing and positive monotone function on
(01, 01+ h(02, 01)), having a continuous derivative ¥'(w) on (o1, 01 + h(02, 01)) and a € (0,1). Then,

MNMa+1 o
)—271‘(%@2,@2)[ oy (€0 (01 + Rlo2, 01)) + I3 igm,n- (E0)U T o )]

~ ¢ (ot ghlenon) )| < ST HeB (4 Y e+ e

2 2(a+1)

Proof . Using Lemma |3.4] we have

Ma+1) o - N .
‘27101(@27 Ql) [ 711 (50@1/) 1(@1 + h(QQa Ql)) + ]w w(gl—l-h (02,01)) (§O¢)@/} 1(91)}

<

S (91 + %h(QQ, Ql))

= (o1+N(02,01))
/w ( K€ 0 ) () (u)dp

—1(o1)

1 Y~ (o1 +h(02,01)) X o /
12 (02, 01) /wl(m) [(01 + (02, 01) — P (1))* — () — 01)*1( 0 ¥) ()¢’ (1) dps| -

Using previous theorem and definition of preinvexity, we have

[a+1) o . .
5ﬁ%§;§5[ N o E0V o1+ 102, 00) + 150 ) imony-(E0 )0 (0 ﬂ

O m)' < e 2eloll, Hened (4 D) el + ¢ el

This completes the proof. [1

Remark 3.10. When h(0s, 01) = 02 — 01, then above theorem reduces to Theorem 3.5 of [7].
Example 3.11. Let g = 0,00 = 1,&(w) = w/2,¥(w) = w and h(g2, 01) = 02 — 301. Then all the
assumptions of above theorem are satisfied. Clearly,

F<O‘“>)[W (€0 o1+ hloz, 00)) + I35 s gugn)- (V) (1)

2h(02, 01
o) ! o L _a| Tal?2 1 1
=7 [/ (=) 1’“1“*/0 Z W“} =7 [r<a+2> + Q+J =7 (3.18)
and
3 (01 + %h(gm Ql)) =¢ (Q1 + %(@2 - 3@1)) = 411 (3.19)
From and , we get
r 1
ooty [18% y (€00D07 o1 Al 1)) + 13 gy - (€000 (01
S (Ql + %ﬁ(@, Ql)) ‘ =0. (3.20)

Next,

e 8ol Memod (1 DY o0l + el = § + gy (1) =0
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Theorem 3.12. Let A C R be an open invex subset with respect to h: A X A — R and p1,00 € A
with 01 < 01+ h(02, 01) such that & € L{o1, 01 + 102, 01)]. Suppose that £ : A — R is a differentiable
function. If |'|7 is preinvex function on A for some fized ¢ > 1, ¥(w) is an increasing and positive
monotone function on (o1, 01+ h(02, 01)), having a continuous derivative ¥'(w) on (o1, 01 + (02, 01))
and o € (0,1). Then,

(1) +&(o1 + o2, 01))  Tla+1) [
2 2h (92,91)

- hoa, 01) (1€ (0)]7 + |€(02)|7\ 7
I oy €OV 1)”%(0@“);( Lty

(5 o) (01 + h(02, 01))

1,1 _
where s+, = 1.
Proof . From Lemma |3.2, we have

‘5(@1) +&(o1 + P02, 01))  T(a+1)
2 2h(02, 01)

1 sty (€00 (e0)]|

< M / [0 = (1= 8)*1€ (o1 + 6h(02, 01))|d5.
0

5 gy (€00 (01 + g2, 04)

Using Holder’s inequality and definition of preinvexity, we have

‘E(@l) +&(01 + o2, 01))  Tla+1)
2 2h2(02, 01)

I ey (00N ()]

Q%Ql (/ o= |pd5)1 (/Ollé'(gl +5h(92,91))|qd5>;
: WTQ (- 25|‘“°d6)’17 ([ w-oer a\m)m)é

h(02, 01) (rs'<@1>rq+rs'<@2>rq>3

2(ap + 1)% 2

5 gy (€00 (o1 + B2, 1)

This completes the proof. [1

Theorem 3.13. Let A C R be an open invex subset with respect to h: A X A — R and p1,00 € A
with 01 < 01+ h(02, 01) such that £ € L{o1, 01 + (02, 01)]. Suppose that € : A — R is a differentiable
function. If |'|7 is preinvez function on A for some fized ¢ > 1, ¥ (w) is an increasing and positive
monotone function on (o1, 01 + (02, 01)), having a continuous derivative ' (w) on (o1, 01 + (02, 01))
and o € (0,1). Then,

{(o1) +&(01 + (o2, 01))  Tla+1) 1o .
2 " 2h%(02, 01) [%—%Mfoww (01 + h(02, 01))

1 ! q / a3
b I sty (€000 (@] < ) (1 L) [0,
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where 117 + é =1.
Proof . Using Lemma |3.2] Holder’s inequality and definition of preinvexity, we have

’5(@1) + 5(912+ h(o2,01)) 22&‘2‘91’ 2) [ (wl(gl (o) o1 + (02, 01))

+ ]a L(o1+h(02,01)) (§O¢)¢_1(Ql)] QQ’ Ql (/ |5O‘ _ |d5>

(/ [6% = (1 =)|I¢ (Q1+6h(g2,91))|qd5)

1/2 1
- M (/0 (1= 8)™ — 5)ds + /1/2(5a —(1- 5)a)d5>

1/2
X (/0 ((1=0)" = 0%)((1 = 6)[&(01)|* + 61¢'(02)|")dd

3=

1

[ - - am - ol 6\5’<@2>\q>d6)

_ fsz_}l; (1 - QL) [m@mq : !5’(@2)!1 a2

0

3.1. Application to special means:

We recall the following means for two real numbers 3,~v, 8 # v:

A(Bﬁ)—ﬁ¥, 8,7 €R,
H(ﬁﬁ):lJrl, B,v € R\{0},
B vy
y—p
L(B,7) = Tl = ]3] 18| # [v], By #0,

|: ¥ +1 _ BnJrl
(n+1)(v—B)

Now, using the above results in previous theorems, we have some exciting results.

Ln(B,7) = } ne€Z\{-1,0}, B,veR, B#.

Proposition 3.14. Let o1, 01 + M(02,01) € RT, 01 < 01 + h(02,01). Then

( Dq ( Da\ ¢
A + nh( o2, + 0
|A(eY, (o1 + hl(02, 01))") — Ly (o1, 01 + h(02, 01))| < 2 Ql) 2 :
2(p+ 1)p

Proof . Applying Theorem with £(w) = w",¥(w) = w,a = 1. Then we compute the result
easily. [
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Proposition 3.15. Let o1, 01 + (02, 01) € RT, 01 < 01 + h(02,01). Then

1
|A(€gl, 691+h(02,91)) . L(6917691+ﬁ(92,91))| < h(Q% Ql)l (691q + eé’zq) q |
2(p+1)7 2

Proof . Applying Theorem with &(w) = e, ¥ (w) = w,a = 1. Then we compute the result
easily. [

Proposition 3.16. Let o1, 01 + (02, 01) € RT, 01 < 01 + h(02,01). Then
- - h(o2,01) [1 [ 1 1\
H s+ s 00) = L s+ Bl )] < T2 11 (e 3]
2(p+1)7 o1 0
Proof . Applying Theorem with &(w) = %,1#(10) = w,a = 1. Then we compute the result
easily. [
Proposition 3.17. Let o1, 01 + M(02,01) € R, 01 < 01 + h(02,01). Then

(n—1)q (n—1)q \ «
nh( oo, +
Al (o1 + Aoz, 00))") = Li(ov, o1 + hlea, 01))] < (f9”<& = ).

Proof . Applying Theorem with {(w) = w", ¥ (w) = w,a = 1. Then we compute the result
easily. [J

Proposition 3.18. Let o1, 01 + (02, 01) € RT, 01 < 01 + (02, 01). Then

1
A(e?r eorthle2.e1)y _ [ (p01 po1thlez.e1))| < ’ )
| (e 76 ) (6 76 >| — 4 2

Proof . Applying Theorem with {(w) = e*,¥(w) = w,a = 1. Then we compute the result
easily. U

Proposition 3.19. Let o1, 01 + (02, 01) € RT, 01 < 01 + h(02,01). Then
_ B Mo o) [1 /1 1\«
|H™ (01, 01 + (02, 01)) — L™ (01, 01 + (02, 01))| < % {5 (Tq + Tq)] '
01 02
Proof . Applying Theorem with &(w) = %,¢(w) = w,a = 1. Then we compute the result
easily. [
4. Conclusion

We established a new form of Hermite-Hadamard inequality having left and right-sided -
Riemann-Liouville fractional integrals for preinvex functions and results of 1)-Riemann-Liouville frac-
tional integral identities including the first-order derivative of a preinvex function and derived some
fractional Hermite-Hadamard inequalities. Some applications for special means are also discussed.
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