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Abstract

We introduce direct theorems for universal weighted approximation. This approximation in terms
of weighted Ditzain-Totik modulus of smoothness for the fractional derivative of functions in L,
(quasi-normed spaces).
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1. Introduction

Here at the beginning of this work we would like to know the space ij“ [a, b] Sobolev space, where
W¥ [a,b] is the set of all functions from L, [a,b] and f*) € L,[a,b] where L, [a,b] the space of all

1/p
measurable functions and we can define the norm of f € L, [a,b] as follows, [/ f[|, = ( f; |fI? dx)

and we can define the k-th symmetric difference of f is given by

AF(F z fa,b]) = AR (f, 2) = i(;)<—1)”f (w—%ﬂ'h), xi%e[a,b]

i=0
0 otherwhere
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Then the r-th usual modulus of smoothness of f € L, [a,b] is defined by:
wi(f,0, la, b)), = sup AL (f, )llp0p » 020

0<|h|<d

and we can define Ditzain-Totik modulus of smoothness which defined for such an f as follows:

wg(f7 57 [CL7 b])p = Sup ||AZ@() <f7 ) ||Lp[a,b] and l111£>% wlg (f? h) =0.

0<|h|<é

In the applications the () usually used 0 (z) = (z (1 —2))"? and 0(z) = z (1 —2) for J =
[0.1], 0(z) = (1 —1‘2)% for J = [-1,1], 0(z) = /x and 0 (z) = (x(1+x))%and Q(x) =
for J = [0,00]. [2] is the first outhouse studied neural network approximations and introduce
neural network operators, continued his studies on neural networks approximation by introducing
and using the proper quasi-interpolation operators of the sigmoidal and hyperbolic tangent types
which resulted in [4]. Working in this paper, neural network approximations are introduced at the
fractal level resulting in higher approximations. we include the left and right Caputo derivatives of
the function under approximate fractional calculus and neural networks, all of which are necessary
to expose our work. Applications It is presented at the end. feed-forward neural networks with a
single hidden layer, are expressed mathematically as follows

Nn (J]l, .. ,ZL’S) = iZZO(i (lz'kl’z‘) + bz

=0 k=1

where 0 < i < n, a; € R®, s € N are connection weights, [; € R is coeflicients , a;, x, ¢ activation
function of the network. the network can be found in [4} 5.

2. Auxiliary Results

Definition 2.1. [3] Let f € W, [a,b] and K-modulus smoothness of f at t is given by wy (f, h) =
SUD(<|n|<s HAfZ f||p7 and limy,_,owy, (f,h) = 0. And the Ditzian — totik modulus of smoothness of

‘Ai@() fH and limy,_,o omegay (f,h) = 0.
P

f attis given by w,? (f,h) = SUDg<|p|<s

Definition 2.2. [3[6] Letv >0, n= [v] where [.] (celling of number), f € W} (where Sobolve
space) and f™~Y € W,. we can define left Caputo fractional derivative as follow.

1

DL (@) = gy [ =0 ) e o e o

where I' 1s gamma function.
[e.e]
I )= / et thdt v >0.

Note that DY, f € L, [a,b] and DY

*a

exist a.e on [a,b]. We set D, f(xz)=f(x), Vx € [a,b].

Definition 2.3. [J] Let f € W) [a,b], m = [o<], o> 0, the right Caputo fractional derivative of
order x> 0 is given as follows

(_1)m ’ m—o—1 m
)/m (e — ) f™(e) de, Vx € [a,b],

I'(m—

Dy f(x) =

we set Dy_f (x) = f (z),Vx € [a,b]. Note that Dy f € L, [a,b] and D;y* f exist a.e on [a,b].
We let that DZ, f () =0 forw <x¢ and Dg,_ f(x) =0 for v > x¢ for all z, vy € [a,b].
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Remark 2.4. Let f € W [a,b], f"e€W,[a,b],n=T[v],v>0, v¢N, then we have

|| fn<‘r)||Lp[a,b]( . >n—v
I'n—v+1) o

1D [ (@)l < c(pk)
thus, we observe that

wg(D:a f7 6)Lp[a,b} = Sup HAi@DZQ f(m)HLp[a,b]

0<|h|<6
k
= sup Z < k ) (—l)kinaf( _ kb + h@)
oclhl<s || =g \ @ 2 Ly lab]

where x + khDE [a, b]

k
v k —1 v
D% £, D)o < .0) s S (5 ) 01D @y
< ND%f @)1, 0

b
>/<b—w"“wm@wﬁ

=

B Hf(n)HLp[a,b] b—t)""
- I'(n—v) n-v

LP [a7b]
b

a

H an pla,b] n—v n v
" (n—v) FL(nb—v UG A P
Moy

Note that (n —v) I'(n —v) = I' (n — v + 1). Similarly, let f € W' ([a,b]), e W, la,b] ,
m= [x], x>0,x¢ N, then

wd (D f,0) = sup [|AY, D f(2)]|
o<|h|<é Lplab]

k
3 < ' )(-1)’” D fla — %hw +inf

= sup
o<|h|<é

Ly [a,b]

kh
where x F T(Z) € [a,b]. Then

w? (Dg‘_f,é) g = CPs k) sup Z ( )(—1)k_i||D§<—f(x)”L,, (a,b]

o<|h|<6
S ||D§i HLp[a,b]
1 ’ m—ox—1
< - _
< ey [ €0 @) dE

" Wiy 7 R
< pla, _ m—oX
S = o ACRL U

|/ Ny (€ =)0 b

I'm—o«) (m—oc—-1)+1 "a
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Since x € [a,b], we have

™., (b—a)™ ™ = (a—a)™™
Wi (Dif.0), oy S c(pK) I plo.t

m— ) m—

1770 (b—a)™ ™. (2.2)

< ¢ (k) (m— o) I' (m— x)

wh (D5 f,90)

Lpfa,b)

Then from (2.1) and (2.2), we find that

1™, .
@ (0) =k (D5,.0) Sc (k) T 50— )™ (2.3)
o 17
@ (0) =wp (D3, f,8) < ¢ (p.k) F(m—imao’:])(b—a)m_a-

Then D3 f € Ly [x0,b] and Dy f € L, ([a,x0]). Clearly, we have ¢ (6) — 0 and ¢ (0) — 0 as
o —0.

Definition 2.5. We define here the sigmoidal function of logarithmic type
1

= , TER
< (@) 14+e® .

and
lim ¢(z) =1and lim ¢(z) =0

T—+00 T—r—00

This function plays the role of activation function in the hidden layer of networks we consider that

@(SL’):%(§(£C+1>—§(SC—1), x € R.

We note the following properties

(i) O(x) > 0,Vx € R,

(ii) i 0 (t—k) =1, Vz € R,

k=—o00

(iii) Z ) (nx—k)=1, Vx € R; n€ N,

k=—o0

(iv) /_Z@ () dz = 1,

(v) 0 is density function,

(vi)  isevenie @ (—x)=0(z), = >0.In [5] we can find

_(e2-1) e " (-1 1
V@) = 5~ Tres a1 _( 2¢? )(1+ew—1)(1+e—x—1
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(vil) In [5] we can find ) is decreasing on R ( positive real numbers) and increasing in R~ (negative
real numbers).
(viii) In [5] we can find

(o)

2
—1 B B
S Onr—k) < (5 —)e " = 3.1902¢

|nz—k|=—00

Denote [.] the ceiling of number and |.] the integral part of number. t Let € [a,b] C R, n €
N such that [na] < |nb].

(ix) In [5] we can find integral part

1 1
< 5.25, Vx € |a,bl.
S bne k) 00 ")

[nb|
(x) In [5] we see that lim Z 0 (nx — k) # 1, for at least some x € [a,b], let f € L, [a,b],
xz—>oot ke [na]

N such that [na] < |[nb].

Here we study the fractional level the point wise and uniform convergence of G,, (f,x) to f (z) €
L, in termes of wg (f,x) we define the positive linear neural network operator.

k—1i
)Dri D S ( ’;’ ) (1) fla' — " 4 i) ®(na — k)

G (f,x) = ~ . z,2 €la,b].
ZII; ana] (TLZL' - ]{:)
where
& 4 khi)
G (f,x) = ZZ( ) Zf(x'—T—Hh@(I)(nx—k)
k=[na] =0
Thus
e Gy (f,2) = [ (@) T @ (nx — k)
Gu (o) = £ (&) = =2 () o lna
Zk [na] (nflf - k:) Zk [na] (na: - k)
G, (f.x)
Gn ) - - = -
G () = f () I, , Ry — f(x)

Lpla,b]
Gy (f,2) = f(x) S0 @ (nx — k)
ZIEanna] (TLQ? - k)

Lpla,b)
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By (ix) we get

Lnb)
1
1Gr (f,2) = @)y, = w7 ||Gn (Fr2) = f(2) ) @ (na—k)
" ¢ (1) k=[na]
Lypla,b)
By (ix) too we obtain
[nb] k B Th@ ' [nb]
=5.25 Zmﬂ ; < ) f <x — 5 + Zh@) ¢ (nx — k) — f(2) k%ﬂ P (nz — k) |z,
[nb] k k’h@ [nb]
— 5.25| Z 3 < ) - (x - == +ih(2)> (nx—k) - f(x) S @z —k) L.,
=[na] i=o k=[na]
i Mm
0 Y £ (o= 5+ i) @~ 1) g (2.4
k=[na]

We will estimate the right hand side of (2.4) involving the right and left Caputo fractional
derivatives of f.
3. Main Results

Theorem 3.1. Let oc> 0, N = [x], x¢ N, f € W,[a,b] with f&) € Lpla,b], 0 < B <1,
x € [a,b], n € N then

(i)

NoLorG) (o .
Gu (1) = 3 L6 (P o) - 1@
=1 Lpla,b]
104 () (1 g0, 1 o1
< Tl ) elOR ),

+3.19 e " B)(|| Do fHLp[ax (r — @)™ + | D% fll ey (0 — )7

When o> 1 note here extremely high rate of convergence at n=C+tVB_ [f fU)(z) = 0 for
j=1,...,N —1, we have

104 ¢ o
6o (1) = Fsyon < e b D o) b,

Lpla,z]

+319 e =p HDO( fHLP[aw I_a) + “D fHLP[iUb( x)oc]

1

TLB Lp|z,b]

When oc> 1 note here extremely high rate of convergence at n~ (D5,
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(i)

N (J
G (f,2) = F@) Ly < 1046 ZHf {_+(b—a>3.196‘”(l_3)}

o<+1 !

10.4¢ (p ) 0 0 1

I(oc+1)"" n® el : n% ) Lt
+3.19 e "I DX | (@ = @)% H D F I gy (0 — 2)™)]-

Proof . Let z,2' € [a,b] we have DY f = DX f = 0, we get by the left Caputo fractional weighted
Taylor formula that

N-1 J
f( —l—ﬁ—l—zh@) Zf (x’+k7w+ih@>
=

1 o4+ EB0 4 Ling kh o1
+m/x (( +T®+ m@)—g) (DL —x)dj

where z < 2/ 4+ ¥2 1 jp() < b. Using right Caputo fractional weighted Taylor formal, we get
2

N-1 ,; j
f( +k—h®+@h®) = ij('x) ( —|—k—hw+zh@—x>
=0 )

2 2

1 z ) , kh( ) . . ox—1
_ B khb 0\ (D ;

' () /x'+’“§@+z'h® (j v 2 T @) (DX f(+x)di)
Whereagx’+k7w+ih®§x

f(x'—i-%w—i-ih@)@(nx—k)

. B o'+ 550 i -1
r .(x)q)(nx—k)—l—w / <x'—|—k—h®+ih®—j) (D3 f (G +x))dj.

2

where for all z < 2/ + %@ +ihf) < b if and only if [nz] < k < [nb] and

f (a:’—i—%m—i-ih@)q)(nx—k)

N-1 j j
/ (x)CD(nx — k) (' + k:i21® + ihf)—x)

<.
I
o

ox—1
® (nz — LN m@) (D f (5 +=)) dj,

NS AN GUES
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where a < 2’ + %"@ +ihP) < x if and only if [na] < k < [nz| we have [nz] < |nx]| + 1, therefore

Lnb]
Z f <$'+%m+zh®) (nx — k)

k=[nz]+1
N—-1 () [nd] J
-y ,'(x) > @ (na—k) ( +k7h®+zh®> (3.1)
j=0 J: k=|nz|+1

[nb]

1 o/ + 580 4 ihg Lh x—1
—l—m Z @(nx—k)L ((:B’+T+ih®)—j) DX f(j+x)dj.

k=|nz]+1

f Z P (nx — <(x’ + k‘Th@ + ih® — x)J (3.2)

1 [nx] . T kh@ h@ oc—1 N . "
S Zq’(fw— ) ’ I C A G e D f(j+x)dj.
By (3.1) and (3.2), we get

Lnb)
G (f,x) = Z f( —i—k—m—l—zh@) (nz — k)

k=[na]
and
* N=L1 () e j
—Gk(f ? > -,(x) > ‘I’("x—k)((ﬂi’Jr%erih@—x)
Zz 0 (z) j=0 J: k=[na]
TR . % O ( k)/x (J (’+kh®+'h®)mD“f(‘+ ) dj
L= -\ T ) U+ T)d
(o) k[na] 2/ + 580 4 ing 2
S S g N N
>, @(nw—k o'+ —=+ihd | —j | DLf(j+a)d)
) 2
=|nz]+1
N1 rG) (o Lnz] kh() J
G (f,x)=c(p)]| ! '() Z O (nx — k)) (( +T+th)_x)
Jj=0 J: k=[na]
| Ll
+ == x . oc—1 D;(_ |+ x) dj
(o) szn:a] ® (na — k) fx’—&-kgﬂ-l-ih@ (J = (2 + 5% + ihd) fa+e)g

1 x+k7hw+ih0 kh) x—1
+m Z (I) n:z;— / <($/+T—|—Zh@) —j> D:;f(]—i-iC)dj]
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Where assume S°¢ (" )(—1)"" estimation equal ¢(p) and assume

[nx] kh@ x—1
0, (x Z D (nx —k / (j—(m’+—+ih@) DX f(j+x)dj
e fna] Iy kh0+ ho 2
[nb] o'+ 588 1 iR khO oc—1
+ > P(na—k / ( +7+zh@)—1) D2 f( — =) dj).
k=[nz]+1 *
Then
[nb] N-1 ()
Glre)— @) 3 voa—h) =) I G- @ o) (33)
k=[na] j=1 )
We put
[na)
1 * . ,  kh ~ . .
Oy, (x) = T k%;(ﬂ O (nx — k) /:p’+kg@+ih(2) (j - <x + 5 + 1h®)) DY f(j—x)dj

1 Lan T -‘rkth)-Hh‘I) kh@ x—1
Oy (1) =~ Y @Ow—k%/ o+ =ik —j | DEf(j+x)dj
F(OC) k=[nz]+1 z 2

We mean @, (z) = ®y,, (x) + Py, (). We assume that b —a > = 0 < B < 1, Which always large

enough n € N that is when n > [(b — a)%] it is for k = [nal, ..., |nz].
We consider
’ khO 4 4
Yur = — (@' +—=+ihh)  DF f(j+x)dj|,
o'+ 580 4 ing 2

’ kRO ST

Yik = (= (@ + == +ihl) D f()dj|,
a/+ 580 4 ihg 2
m< [ G i) DA
o'+ 580 4 ihg

yi < |DE_f| @, where a < 2/ + 2 4 jp() < z if and only if [na] < k < |nx| we have
[nx] < [nz] + 1.
HylkuLpab] < ||D;(*f||Lpaz.

Also, we have in case of |¢/ + 22 4 inp) — 2| < L k = [na],..., |nz].
. w%(D;f_f, 75 ) Lplas]
||y1k||Lp[a,x] — x n*B !

[nz]
1
[ (l’)HLp[a,z] = m Z ® (nz — k) yi

[nal Lpla,z]
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[nz| 0 oc L

1 Wy, (Dx—f’ nB)L a,x

o0 i = 703 > e )
k= [na]

|2/ + M2 ihd — | < L

[nz]
(z —
+ > ® (ne = k) |1 D% flppo) =
k = [na]
|2/ + E2 4 ih® — 2| > L
Since ® is increasing on bounded interval, we have
0 oS
ot @y < O it
" Lrlaa] = o I (o) n>B
|na)
+ Z @(TLI‘— HD f|| Lp[aa:](
k = [na]
‘x’+@+z’h<b—x| >
R LT
' (ox +1) n>B
+ 2. @ (0 = WD I 0
k= —o0
|2/ + M2 4 ih® — 2| > L
c(p) k(DX om ) Lfa —n(1-B)
< 3,199 e™" Dy
= T(x +1) { n<B T € NIDg /] Lofa) (@
where k = |nz] +1,...,| nb] . We consider, when |2’ + * 4+ ih) — 2| > L. Then
o'+ £ 4 ipg kh@
v | [ (o' + 522 4 ih) — 51D f G ) |

:c—i—kh@-‘,—zh@ kh@
y%s/ (@' + 20 4 ing) — ) DS G+ o)) d,

2
(b= )" )“

Yo, < |D35 f| ———

and (b )
— X
||y2k||Lpaac — ”D f||Lp[ax] '

a)”™

Lpla,z]

—a)™

— a)(x

Vs

—a)™ },
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Also, we have in case of |z’ + kTh@ +ihh — x| < —, k =[na] ..., |nz].

'+ kh®/2+ih0 kh
/ (a5 40— ) D3 (4 5)d

Yok = ) 5

where 2”7 < x,
@'+ kh®/2+ih0 khO .
oot = | (a4 20 4 k0 — D2 () e

(DO( f’ nB )Lp[m,b} 1
x n*B ’ ~ nB

As the previous cases we can find

[nz]

lp2n ()l ppe g = Z‘P nx — k) yax
[na Lp[z,b]
1 Lnb)
[[p2n <x>HLp[x,b] = m Z P (nx — k) yor
k=[nz]+1
|2 + 2 4 ihd — 2| < L

n>*B

nb)
+ Z ® (nx — k) yar
k=[nx|+1
/ kh® : 1
‘l’ +T+th)—fl§'| >n_B Lol
Since ® is increasing on bounded interval, we get
c(p) k(D538 ) ey 2 x
< M4 3.199¢ 2" Dy, b—
_O(F(O(> {( nO(B € H f” prb]( x)
R CICTE S
T x ' (x) n>B
+ > @ (e~ WD S 40— )
k= —
‘x’+@+ih®—x‘>% )
D f, -5 )
Cc\p ( ' nB ) Lplax o<
< W) { 13,199 ¢ " PNDE fI e (b - @) }

3391
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H@n (IE) ”Lp[a,,a:] < C(p)(HQOln (‘T) ||Lp[a,m] + ng2n (I‘) HLp[z,b])

2c (p) {wg (Dg(—f’ nLB )Lp[a,a:} + wk (DO( f’ nB )Lp[:z;,b}

~ (< +1) n>B
+319€ n(1=B) (HDO( fHLp[az] ) +||D f”prb]( x)(’()}

In [4], we have

n(1—B)

Gal(- = 2Y)(@)| < 5 + (b —a) (31992) ¢ (34)
for j=1,...,N, for all x € [a,b]. Using (2.3)) in (3.4) to get
[nb]
G, (frm) = f@)( Y ®(nz—k))
k=[na] Lpla,b]
‘f ]) 1 7 _n(1=B)
LZI 5 T (b—a)’ (3.1992)e
2c (p) (D(X ’ nB )Lp[a7 ] + wk (Dicm-f’ nB)Lp[z b] (3 5)
I'(ox +1) n>B '
+3.19 ¢ 175 (HD“ Fll ey (@ = @)+ ID% g0 (0 :c)“)} = A,, Vz€lab].
1Gn (f,2) = F (@)l oy < (5:25) An (2), Vo € [a,b] (3.6)
Now let as estimate
Y H Lpab 1 : 1B
140l ey < Z )|+ 0= 0y ase e
1] o 1 o<

wk(Dx—f’_B)L +wk(D 2/ B)L
9 n pla,x] n plx,b] 3.7
+2(p) { 1 3.7

£8.10 00 (D3]], (&= @) + Db x)“)}] — Bn
’ Lpla, :1:] Lplz,b] ’

Hence it holds
HGTL (f7 ':C) - f(x)HLp[a,b] S 5.25 Bn
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This complete the prove of (iii) and j = 0 we get (ii). We finally note that

N vy (g .
Gulfr) = Y G =) @) - @

G (1.0 K ?N?w« — ) (x)
Zk Tnal O (nx — k) Zk nal O (nx — k)
G; (f) = (X5 L5265 (( — o) (1)) = i @ (02— K) f (2)

S o @ (na — k)
| ) N1 ) (2) ; ) o
G, (f,x)— — G ((.—x) ()] — O (nx — k) f (x))].
= 3 (m_k)][ (f,x) <J_1 7 ((. =) () k;ﬁ;ﬂ ( ) f ()]

Then we have

G, (f.2) - %— (= 2) (@) — £ ()
=1 Lpla,b]
70 . [nb)
< 5.25||G* (f, x) (Z — ) @:)) - > ®(nz—k)f(x) ,
k=[na]

Lp[a,b]

and by (3.5),(3.6)),(3.7), for all = € [a, b] satisfy proof (i). O

4. Application
Corollary 4.1. Let x>0, 0< B <1, fe€ W} [a,b], n€ N, then

10.4 1 1
1Gnf = Fllipay S (§ wh <D§‘_f,—> + w! <D°‘f )
Lpla,b] F(oc —I—l) k nB Ly k nB Lo

#3199 €0 (6= XD gy + 105 )

Proof . Like the proof of Theorem 3.1 when N = 1, then Zjvz_ll .= 0. In the same way this theorem
is proved. [J

Corollary 4.2. Let x=3, 0< B<1, feW;[a,b], n€N, then

10.4 1 1
1Gof =l s———-uﬁ(Dgﬁ-—> +ﬂ}<pmf__>
bt r (%) ’ n Lpla,x] : n® Lp[z,b]

3199 0 (6~ @102 oy + 105 i)

We can write as follows when I'(3/2)=1/2+/7. So,

10.4 19 1 1
IWffHa_—%——wcﬁﬂ—> +wﬁmm—)
Lpla,b] V| nB2 nB Lplaa] nB Lolod

+3.199 e (15 (\/ (b= a)([| DI g + 12 f”Lp[wb)
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5. Conclusion

We estimate the degree of best neural approximation of functions in L, (quasi-norm spaces) in terms
of kth order weighted modulus of smoothness of fractional derivative for functions in L.
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