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Abstract

In this paper, we discuss the existence and uniqueness of fixed point and common fixed point theorems
in complex valued extended b-metric space for a pair of mappings satisfying some rational contraction
conditions which generalize and unify some well known results in the literature.
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1. Introduction

The Fixed point theory is a well known research field in mathematical sciences. Fixed point tech-
nique is an important tool in the area of the non-linear analysis. The Banach contraction mapping
principle [3] plays a vital role in fixed point theory. In 1969, Nadler [13] developed the fixed point
theorems for multi-valued mappings. Huange and Zhange [9] initiated the concept of cone metric
space as a generalization of metric spaces. The well-known fixed point results involving rational
contractions could not be extended in cone metric spaces. To rectify this restriction, Azam et al. [1]
developed the concept of complex valued metric spaces and introduced sufficient conditions involving
rational expressions. In 1989 Bakhtin [2] presented a new space called b-metric space which is the
generalization of metric space. Czerwik [7] extended the Banach principle in b-metric space. Many
researchers proved fixed point theorems on single valued and multi valued mapping in b-metric space
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[5] [10]. Rao et al. [I4] introduced complex valued b-metric space, continuously Mukheimer [12], A.
K. Dubey [8], Dayana [15], Carmel [6] verified the existence of some common fixed point theorems
in complex valued b-metric space. In 2017, Kamran et al [I1] introduced extended b- metric space
and Naimat Ullah and et al [16] initiated the concept of complex valued extended b-metric spaces.
In this paper, we prove fixed point theorems in complex valued extended b-metric space by using
rational contractions.

2. Preliminaries

Definition 2.1. [1/ Let C be the set of complex numbers and z1,zy € C . Define a partial order <
on C as follows:

21 =X 2o if and only if Re(z1) < Re(z) and Im(z1) < Im(z2) . Thus z; < zy if one of the following
holds:

1. Re(z1) = Re(z) and Im(z1) = Im(z2) ;
2. Re(z1) < Re(z2) and Im(z1) = Im(zq) ;
3. Re(z1) = Re(za) and Im(z1) < Im(zq)
4. Re(z1) < Re(zg) and Im(z1) < Im(zq) ;

We will writez1 3 2y if 21 # 22 and one of (2), (3), and (4) is satisfied; also we will write z; < zo if
only (4) is satisfied.
It follows that

(i) 0 = 21 3 2o implies |z1| < |z] ;
(11) z1 < z9 and zy < z3 imply 21 < 23 ;
(11i) 0 = z1 < zo implies |z1| < |z ;
() if a,b € R, 0 < a < b and z; < 29 then az; < bzy for all 2,25 € C.

Definition 2.2. [1/ Let W be a non-empty set. A function do, : W x W — C is called a complex
valued metric on W, if for all I, m,n € W, the following conditions are satisfied:

(i) 0 < de,(l,m) and d.,(I,m) = 0 if and only if | = m;
(i) dep(l,m) = dey(m,1);
(i3i) dey(l,m) = dey(l,n) + dey(n, m).

Then the pair (W, d.,) is called a complex valued metric space.

Example 2.3. [1] Let W = [0,1] and I,m € W. Define de, : W x W — C by

if l=m

Aol m) = ifl4m

(2.1)

N = O

Then d., is a complezx valued metric and hence (W,d.,) is a complex valued metric space.

Definition 2.4. [1] Let (W, d.,) be a complex valued metric space.

(i) We say that a pointl € W is an interior point of a set M C W, whenever there ezists 0 < r € C
such that
B(l,r)=me W :dg(m,l) <r,
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(i) We say that a point | € W is a limit point of a set M C W, whenever for every 0 < r € C
such that
B(l,r)yn M —1# 0.

Definition 2.5. [2/[7/Let W be a non-empty set and s > 1 be a given real number. A function
dy : W x W — [0,00) is called b-metric on W if for all l,m,n € W, the following conditions are
satisfied:

(b1) dy(l,m) =0 if and only if | = m;
(b2) dy(l,m) = dy(m,1);
(b3) dp(l,m) < sldp(l,n) + dp(n, m)].

Then the pair (W, dy) is called a b-metric space.

Example 2.6. [f] Let W = L,[0,1] be the space of all real functions I(t),t € [0,1] such that
1

JH#)]P < 00 with 0 < p < 1. Define d, : W x W — RT as:

0

1
p

at.m) = | [ o) = mioypar

then (W, dy) is b-metric space with coefficient s = 2%,

Definition 2.7. [T]] Let W be a non-empty set and let s > 1 be a given real number. A function
dewy : W X W — C 1s called a complex valued b-metric on W if for all [,m,n € W, the following
conditions are satisfied:

(i) 0 = dewp(l,m) and dew(l,m) =0 if and only if | = m;
(”) dcvb<la m) = dcvb<m7 l)7
(111) depp(l,m) =< s[dep(l, 1) + dewp(n, m)].

Then the pair (W, d.y) is called a complex valued b-metric space.

Example 2.8. [7]] If W = [0,1], define the mapping dey, : W x W — C by
(I,m) = |l —m|* +i|ll —m|?

for alll,m € W. Then (W, duy) is a complex valued b-metric space with s = 2.

Definition 2.9. [11] Let W be a non-empty set and A\ : W x W — [1,00) be a function. Then
dy: W x W — [0,00) is called an extended b-metric if for all I,m,n € W it satisfies:

(i) dx(l,m) =0 if and only if | = m;

(i) dx(l,m) = dx(m,1);

(111) dy(l,n) < X1, n)[dr(l,m) 4+ dx(m,n)].

Then the pair (W,dy) is called an extended b-metric space.
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Example 2.10. Let W =1,2,3. Define \: W x W — R and dy : W x W — R* as:
AMl,m)=1+1+m
d)\(l 1) - d)\(272) = d)\(373) =0
dA(l 2) = dy(2,1) = 80, dx(1,3) = dx(3,1) = 1000

05(2,3) = d3(3,2) = 600

then (W,dy) is an extended b-metric space.

Definition 2.11. [11] Let (W, dy) be an extended b-metric space.

(i) A sequence {l,} in W is said to converge tol € W, if for every e > 0 there exists N = N(¢) € N
such that dy(l,,1) <€, for alln > N. In this case, we write lim 1, = .

n—oo

(i) A sequence {l,,} in W is said to be Cauchy, if for every e > 0 there exists N = N(e) € N such
that dy(lm, 1) <€, for allm,n > N.

(iii) If every Cauchy sequence in W is convergent, then (W, dy) is said to be a complete extended
b-metric space.

Lemma 2.12. [11] Let (W,d)) be an extended b-metric space. If dy is continuous, then every con-
vergent sequence has a unique limit.

Definition 2.13. [16/ Let W be a non-empty set and 6 : W x W — [1,00) be a function. Then
dg : W xW — C is known as a complex valued b-metric space if the following conditions are satisfied
foralll,m,n e W:

(i) 0 = dy(l,m) and dy(I,m) =0 if and only if | =m
(ii) dg(l,m) = dp(m,1);
(111) dg(l,n) < 0(L,n)[de(l,m) + dg(m,n)].

Then the pair (W, dg) is called a complex valued extended b-metric space.
Example 2.14. If W be a non-empty set and 0 : W x W — [1, 00| be defined as:

14+1+m

0(l,m) = o

further, Let

(i) dy(l,m) = # for all l,m € (0,1];
(i1) dg(l,m) =0 <= 1l=m for alll,m € [0,1];
(iii) dg(l,0) = da(0,1) = %for all 1 € (0,1].

Then the pair (W, dg) is known as a complex valued extended b-metric space.

Example 2.15. Let W = [0,00). 6 : W x W — [1,00) be a function defined by O(I,m) =1+4+1+m
and dg : W x W — C be given as
0 ifl=m
d“’(l’m)—{ i ifl#£m }

Then (W, dp) is a complex valued extended b - metric space.
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3. Main results

Theorem 3.1. Let (W,dy) be a complete complex valued extended b-metric space; let 6 : W x W —
[1,00) and let U,V be self-mappings from W into itself satisfy the following inequality:

dg l, Ul)d@(m, Vm)

(

L Vm) < dy(l

dQ(U ,Vm) Iy 9( 7m> +M2d0(l7Vm) + d@(m, Ul) +d9(l7m)
)

(3.1)

for all I,m € W, such that | # m, dg(l,Vm) + dg(m,Ul) + dg(l,m) # 0 where pu; and ps are non

negative reals with puy + p26(ly,lo) < 1, ¢ = py + p2b(ly, lo) where ¢ € [0,00), lim (1, 1,) < % or
n,Mm—00

dg(UL,Vm) =0 if dg(I, Vm) + do(m,Ul) +dg(l,m) = 0. Then U and V' have a unique common fized
point in W.
Proof . For any arbitrary point Iy € W | define a sequence {/,,} in W such that

l2n+1 = Ulzn and l2n+2 = Vlgn_H Vn Z 0 (32)

Now we prove that {l,,} is a Cauchy sequence.
Let [ =1y, m =11 in (3.1))

dy(l1,1s) = do(Uly, V')

= pdp(lo, lh) + piz

do(lo, Ulo)dg(ly, V1y)
do(lo, V1y) + do(ly, Uly) + dg(lo, 1)
do(lo, 11)dg(l1,12)
do(lo, la) + do(l1,11) + do(lo, 1)
do(lo, 11)dg(l1,12)
2do(lo, o) + do(lo, 1)

= p1dp(lo, lh) + pi2

= pdy(lo, lh) + p

Then
|do(lo, 11)||do (L1, l2)]
|do(lo, 12)| + |do(lo, {1)]

|do(l1,12)| = paldo(lo, )] + po

Using triangular inequality
do(ly,l2) < 0(ly,l2)[da(l1, lo) + do(lo, 1))

do(lo, 11)||dg (11,1
o0, )| < pualdo(lo, 1| + pup 122l o1, o)
Aol 1)

= (1 + p20(l1,12))|do(lo, 11)|
do (11, l2)| < (p1 + p20(l1, 12))|do(lo, 11)]-
Since Idg(ll,l2)| <14+ |d9(l1,lg)|,

o1, 1)]

|dg(l1,12)| < Cldg(lo, 11)]
dg(l2,13)| < C*|d(lo, 11)]
|do (I3, 1s)| < °|dg(lo, 11)]

|do (I, ln1)] < ¢"|do(lo, 11)]
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Now, by triangular inequality, for any m > n, m,n € N, we have

do(Ln, L) = (L, 1) C"do (Lo, 1) + 0Ly L) (Lg1s 1) "o (lo, 1) - ..
4 0 1)Lty L) - 02, 1) O (L1, 1 )C™ g (T, 1 ).

Then

do (I, Im) = dy(lo, 1)[0(Ln, 1 )S™ + 0L, 1n)O (1, 1)
0L, 1) 01, L) - Ol L)L, L) C™ ]

Since, lim 6(l,, )¢ < 1, so the series Z ¢ H 0(l;, 1) converges by ratio test for each m € N.
n,m—00 n=1 i=1
Let

e} n n J
S=> ¢[00 1), Su =" ¢ T]001m)
n=1  i=1 j=1 =1

Thus, for m > n, the above can be written as

d@(lna lm) j dg(l(), ll)[Sm—l - Sn] and

|d9<ln7 lm)| S |d9(l07 ll)HSm—l - Sn]

Letting n — oo, we obtain
|dg(1y, L) — 0.

Thus, {l,} is a Cauchy sequence in W. Since W is complete there exists some ¢ € W such that
l, —wtasn— oo .
Assume not, then there exits z € W such that

|dg(t,Ut)| = |z| > 0. (3.3)
So by using the triangular inequality and (3.1]), we have

Z = dg(t, Ulf)

< 0(t, Ut)da(t, Lanss) + 0(t, Ut)dg(lanss, Ut)

= O(t, Ut)dg(t, lyns) + O(t, Ut)do(Vigir, Ut)

< 0(t, Ut)dy(t, lanss) + O(t, Ut) prdy(t, lynsr)
do(t, Ut)do (Lo 1. Visnss)
O U S oy UF) + do (. Tond)
= 0(t,Ut)dy(t, lan+2) + O(t, Ut) p1dp(t, lan1)

do(t, Ut)dp(lon i1, loni2)

o(t, lans2) + do(lony1, Ut) + do(t, lant1)

|2 = [do(t, Ut)| < 0(t, Ut)|do (1, lans2)| + 0(t, Ut)pu|da(t, lap41)]
|d9(t7 Ut)”dG(ZQn—‘rl) l2n+2)|

+0(t, Ut
(&, Ut)uz |do(t, lan+2)| + |do(lans1, Ut)| + |da(t, lont1)]
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As n — oo, we obtain that |z| = |dy(¢, Ut)| <0, a contradiction.

Thus, |z| = 0.

Hence, Ut = t. Similarly, we obtain Vit =t.

Now, we show that U and V have a unique common fixed point. To prove this,assume that t' # ¢ is
another common fixed point of U and V. Then

do(t,t') = dy(Ut, V)
do(t, Ut)dy(t', VH)
dg(t, Vt’) + dg(tl, Ut) + dg(t, t/)

=< pada(t, ') + po

Then,

|dg(t,Ut)||da(t', V)]

do(t,t")| < puyldo(t, V)| +
4ot ) < o8 )+ ey (0, U + 1o (6, 7))

|do(t,1")] < pualdg(t, )],

which is a contradiction.
Hence, t = t', which shows the uniqueness of common fixed point in W.

Now, we consider the second case:

do(1,Vm) + dg(m,Ul) 4+ dg(l,m) = 0.

[ =lo, and m = lgp 1.

d@(lgn, Vlgn+1) + d9(12n+1, Ulgn) + d@(lQn, l2n+1) == 0

dg(Ulgy, Vigps1) =0

So that lgn = Ulgn = l2n+1 = Vl2n+1 = l2n+2

Thus,we have ly, 1 = Uls, = lo,, so there exist E; and f; such that
E, =Uf; = f1 where Ey = ly,41 and fi; = lg,.

Using foregoing arguments, we show that there exist Fy and fo
such that E2 = VfQ = f2 where E2 = lgn+2 and f2 = l2n+1.

As, do(f1,V fo) + do(f2, U f1) + do(f1, fo) = 0 which implies
do(Uf1,V[fo) =0. By =Ufi =V fy=FEj.

Thus we obtain 1 = U f; = UFE;.

Similarly,we have Fy = V Fj.

As EFi=FE,=UE, =VE; :El,

Hence E; = FE5 is common fixed point of U and V.

For uniqueness of common fixed point, assume that £} in W is another common fixed point of U
and V. Then we have UE] = VE| = E|

As dy(Ey, VE]) + do(E},UE}) + dy(E1, EY) =0,

therefore do(Fy, E]) = dg(UE,,VE}) =0

This implies that F; = Ej.

This completes the proof of the theorem. [J

Corollary 3.2. Let (W,dy) be a complete complex valued extended b-metric space; let 6 : W x W —
[1,00) and let V : W — W be a mapping satisfying:

dg(l, Vl)d@(m, Vm)

dg(VI,Vm) < uydy(l
o(VEVm) = nda(lm) + 1t2 S S+ do(m)

(3.4)
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for all l,m € W, such that | # m, do(l,Vm) + dg(m, V1) + dg(l,m) # 0 where 1 and ps are non

negative reals with py + p26(ly,lo) < 1, ¢ = py + p2b(ly, ls) where ¢ € [0,00), lim (1, 1,) < % or
n,Mm—00

dg(VI,Vm) =0 if do(l, Vm) + dg(m, V1) + dg(I,m) = 0. Then V has a unique fized point in W.

Proof . By using theorem [3.1] with U = V, we can prove this result. [J

Corollary 3.3. Let (W,dy) be a complete complez valued extended b-metric space; let 0 : W x W —
[1,00) and let V : W — W be a mapping satisfying (for some fized n),

dg(l, an)dg(m, V"m)
d@(lv Vnm) + d@(m7 an) + dG(l7 m)
for alll,m € W, such that | # m, do(l,V""m) + dg(m, V™) + dy(l,m) # 0 where py and ps are non
negative reals with py + p26(ly,lo) < 1, ¢ = g + p2b(ly, ls) where ¢ € [0,00), lim (1, 1,) < % or

,Mm—00

dg(V™,V™m) =0 if
do(1,V™m) + dg(m, V™) + dy(l,m) = 0. Then V has a unique fizved point in W.

dg(V"l, V"m) '_< /Jqd@(l, m) + j2%) (35)

Proof . By using corollary [3.2) with V' = V", we can prove this result. [J
Example 3.4. Let W = [0,00). Define @ : W x W — [1,00) by

241
6(1,m) = % for alll,m € W,

and dg : W x W — C by
do(l,m) = |l = m> +i|l —m|* for alll,m € W

Then (W,dp) is a complex valued extended b - metric space with s = 2. Consider the mappings

UV W — W defined by

0,L], if L€0,1]
Ul =
11,3l], otherwise.
[0,L], if 1 e€]0,1]
Vi=
(31,71, otherwise.
If l = m =0, conditions of Theorem hold trivially. Suppose | and m are non zero with [ < m .
Then l l
do(1,U1) = |l — g|2 +i|l — 5|2,
M2
10"
Lo . [
dg(m,Ul) = |m — 5| +ilm — 5| ,

do(m, Vim) = [m — T + ilm -

g My Mg
) m

L m
S(Ul,Vm) = S <|5 — E|2 +Z‘g — E|2> .

1
By taking py = 3 and s = 0, it can be verified that all the conditions of Theorem are satisfied.

Hence 0 is a common fixed point of U and V.
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Theorem 3.5. Let (W, dy) be a complete complex valued extended b-metric space; let and let U,V
be self-mappings from W into itself satisfy the following inequality,

[d2(1,Vm) + d3(m,Ul)]

do (UL, Vm) < pidy(l d(1,U1) + do(m, V
o(UL,Vm) = pdy(l,m) + palde(l, UL) + dg(m, Vim)] + s dg(1, Vm) + dg(m, U)

(3.6)

for all I,m € W, such that | # m, dg(l,Vm) + dg(m,Ul) # 0 where uy, o and pz are non negative
reals with pu + 215 +20(lo, b)) pts < 1, C(1— po — p30(lo, 12)) = (b1 + p2 + p36(lo, 1)) where ¢ € [0, 00),
lim 0(l,, 1) < % or dg(UL,Vm) =0 if dg(l,Vm) + dg(m,Ul) = 0. Then U and V have a unique

n,1Mm—00
common fized point in W.

Proof . For any arbitrary point [y € W , define a sequence {l,} in W such that
lQn—i—l = UlQn and l2n+2 = Vlgn Vn Z 0 (37)

Now we prove that {l,,} is a Cauchy sequence.
Let | = Iy, m = l; in(3.6).

do(l1, 1) = dp(Uly, V1)

[ 2(lo, V1) + d2(11, Uly)]
= padg(lo, 1) + palde(lo, Uly) + do(ly, V)] + p
= pady(lo, 1) + p2[do(lo, Ulo) o(l1, Viy)] d@(lo,Vl1)+d9(l17Ul0)
lo, o) + d5 (11,1
= pdy(lo, lr) + poldo(lo, lr) + do(l1, l2)] + [ 0,12) + dj (i, 1h)]
+ dg(l1, 1)

5
9( l)

Then

(1. 1
o, 1)) < gusldo(lo, 1)) + palldo(lo, 1)) + (i, 1) + s 1ellost2)1]
|dg(lo, )]

|do(l1, 12)| < palde(lo, 11)[ + pa|do(lo, 11)[ + [do(l1, 12)[] + pslda(lo, L)

Using triangular inequality, we have

do(lo, 12)| < 0(lo, 12)[do(lo, 1) + do(l1, l2)]

)
|dg(11,12)| < palda(lo, 11)| + pallde(lo, 1) + do(l1, 12)] + ps6(lo, I2)[|de(lo, 11)| + |de(l1,2)]]
= (1 + po + p38(lo, l2))[do(lo, 11)| + (p2 + p36(lo, l2))|de (11, I2)]
)

(ILL]- + 2 + NSQ(ZM ) |d9(l0, l1)|

do(l1,12)] =
| 0(1 2)| (1_,u2—,u39(l0,l2))

Then, we obtain

|do(11,12)| < Cldo(lo, 1h)]

Similarly,
|dg(l1,12)| < Cldg(lo, 11)]
do(l2,13)| < C*|da(lo, 11)]
o (I3, 14)] < CPld(lo, 1)

|do(ln, lns1)] < C"|do(lo, 1h)]
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Now, by triangular inequality, for any m > n, m,n € N we have

do(ln; lm) 3 (I, 1 )S" o (lo, 11) + O(Ln, 1) (L1, b ) dp (U, 1) -
+ e(lna lm)0<ln+1a lm) s e(lm—% lm)e(lm—la lm)Cm_ldO(ZOa ll)

Then

de(ln, lm) = dg(lo, [1)[ ( )C” + 9( - )e(ln-i-l, lm)Cn+1 .
+ 0<lna lm)g(ln.H, lm) - Q(lm_Q,l ) ( m— 1’ )Cm 1]

Since, lim 6(l,, 1) < 1, series Z " H 0(l;,1,,) converges by ratio test for each m € N.

n TTLHOO 1 l
Let

e} n n J
S=> ¢[00 1), Su =" ] 001m)
n=1  i=1 j=1 =1

Thus, for m > n, the above expression can be written as
d@(lna lm) j dG(lO> ll)[Sm—l - Sn]

and
|d9<ln7 lm>| S |d9(l07 ll)HSm—l - Sn]
Letting n — oo, we get
|dg (1, lm)| — 0.

Thus, {l,} is a Cauchy sequence in W. Since W is complete there exists some ¢ € W such that
{l,} = tasn— oo .
Assume not, then there exits z € W such that

|dg(t,Ut)| = |z| > 0. (3.8)
Using the triangular inequality, we have

z =dy(t,Ut)

<Ot Uty (t, Lomsn) + (8, U)dy(lansa, Ut)

= O(t, U)dg(t, lyny) + O(t, Ut)do(Vigir, Ut)

< O(t, U)ot Domss) -+ 008, Ut pady(, Lomsr) + (8, Ut pialdo(t, UE) + do(lomet, Vienss)]
[d5 (¢, Visni1) + dg(lans1, U))]
dy(t, Vigni1) + dg(laps1, Ut)
= O(t, Ut)dp(t, lans2) + O, Ut puady(t, lonsr) + 0(t, Ut) ia]da(t, Ut) + dp(lons1, lanso)]
[dj(t, lany2) + dj(lan i1, Ut)]
do(t, lan+2) + do(lont1, Ut)

|Z| = |d6’(t7 Ut)| < |0(t’ Ut)| (|d9(t7 l2n+2)| + M1|d9(t7 l2n+1) + po [|d9(t’ Ut)| + |d9(l2n+17 l2n+2)”

, [ d5(t, lans2)] + |dg(langa, Ut)”)
|do(t, lons2)| + |do(lons1, Ut)]
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As n — oo, we obtain that |z| = |dy(¢, Ut)| <0, a contradiction.

Thus, |z| = 0.

Hence, Ut = t. Similarly, we obtain Vit =t.

Now, we show that U and V have a unique common fixed point. To prove this,assume that t' # ¢ is
another common fixed point of U and V. Then

d9(t> t/) = dH(Uta Vt/)
[d5(t, Vt') + dg(', Ut)]

=< uqdy(t,t de(t,Ut do(t', VH :
i 9( ) )+M2[ 9( ) )+ 9( ) )] +:u3 d@(t, Vt/> +d9(t/, Ut)

Then,

(1d5(t, V)| + (', UD)]]
|da(t, VE')| + |do(t', Ut)]

(o, )] < pualdy(t, 1) + pallda(t, Ut)] + |do(t', V)] + s

|d9(t7t,)| S (:ul + /’L3)|d0(t7t/>|u

which is a contradiction. Hence ¢ = ¢" which shows the uniqueness of common fixed point in W.
For the second case, dy(Ul, Vm) = 0 if dy(I, Vm) + dy(m, Ul) = 0,the proof of unique common fixed
point can be completed in the line of Theorem [3.1]

This completes the proof of the theorem. [

Corollary 3.6. Let (W,dy) be a complete complex valued extended b-metric space; let 0 : W x W —
[1,00) and let V' be self-mapping from W into itself satisfy the following inequality,

d3(1,Vm) + dj(m, V)]

[
<
do(VI,Vm) =< pade(l,m) + pal[de(l, VI) 4+ do(m, Vm)] + us do(1Vm) + do(m. V1)

for all l,m € W, such that I # m, dg(I,Vm) + dg(m, V1) # 0 where puy, po and ps are non negative
reals with pi +2pis +20(lo, l2) ptz < 1, ((1— po — p30(lo, 12)) = (p1 + p2 + p36(lo, 12)) where ¢ € [0, 00),
lim 0(l,, 1) < % ordg(VI,Vm) =0 if do(l,Vm)+dg(m, V1) =0 Then V has a unique fized point

n,Mm—00

m W.
Proof . By using the theorem [3.5| with U = V', we can prove this result. [J

Corollary 3.7. Let (W,dy) be a complete complex valued extended b-metric space; let 0 : W x W —
[1,00) and let V : W — W be a mapping satisfying (for some fized n)

[d2(1, V™m) + dz(m, V"))

de(V"L,V"m) < updy(l do(l, V") +d vn
9(V ,V m) Iy 9( 7m)+ﬂ2[ 9( 7V )+ G(ma m)]+,u3 dg(l,V”m)—l—dg(m,V"l)

for alll,m € W, such that I # m, do(l,V"m)+ do(m,V"l) # 0 where uy, ps and ps are non negative
reals with pi +2pis +20(lo, l2) ptz < 1, C(1— p2 — p130(lo, 12)) = (s + p2 + p36(lo, 12)) where ¢ € [0, 00),
lim 0(l,, 1) < % or dg(V™,V™m) =0 if dg(l, V"m) + dp(m, V") =0 Then V has a unique fized

n,Mm—00

point in W.

Proof . By using the corollary [3.6] with V' = V™ we can prove this result. [J]

Acknowledgements

The authors thank the editor and referees for their useful comments and suggestions.



3490 Raj, Xavier, Joseph, Marudai

References

[1]

A. Azam, B. Fisher and M. Khan, Common fized point theorems in complex valued metric Spaces, Numer. Funct.
Anal. Optim. 32(3) (2011) 243-253.

I. Bakhtin, The contraction principle in quasi metric spaces, Funct. Anal. 30 (1989) 26-37.

S. Banach, Sur les operations dans les ensembles abstraits et leur application auz equations integrales, Fund.
Math. 3(1) (1922) 133-181.

M. Boriceanu, Fized point theory for multivalued generalized contraction on a set with two b-metric spaces, Stud.
Univ. Babes-Bolyai Math. LIV (3) (2009).

C. Pushpa Raj J, V. Vairaperumal, J. Maria Joseph and E. Ramganesh, Common fized point theorem for mapping
with the generalized weakly contractive conditions in metric spaces, J. Math. Comput. Sci. 10(3) (2020) 572-583.
C. Pushpa Raj J, V. Vairaperumal, J. Maria Joseph and E. Ramganesh, Fized point and common fized point
theorems in complex valued b-metric spaces, Adv. Math. Sci. J. 8(3) (2019) 772-780.

S. Czerwik, Nonlinear set-valued contractions mappings in b-metric spaces, Atti Sem. Mat. Fis. Univ. Modena.
46 (1998) 263-276.

A K. Dubey, Complex valued-metric Spaces and common fized point theorems under rational contractions, J.
Complex Anal. 2016 (2016).

L.G. Huang, and X. Zhang, Cone metric spaces and fized point theorems of contractive mappings, J. Math. Anal.
Appl. 332(2) (2007) 1468-1476.

J.M. Joseph, D.D. Roselin and M. Marudai, Fizxed point theorems on multivalued mappings in b-metric spaces,
SpringerPlus 5(1) (2016) 1-8.

T. Kamran, M. Samreen and Q. UL Ain, A generalization of b-metric space and some fized point theorems, Math.
5(2) (2017) 19

A.A. Mukheimer, Some common fized point theorems in complex valued b-metric spaces, Sci. World J. 2014 (2014).
S.B. Nadler Jr, Multi-valued contraction mappings, Pac. J. Math. 30(2) (1969) 475-488.

K. Rao, P.R. Swamy and J.R. Prasad. A common fixed point theorem in Complexr Valued b-metric spaces, Bull.
Math. Statist. Res. 1(1) (2013) 1-8.

D.D. Roselin, J. Carmel Pushpa Raj, J.M. Joseph, Fized point and common fized point theorems on complex
valued b-metric spaces, Infokara Res. 8(9) (2019) 882-892

N. Ullah, M. S. Shagari and A. Azam, Fized point theorems in Complex valued extended b-metric spaces, Moroccan
J. Pure Appl. Anal. 5(2) (2019) 140-163.



	Introduction
	Preliminaries
	Main results

