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Abstract

The principle aim of this article is to use the notion of algebra fuzzy normed space and its basic
properties in order to introduce the notion of algebra fuzzy norm of the quotient space. If the quotient
space is fuzzy complete then we prove that U is fuzzy complete. Also, we introduce the notion of
pseudo algebra fuzzy normed space and investigate the basic properties of this space. In this direction
we define a relation ~ on U in order to introduce the space U of classesu = [u| ={z € U:z ~ u}.
If U is pseudo algebra fuzzy normed space then we prove that U is algebra fuzzy normed space also
if U is a fuzzy complete we prove that U is fuzzy complete.

Keywords: Algebra fuzzy absolute space, Algebra fuzzy normed space, Fuzzy complete, Fuzzy
bounded linear operator.

1. Introduction

In [1] the fuzzy topological structure of a fuzzy normed space was studied by Sadeqi and Kia. In
[2] Kider introduced a fuzzy normed space. Also he proved this fuzzy normed space has a completion
in [3]. Again in [4] Kider introduced a new type of fuzzy normed space. In 2013 [5] Bag and Samanta
study finite dimensional fuzzy normed linear spaces and proved some basic results

In [6] Kider and Kadhum introduce the fuzzy norm for a fuzzy bounded operator on a fuzzy
normed space and proved its basic properties then other properties was proved by Kadhum in [7].
In [8] Ali proved basic properties of complete fuzzy normed algebra. Again in [9] Kider and Ali
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introduce the notion of fuzzy absolute value and study some properties of finite dimensional fuzzy
normed space.

The concept of general fuzzy normed space was presented by Kider and Gheeab in [10] [1T]. Also,
they study the general fuzzy normed space GFB(V, U) and proved basic properties of this space. In
2019 [12] Kider and Kadhum introduce the notion fuzzy compact linear operator and proved its basic
properties. In [I3] Kider introduce the notion fuzzy soft metric space after that he investigated and
proved some basic properties of this space again Kider in [14] introduce a new type of fuzzy metric
space called algebra fuzzy metric space after that The algebra fuzzy normed space and its basic
properties basic properties of this space is proved. Kider and Gheeab in [I5] proved basic properties
of the adjoint operator of a general fuzzy bounded operator.

In this paper, first we recall the concept of algebra fuzzy absolute value space and its some basic
properties that introduced by Khudhair and Kider in [16] again we recall the concept of algebra fuzzy
normed space and its some basic properties that introduced by Khudhair and Kider in [16]. The
definition of the algebra fuzzy norm of the quotient space is our first aim after that we introduce
the basic properties of this space. The second aim is to define the notion of pseudo algebra fuzzy
normed space and prove basic properties of this space.

2. The algebra fuzzy normed space and its basic properties

Definition 2.1. [1] Assume that S# 0, a fuzzy set D in S is represented by D = {(s, np(s)): s,
0 < pp(s) < 1} where pg(x): S— I is a membership function where 1=/0, 1].

Definition 2.2. [T]] The binary operation ©:1 x I —1I be is said to be continuous t-conorm if it
satisfies

(i) ® is continuous function

(i1) te [sor]= [tos/or

(iii) s@r=r ©s

(iv)s ® 0 = 0,

(v) (r© z) < (s © w) whenever r < s and z < w,
for all r, s, z, we I=]0, 1].

Lemma 2.3. [T}/ If ® is a continuous t-conorm on [0, 1] then

(i)1® 1=1,
(ii)0®1=1® 0=I,
(ii1)0 © 0 = 0,

(tv)p © p > p for all p € [0, 1].

Remark 2.4. [1j] If © is a continuous t-conorm then

(i) for any p, q € (0, 1) with p > q we have w € (0, 1) whenever p > q® w. In general for any p, q
e (0, 1) with p > q we can find wy, we, ...,w, € (0, 1) whenever
P>q©@ w © wy © ...@ wg where k € N.

(i1) For any r € (0, 1) 3 s € (0, 1) such that s ® s < r. In general for any r € (0, 1) there exists
wy, Wa, ..., wx € (0, 1) such that w; ® wy ® ...® wy < r where k € N.

Example 2.5. [1j/The algebra product p ©® q = p + ¢ —— pq is a continuous t-conorm for all p, q
e [0, 1].

Definition 2.6. [16] Let ag:'R —1 be a fuzzy set and ® be a continuous t-conorm then a is called
algebra fuzzy absolute value on R if
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1. 0 <ar(a) <1

ag (@)=0 if and only if @ = 0

ap(af) < ag().ar(B)

ag(a+ 8) < ag(a) ® ag(B). For all o, € R.

Then (R, ag, @) is called algebra fuzzy absolute value space.

Example 2.7. [16] Let |.| be absolute value on R and o ® f= a+ B — af for all a, 5 € I. Define

For all r € R. Then (R, a, @ ) is algebra fuzzy absolute value space. Also a| is called the
standard algebra fuzzy absolute value on R.

_ 1 ; 0
Example 2.8. [16] Define al: R =1 by al (a) = { Igl Z;vf zf()

for all & € R. If s@r=s + r —sr for all s, r €I then (R, al'!, ®) is algebra fuzzy absolute value space.
Then al! is called the algebra fuzzy absolute value space induced by |-

Definition 2.9. [16] Let (R, ar, ®) be algebra fuzzy absolute value space also let {p,}.., € R, we
say {pn},—, is fuzzy approaches to the limit p as n approaches to co if V s € (0,1) 3 N e N s. &
ag (pn—p) < s, ¥ n>N. If p, is fuzzy approaches to the limit p we write limy, oo Dr = P OT pp—>p as
n approaches to 0o or limy, oo ar(pp—p) =0.

Definition 2.10. [16/ Suppose that (R, ag , ®) is algebra fuzzy absolute value space also let
{pn}r— i € R, we say {pn},. is fuzzy Cauchy sequence in R ifV s € (0,1)3 Ne N s. t. ar(px—Pm)

n=1

< s, Vk mZ>N.

Definition 2.11. [76] Let (R, ag, ®) be algebra fuzzy absolute value space. We say the sequence
{gn},—, in R is fuzzy bounded if 3t € (0, 1) s. t. ar(q,) <tV neN

Theorem 2.12. [16] Let (R, ar, ®) be algebra fuzzy absolute value space. Then {g,} -, is fuzzy
bounded if {q,},— | is a fuzzy Cauchy sequence in R.

Definition 2.13. [16] If every fuzzy Cauchy sequence in R is fuzzy approaches to a real number in
R then algebra fuzzy absolute value (R, ag, ©) is called fuzzy complete.

Definition 2.14. [16] Let U be a vector space over R and let ® be a continuous t-conorm. Let (R,
ar, ®) be algebra fuzzy absolute value space and n: U—I be a fuzzy set then n is called algebra
fuzzy norm on U if

1. 0< n(u) < 1,
2. n(u) =0 if and only if u=0,
3. nlau) < ag(a) n(u) for all 0# o € R,
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4. n(u +v) < nlu) © n(v),

for all u, v € U. Then (U, n, ®) is called algebra fuzzy normed space.

Example 2.15. [16] Let U=C[p, b], tos=t + s —ts for all t, s €I and (R, ar, ®) is algebra fuzzy
absolute space. Define n(r) = maxscp, 5 arfr(s)] for all v € U. Then (U, n, ®) is algebra fuzzy
normed space

Lemma 2.16. [16] If (U, n, ®) is algebra fuzzy normed space then n(u—v) = n(v—u) for all u, v €
U.

Definition 2.17. [16] Let (ux) € U where (U, n, ®) is algebra fuzzy normed space. Then (uy) is
fuzzy converges to the limit u as k approaches to oo if ¥ s € (0,1) 3 N € N s. t. nlup—u) < s, V
k>N. If (uy) is fuzzy approaches to the limit u we write limy_o up =u or up—u as k approaches to
00 or limy, oo n(ug—u) =0.

Definition 2.18. [16/Suppose that (U, n, ®) is algebra fuzzy normed space . Then fb(u, r)= {v
eU: n(u—v) < t} and folu, rj={v € U: n(u—v) < t} is known as the open and closed fuzzy ball
with the center w € U and radius t, with t € (0, 1) respectively.

Lemma 2.19. [76/The function u — n(u) is a fuzzy continuous function from U into R when (U,
n, ®) and (R, n, ®) are algebra fuzzy normed spaces.

Definition 2.20. [16] Let (U, n, ®) be algebra fuzzy normed space and let (uy) be a sequence in
U, we say that (uy) is fuzzy Cauchy sequence in U if V s € (0, 1) > N € N s. t. nlug—uy,) < s, V
k, m >N.

Definition 2.21. [16/Suppose that (U, n, ®) is algebra fuzzy normed space and WCU is known as
fuzzy open if fo(w, j) CW for any arbitrary we W and for some j € (0, 1). Also DCU is known as
fuzzy closed if D€ is fuzzy open. Moreover the fuzzy closure of D, D is defined to be the smallest
fuzzy closed set contains D.

Definition 2.22. [16] Suppose that (U, n, ®) is algebra fuzzy normed space then DCU is known
as fuzzy dense in U if whenever D = U.

Theorem 2.23. [16]If fb(s, j) is an open fuzzy ball in algebra fuzzy normed space (U, n, ®) then it
1S a fuzzy open set.

Definition 2.24. [16] If (sy) is fuzzy Cauchy sequence in U with sy —s € U then the algebra fuzzy
normed space (U, n, ©) is known as fuzzy complete.

Theorem 2.25. [16]/In algebra fuzzy normed space (U, n, ®) if uy —u € U then (uy) is fuzzy
Cauchy.

Theorem 2.26. [16] In algebra fuzzy normed space (U, n, ®) when DCU then d€D if and only if
there is (dy) € D with dy— d.
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3. The algebra fuzzy norm of the quotient space and some of its basic properties

Let U be a vector space over the field F and let D be a closed subspace of U define a relation on U
by v~u if and only if v—u €D then the class 4=[u]={z€U : z~v} = u+D. Then ¥={u+D: ueU}
is a vector space over the field F when equipped with the operations : (v +D) +(u +D) = (v + u)
+D and a(u+D) = (au)+D.

Definition 3.1. Let (U, ny , ®) be algebra fuzzy normed space and DCU is a fuzzy closed in U.
Then the algebra fuzzy norm q of quotient space is defined by qfu +D] = inf e pnu [u+d] for all u+D
€ Z.

Theorem 3.2. Let (U, ny , ®) be algebra fuzzy normed space and DC U is a closed in U. Then the
quotient space (% , ¢, ®) is algebra fuzzy normed space.

Proof . Now we prove that ( % , q, ©) is satisfying all the conditions of algebra fuzzy normed space.

1. since ny(u+d) €l for all deD so q[u+D] €l.

2. If (u+D)= 0 in ¥ then ueD and so taking d=—u we get q[u+D]= inf e pny[u+d]=0. On the
other hand if q[u+D]=0 then we can find (d) in D with ny[u+di]—0 as k—oo. Hence —dy—u
in U. Since D is fuzzy closed we deduce that u€D and so (u+D) = 0 in % hence q[u+D]=0 <
(u+D)=0.

3. For any o« € R, a # 0 and ueU qla(u+D)]|= inf ;cpnu[a(u+d)] < infcpar(a) nyla(utd)]
< ag(a)[ inf sepru(utd)]= ag(a) gla(u+D)]

4. For any u,v €Uq[(u+ D)+ (v+ D)] = q[(u+v)+ D) = infepnuju+v+d <infipnulu+
dl @ infgepnulv +d] = qlu+ D] ©qlv + D]

Hence ( % , 4, @) is algebra fuzzy normed space. [J

Remark 3.3. If (U ,ny,®) be algebra fuzzy normed space and D C U is a closed in U. Then
1. m:U — Y is a natural operator defined by w[u] = u + D.
2. q(u+ D) < ny(u)

Theorem 3.4. Let (U, ny , ®) be algebra fuzzy normed space and DC U is a fuzzy closed in U. If (
% , ¢, ©) is fuzzy complete then (U, ny , ®) is fuzzy complete

Proof . Suppose that (uy) is a fuzzy Cauchy sequence in U then for any t€ (0, 1) there is Neé N
such that ny|u, — u;] <t for all m, j >N. Now q[(up, — u;j)+ D)] < nylu, — u;] <t for all m, ]
>N by remark That is (ux+D) is a fuzzy Cauchy sequence in % but % is fuzzy complete so we
can find u+D € & such that (u; + D) —(u+D) € 4. Now in particular u; —u€U. Hence U is fuzzy
complete. [

Proposition 3.5. Let (U, ny , ®) be algebra fuzzy normed space. Then U is fuzzy complete if and
only if (uy) is any sequence in U with 372, nylu;] <1 then there is u€ U with Z?:l uj—u as k—oo .
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Proof . If U is fuzzy complete then it is clear that (s,=[3.%_, u;]) is a fuzzy Cauchy sequence and
hence fuzzy converges.

Conversely, suppose that (uy) is any sequence in U such that Zle nyluj] <1 then there is ueU
with 25:1 u;—u as k—oo .

Let (yx) be a fuzzy Cauchy sequence in U. We construct a subsequence as follows. Let k; €N be
such that ny [y, — y;]<3 for all j> ki. Now Let ky>k; be such that nyly, — y; ] <3 for all j> ky
after that we have (yy,,) of (yx) such that nU[ykm Ykmsr) <z » m=1, 2, ... Put uj=(yx,—y,,,)

then 3% nylu;] = Y272, nolys, —vr ] < 252 5 <1
By hypothesis there is ueU such that

U = WQZ_T&Z;% = iﬁ@o[(ykl— Yro) + Yo —Yks) + -+ (Yry, — ykm+1)] = ém[ykl—ykmﬂ]
]:

Thus is (yg,, ) fuzzy converges in U [to (y,, —u)] . But if a subsequence of a Cauchy sequence converges
the whole sequence does that is (y,) fuzzy converges in U. Thus U is fuzzy complete. [

Theorem 3.6. Let (U, ny , ®) be algebra fuzzy normed space and DCU is a fuzzy closed in U. If
(U, ny , ®) is fuzzy complete then (% , ¢, ®) is fuzzy complete.

Proof . Suppose that (u;+D) is a sequence in & such that > ;7 | ¢ [uy+D] <1. By definition of the
infimum for each k there is dp€D with

1 1
= qlup+D] +

nuup+di] < infgepnoluk+d + o = o

Hence

o oo 1
ZnU[uk+dk < Z Uk+D Qk] < 00
k=1
Now U is a fuzzy complete so by the pervious proposition it follows we can
find yeU with y=lim,—yo0 2 ey (ur+dg)

We claim that )", _, (uy+D)—(y + D) in 5 .Indeed

oIS

n

ql(y+ D)= ) (w+D)] = 4| (y— > uk> +D]

k=1

=infepnu [ y— Zuk—i-d
k=1

<nyly- Zuk— de]
k=1 k=1

=ny| y— Z(umL dp)] — 0as k—oo

k=1

Hence 7}, (u,+D) — (y+D). So % is fuzzy complete by Proposition 3.5 [J
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4. Pseudo algebra fuzzy normed space and some of its basic properties

Definition 4.1. Let U be a vector space over R and let ® be a continuous t-conorm. Let (R, ag,
©) be algebra fuzzy absolute value space and n: U—I be a fuzzy set
then n s called pseudo algebra fuzzy norm on U if

1. 0<n(u) <1.
if u=0 then n(u) =0

n(au) < ag(a) n(u) for all 0 # o € R.

n(u+v) < n(u) ©n(v)
For all u,v e U .

Then (U,n,®) is called pseudo algebra fuzzy normed space.

Remark 4.2. Fvery fuzzy normed space is pseudo fuzzy normed space but the converse is not true
i general as shown in the following example

Example 4.3. Let (U, ||.||) be a normed space where U=R and o ® f= a+ f — « B for dall o,
€l . Let D={(ug) € U: (ug) is converges tou € U in (U, ||.||)}. Define

||limk_>oo U ||

o)) = T i e |

forall (ux) € D. Then (D,np,®) is pseudo algebra fuzzy normed space but not algebra fuzzy normed
space.

Proof . By simple calculation we see that (D, np, ® ) is pseudo algebra fuzzy normed space.
Now since (u;)=(1) € D where k € N and (u;)#0 but np[(uy)]=0 since u, —0. Hence (D, np, ®©)
is not algebra fuzzy normed space. [J

Proposition 4.4. Suppose that (U, n, ©) is pseudo algebra fuzzy normed space. Define ~ on U by
u~ v< n(u—v)=0. Then ~ is an equivalent relation on U.

Proof .
1. ~ is reflexive since n(u — u) = 0.
2. ~ is symmetric since if u ~ v then v ~ u because n(u—v)=n(v—u)
3. ~ is transitive, assume that u ~ v and v ~z so n(u—v)=0 and n(v—z)=0

Nowt n(u—z)=n(u—v+ v—z) < n(u—v) ® n(v—z)=000=0 It follows that n(u—z)=0 and hence u ~
z. Hence ~ is an equivalent relation on U. [J

Notation . Let U be the set of classes i=[u]= [z€U: z ~ u}

Lemma 4.5. Suppose that (U, n, ®) is pseudo algebra fuzzy normed space. Define n on U by
nfu/=nful. Then n does not depends on the representative u.
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Proof . Let u~ z then nju—z]=0 so [u]=[z| this implies that n[u]= n[z] O
Theorem 4.6. If (U, n, ®) is pseudo algebra fuzzy normed space then (ﬁ, n, ®) is algebra fuzzy
normed space where nfuj=nlu] for alluw € U.

Proof . It is clear that (U, 7, ®) is a pseudo algebra fuzzy normed space .Now if 7([u])=0 then
n([u]—[0])=0 that is [u]=[0].

Hence ((Af , m, ©) is algebra fuzzy normed space [J

Proposition 4.7. Define an operator L: U—U from the pseudo algebra fuzzy normed space (U, n,
®) into the algebra fuzzy normed space (U, n, ®) by L(u)=[u/=u for all w €U. Then L is fuzzy
1sometry.

Proof . First L is well defined since it v = u then nju— v]=0 so u€ [v] and u ~ v implies v€ [u ] it
follows that [v]=[u] or L(v)=L(u) since n(u)= 7n([u])= n(L(u)).
Hence L is fuzzy isometry. [J

Theorem 4.8. Suppose that (U, n, ®) is pseudo algebra fuzzy normed space and let L be an operator
from the pseudo algebra fuzzy normed space (U, n, ®) into the algebra fuzzy normed space (U, n,
©) then the set of all open fuzzy balls in (U, n, ®) form a base for the fuzzy topology T

Proof . Let ueU and se (0, 1) first we show that L[fb(u, s)]=fb(L(u), s). t Let ve L[fb(u, s)] then
veL(d) where de fb(u, s). Now ny(u—d)= n([u—d])= n[L(u)—L(d)]<s. This implies that L(d) €
fb(L(u), s) , so ve tb(L(u), s). Thus L{fb(u, s)] Cfb(L(u), s). Similarly we can show that fb(L(u), s)
C L[fb(u, s)]. Therefore L[fb(u, s)]=fb(L(u), s). Hence L™ [fb(L(u), s)]= L~ L[fb(u, s)]= fb(u, s).

~

Thus the collection of all open fuzzy balls in (U, n, ®) form a base for the fuzzy topology T5. O
Theorem 4.9. If (U, n, ®) is a fuzzy complete then ((7, n, ®) is fuzzy complete.

Proof . Suppose that (@) is a fuzzy Cauchy sequence in (U, 7, @) where u; =[vj]

for each j then (uy) is a sequence in U. Now for given s € (0,1) there is Ne N such that 7 [, — ;]
< s for all m, j>N but 7 [@,—;]= ny [um — —u;] hence ny [u, — —u;] <s for all m, j>N. There-
fore (uy) is a fuzzy Cauchy sequence in U but U is fuzzy complete hence there is ue U such that
limi—o0 nw [we—1u] =0. Let Gi=[u] then GeU and

lim n[ug—u] = lim ny [ug—u] = 0.
k—o0 k—o0

So 1y, fuzzy converge to 4. Hence ([7 , n, ®) is fuzzy complete. O
Remark 4.10. For any a, b, ¢ €(0, 1) if a®b=c then a<c and b<c.

Theorem 4.11. Suppose that (U, ny, ®) is a pseudo algebra fuzzy normed space and let L:U — U
be a fuzzy continuous linear operator. Then

1. there exists a pseudo general fuzzy norm ng which is equivalent to n,.

2. L is uniformly fuzzy continuous

Proof . For all u € U define ny(u)= ni(u) ® ny[L(u)]. We now prove that nsy is a pseudo algebra
fuzzy norm on U.
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1. since ny(u)€(0, 1] and n[L(u)] )€ (0,1] so ny(u) € (0, 1].

2. ng(u) =0 if and only if ny(u) © nq[L(u)] = 0if and only if ny(u) = 0 and
[

ni[L(u)] = 0 if and only if u = 0.
3. ma(cu) = meu) @ mlL(cu)] < ag(c) mi(u) © ag(c) m[L(w)] < ag(c) m(v) ©ni(L(w))] =
ag(c) na(u), for all ¢ £A0€ R.

4. na(u+v) = ni(u+v) ©@mLlu+v)] <nu) ©nw) ©n[L(u)] © n[Lw)] < {n,(u) ©®
m[L()]} © {n,(v) @m[L{v)]} = na(u) ©na(v)

Hence (U, ny, ®) is a pseudo algebra fuzzy normed space. To prove n; is equivalent to ns let (ux) be a
sequence in U and u€U. Suppose that im0 ny (up—u) = 0 then limy_oo nq (L (ug) =L (u)) =0
Since L is fuzzy continuous. Now

lim ng [up—u| = lim ny (u—u) © lim ny [L(u,) — L(u)] =0©0=0.

k—o0 k—o0 k—o0

It follows that limy oo 1o [upg—u] =0
Conversely suppose that limy_. no [up—u] = 0. That is

lim nq (up,—u) © lim ny [L(u,) — L(u)] =0
k—o0 k—o0

this implies that limg_o n1 (ug—u) = 0. Hence n; is equivalent to ns
(2) By remark we see that ny [L (u) —L (v)] < ny[u —v]. Now given re(0, 1) such that ny [u — v]
< r then ny [L (u) —L (v)] < r. Therefore L is uniformly fuzzy continuous [J
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