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Abstract

This paper deals with the existence of denumerably many positive radial solutions to the iterative
system of Dirichlet problems

div (L) +g;(z541) =0 in Q,

V1I—1Vz
z; =0 on 01,
where j € {1,2, -+, n}, z1 = Z,41,  is a unit ball in RN involving the mean curvature operator

in Minkowski space by applying Krasnoselskii’s fixed point theorem, Avery-Henderson fixed point
theorem and a new (Ren-Ge-Ren) fixed point theorem in cones.
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1. Introduction

The Dirichlet problems involving the mean curvature operator in Minkowski space

) Vz
Mc(z) =div (W)
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arise from the study of spacelike submanifolds of codimension in the flat Minkowski space with
prescribed mean extrinsic curvature 3], [I3]. Due to its important background, the existence of radial
solutions for such problems has been studied by many researchers, see [2}, 4, [5, [6], [7, 10} [TT], 7] and
the references therein. However, most of the results in the above mentioned references are concerned
with nonsingular problems, there are only a few works on singular problems, see [14] for the weakly
singular cases and [I5] for the strongly singular cases. Recently, [16] Pei and Wang established the
existence and uniqueness of positive radial solutions are obtained for a mean curvature equation in
Lorentz—Minkowski space of the form

Me(z) +£(|z],z) =0 in €,
z=0 on 01,

where Q is a unit ball in RN, £(r, u) may be singular at 7 = 0 and 1, and strongly singular at z = 0,
by applying the perturbation technique and Schauder fixed point theorem.

Motivated by the results mentioned above, in this paper, we aim to establish the existence de-
numerably many positive radial solutions of the following iterative system of Dirichlet problems
associated with the Minkowski-curvature equations

div <L> +g5(z501) =0 in Q

\/1 - |VZJ|2

z; =0 on 01,

(1.1)

where j € {1,2,-+,n}, z; = z,41,  is a unit ball in RN by applying the Krasnoselskii’s fixed point
theorem, Avery-Hender fixed point theorem and a new(Ren-Ge-Ren) fixed point theorem in cones.

The study of positive radial solutions to reduces to the study of positive solutions to the
following boundary value problems:

_ / _
[P (Z)] + " ey (zh40) =0, N2 1, (12)
24(0) = 2,(1) =0,
where j € {1,2,---,n}, (1) = t/V1 -7, T € (—1,1), and z; = 2,44, by the change of variable
zy(z) = z;(r) with r = |z|.
Throughout this paper, we make the following assumptions:

(H1) g5 : (0,400) = [0, +00) is continuous.
(H2) there exists a sequence {ry,}72; such that 0 < rpy <7 < i, k€N,

1
limr, =7r" < —.
k—oco k 2

The rest of the paper is organized in the following fashion. In Section 2, we convert the boundary
value problem into equivalent integral equation. In Section 3, we establish a criteria for the
existence of denumerably many positive solutions for the boundary value problem by applying
Krasnoselskii’s fixed point theorem, Avery-Henderson fixed point theorem and new(Ren-Ge-Ren)
fixed point theorem in cones.



Positive radial solutions for the iterative system of MC-equations 3615

2. Preliminaries

In this section we provide some lemmas which are useful in the main results of the paper.

T T

Vv1—12 V14T

d)il(Tl)d)il(TQ) S (1)71("['1"['2) S T1To, fO’/’ all T1,To € (0, +OO)

and

Lemma 2.1 ([14]). Let ¢(7) = . Then ¢ (1) =

Lemma 2.2 ([12]). Let h € C|0,1]. Then the boundary value problem
[ (2))] + h(t) =0, r€(0,1), (2.1)

z1(0) = z,(1) =0, (2.2)

zi(r) = /rl O <15NL1 /Ot TN_lh(T)dT> dt. (2.3)

From Lemma we note that an n-tuple (zl, Zo, " -, zn) is a solution of the boundary value
problem (1.2) if and only if

21(r>—/rl = Li_l /0 Ti‘lgl(/:cbl [tgl_l /O Tglg2</; q)ll...
gnl( / 1 o [tgl_l /0 ; rﬁlgn(zlm))drn] dtn) «--d11] dt.

1 1 t
Z; (7‘) = / (I)_1 (tN_l/ TN_lgj (Zj+1(T))dT) dt, 3 =2,3,--- ,n,
r 0
zn-&-l(r) = 21(7”), re (07 1)
We denote the Banach space C([0, 1], R) by % with the norm ||z|| = m[zg)f] |z(r)]. For & € (0,1/2),
re|0,
the cone Py C & is defined by

has a unique solution

and

P5:{z€%:z(r)20, min z(r)ZéHzH},

rels, 1-5]

For any z; € Ps, define an operator N : Py — A by

1 1 t1 1 1 to 1
(Rzy)(r) :/ ¢! [zm/o Tlf_lgl(/ ¢ [tN_l/O Tg_1g2</ (b_l[' -
T 1 T1 2 To
1 tn
gn—1 (/ d)_l [tNl—l / Tg_lgn (Zl (Tn>)dTn] dtn> s dT1] dtl (24)
Tn—1 n 0

Lemma 2.3 ([9]). Letz € C([0,1],[0,+00)) be such that 2'(r) is decreasing in [0, 1]. Then, we have

i > 8l|z||.
min (1) > 82|
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Lemma 2.4. Assume that (H1) holds. Then, for each & € (0,1/2), X(Ps) C Ps and X : Ps — Pj is
completely continuous.

Proof . It is easy to see that X(z;(r)) € & with X(z;(1)) = 0. Now, for any z; € Ps, we have

, B 1 r - 1 B 1 to . 1 -
(Nz)'(r) =—¢ 1[7““_1/0 T 1g1</T1 ¢ lltg__l/o T 1%2(/T2 ¢ 1[
1 tn
gn,1 (/ d)il [tNl_l / Tlr\llilgn (Zl (Tn))dTn] dtn) cet dTl]
Tn—1 n 0

<0.

It follows that (Xz;)(r) is decreasing on [0, 1], i.e.,
(Nz1)(r) > (Nz1)(1) =0 for any r € [0, 1]. (2.5)

r 1 t 1
N—1 / _ N—1 ) 1 * -1 -1 ..
e (e () = /oTl g1</n¢ [tg_l/o " g2</12¢ [
1 tn
gn_1</ ! [tN1_1/ Tﬂ‘lgn(zl(m))dm] dtn> ...dT2> dr,
Tn—1 n 0

0,1], it follows from the fact that ¢ is increasing and N > 1 that (Nz;)'(r) is
]. Thus, by Lemma [2.3| we have

min }Nzl(r) > |INzy||. (2.6)

reld, 1-5

From (2.5) and (2.6)), we see that R(Ps) C Ps. Finally by standard methods and the Arzela-Ascoli
theorem, the operator N is completely continuous. [J

Since

is decreasing on |
decreasing on [0, 1

3. Denumerably Many Positive Radial Solutions

For the the existence of denumerably many positive radial solutions for the boundary value
problem (|1.2)), we utilize the following cone fixed point theorems in a Banach space.

Theorem 3.1. (Krasnoselskii [8]) Let % be Banch space and P be a cone in B. Suppose E and F
are two open sets with 0 € E;E C F. Let X : PN (F\E) — P be a completely continuous operator such
that

(a) |Nz|| < ||z||, z € PN IE, and ||Rz|| > ||z||, z € PN IF, or
(b) |IRz|| > ||z||, z € PN IE, and ||Rz| < ||z||, z € PN OIF.
Then X has a fized point in PN (F\E).

Let 1V be a nonnegative continuous functional on a cone P of the real Banach space Z. Then for
any two positive real numbers o’ and ¢/, we define the sets

P(W,d)={zeP:{(z) <}

and
Py ={z€P:|z|] <d}.
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Theorem 3.2. (Avery-Henderson[l|]) Let P be a cone in a real Banach space 2. Suppose & andy are
icreasing, nonnegative continuous functionals on P and 0 is nonnegative continuous functional on
P with ©(0) = 0 such that, for some positive numbers ¢ and k, y(z) < 0(z) < «(z) and ||z|| < ky(z),
for all z € P(y, ). Suppose that there exist positive numbers o' and b with o' < b < ¢ such that
0(z) < AB(z), for all 0 < A < 1 and z € OP(0,V). Further, let X : P(y,c’) — P be a completely
continuous operator such that

(a) Y(Nz) > ¢, for all z € OP(y, ),
(b) O(Nz) < ¥, for all z € OP(0,V'),
(¢) P(a,a’) # 0 and a(Rz) > d', for all OP(x,a’).

Then, X has at least two fized points 'z,?z € P(y,c) such that ’ < «('z) with 0(*'z) < V' and
V < 0(°z) withy(*z) < .

Theorem 3.3. (Ren-Ge-Ren[I8]) Let P be a cone in a Banach space B Let o, 3 and y be three
increasing, nonnegative and continuous functionals on P, satisfying for some ¢ > 0 and M > 0 such
that v(z) < B(z) < «(z) and ||z|]| < My(z), for all z € P(y, ). Suppose there exists a completely

continuous operator X : P(y,) = P and 0 < a' <V < ¢ such that

(a) Y(Nz) > ¢, for all z € OP(y, ),
(b) B(Nz) < ¥, for all z € OP(B,V),
(¢) P(a,a’) # 0 and a(Rz) > d', for all OP(x, a’).

Then, X has at least three fived points 'z,%z,3z € P(y,c) such that «('z) < a’ < «(*z), B(%z) < ¥ <
B(3z) and B(*z) < .

3.1. Existence of (Atleast One) Denumerably Many Positive Radial Solutions

Theorem 3.4. Assume that (H1)—(H2) hold and let {8,132, be a sequence with ryy1 < 0k <71y, k €
N. Let {Ri}72, and {Si}32, be any two sequences which satisfies the relation

Ret1 < 84Sk < Sk <Ry, Brd(5;'Sk) < ¢(Ri), k €N,
Furthermore for each natural number k, we assume that g5(j = 1,2,---,n) satisfies
(Hs3) gj(z(r)) < Nd)(Rk) for all 0 < z(r) <Ry, r € [0,1],

(Ha) g;(z(r)) > BN (8, 'Sk) for all 8y, < z(r) < Sy, r € [8y, 1 — 81, where

5, (L=80 3
(1 — 6k)N_1
The iterative system (1.1) has denumerably many radial solutions {(z[lk], zgd,- - zf})}z"zl such that

zgk](r) >0o0n(0,1),j=1,2,---,n and k € N,
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Proof . Consider the sequences {Ex}2, and {F;}32, of open subsets of # defined by
Er={z € AB:|z| <R},

and
Fr={z€ B :|z| < Sk}

Let {0x}72, be as in the hypothesis and note that r* < rpy; < 8 < rp < 1/2, for all k € N. For each
k € N, define the cone P;, by

Ps), = {Z €HA:z(r)>0 and min z(r) > ZSk”ZH} :

Te[ék, 1—6]@}

Let z; € ng N 8Ek. Then,
z1(T) < Rg = [|zi

for all T € [0,1]. Let 0 < T,—; < 1. Then by Lemma [2.1] and (H3), we have

1

1 1 tn 1 tn
/ = [tNl/ Tg—lgn(zl(’tn))d’tn]dtng/ ¢! tNl/ Tg—lgn(zl(’rn))d%]dtn
Tho1 0 0 0

n n

1 tn
< / ¢t Na / Tﬁ—qu)(Rk)drn]dtn
0 _tn 0
1
< [ o7 (@m)n)
0

< Ry

It follows in similar manner for 0 < T,_» < 1, we have

1 1 tn—1 . 1 1 tn )
/ o T /0 T 18n1 / o' = /0 T g (21 (1)) dT, | dty, | dy | dtny
Tn—2 n—1 Tn—1 n

1 [ too
_ 1 o
S/ ¢! tN—l/ Tﬂ—llgnl(Rk)dTnll dt,—
0 0

1 b
1 n—1
S/ ¢ AT / Tﬂ—llNd)(Rk)dTnll dt,—1
0 0

L n—1

1
< -1 tn1) dtn_
_/0 ¢ ((b(Rk) 1) 1
< Ry

Continuing with this bootstrapping argument, we get

1 1 t1 1 1 to 1
(Rzq)(r) =/ ¢! [tN_—l/ TIf_1g1</ ¢! [tN_—l/ Tg_1g2</ dfll- -
r 1 0 T1 2 0 T2
1 1 tn
gn_1< / et [tm / Tﬁ_lgn(zl(’tn))d’tn] dtn> ~--d11] dt,
Tn_1 n 0

<Ry.
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Since Ry = ||z1]| for z; € Ps, N OEy, we get
Rz ]| < [z4]- (3.1)
Let r € [0k, 1 — 8%]. Then,

Sk=z1ll > z1(r) > min z(r) > Sflzill > dxSk-
T‘G[&k,lfék]

y (H4) and for T, 1 € [8), 1 — 8], we have

1 1 1 tn N 1 1 1 1_6k -
/ Cl)_ N—1 / g” (Zl( >)dT dt” Z / d)_ N—1 / Tn_ En (Zl(Tn))dTn dtn
Tp—1 tn 0 1—0k tn Ok

i 1 1—5p
Zékd)_l tN_l/ Tg_lgn(zl(Tn))dTn

ok

> 5,p ! ;/1_%%“—1(5 N 56 g
= Ok (1—6k)N*1 AT

> Sk.

In similar manner (for T,_s € [0k, 1 — 8x),) that

1 1 tn—1 1 1 tn
/ o~ tN_—1/ Ty 1801 / ! tN—l/ T g (z1(Tn) ) dTn | dty, | dT_y | dtns
Tn—2 n—1 J0 Tn—1 n 0
' 1 - 1 1o A1 ! 1] 1 tn
Z/l 5 (b_ tN_l/; n lgTL 1 / d)_ tN_l/O gn(zl( ))dT dtn dTn—l dt’n—l
—0Ok L n—1 k Tn—1 n
1 . [ 1 1-56; -
Z s d) ﬁ s Tn—lgn—l(sk)dTn—l dtn—l
—0k | ‘n— k
> 8! ;/l_ék "Bk dt,_4
B (I —=8d)" " Js

1 (1 — &) — o} Sk
> drdp™ _Wﬁkd) (a) ]

> S)..

Continuing with bootstrapping argument, we get

1 1 t1 1 1 to 1
(Rzq)(r) 2/ ¢! ltl\l_—l/ TIf_1g1</ ¢! [tN_—l/ Tg_1g2</ dfll- -
r 1 0 T1 2 0 T2
1 1 tn
gn_1 (/ ¢! [tNl / wlg, (zl(’cn))d’tn] dtn> e d’t1] dt,
Tn_1 n 0

>S,..
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Thus, if z; € Ps, N OF, then
HNZIH > [|z4][- (3.2)

It is evident that 0 € F;, C F}, C Ei. From ., it follows from Theorem that the operator

N has a fixed point z[lk] € Ps, N (Ex\Fi) such that z[k]( t) > 0on (0,1), and k € N. Next setting

Zj4+1 = 2z1, we obtain denumerably many positive solutions {(z1 ,z[zk],- . [k] )1, of given

iteratively by
1 1 t
2,(r) :/ ! (tN_l/O TN—lgj<zj+1(T))dT) Q.5 =nn—1- .21

The proof is completed. [J

Example 3.5. Consider the following iterative system of Dirichlet problems

Mec(z;) +g5(z541) =0 in Q }

3.3
z; =10 on 0f2, (3:3)

where j = 1,2, N=1 and z; = z3. Let

3 1 1
rk_a_ZWJ 6k—§(rk+rk+1)7 k_]-72737'“7

s=1
then
15 1 15
T3 TR T3
and ]
Ter1 < O < Tk, oy > g
It is easy to see
15 1 1
- < Z — =—— k=123 ---
™ 32 27 Tk Tk+1 4(k+2)47 ) &y 9y
Since Z i 1 W2 , it follows that
= — = W
k4 — k2
31 — 1

r* = lim r, = — — _—
ke 64 A+ 1)

47 m 1

64 360 5

In addition if we take
Rk — 1074’6’ Sk — 107(4]{:4*2)7

then .
Rit1 = 10_(4k+4) < g X 10_(4k+2) < 6k’Sk’
< 8p =107 < gy = 1074,
1 1 1
— ¢(S) = ———, and = :
V10%k — 1 b(5e) V103k+4 — 1 ¢ (6k) 1088+ % 52 — 1

(Ry) =
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Since ¢ is increasing and é,glsk < 58, < Ry, it follows that

BrNd (2-2) <NG(Re), Pr=1-28, <1
Let M; and My be two positive numbers such that
BiNb (3—’2) <M x 1073 < My x 10%% < N (Ry),
and
My x 1074, z € (1074, +00),
My x 10~ (4F+2) My x 10~ (z . 10—4k) 1My X 10—4k’

10— (4k+2) _10—4k
z € [10—(4]64—2)’ 10—4]6] :

g1(z) = 82(2) = ¢ M, x 10~ (“4k+2) = (% x 10~ (“k+2) 10—(4k+2)),

My x 10~ (45+2) M, x 10~ (4h+4) —(4k+4 —(4k+4
1%X10*(4k+2)_2107(4k+4) (Z — 10 )) + My x 10 ( );

z € (1()(4’“4),%

0, z=0.

> 10(4k+2)] ’

\

Then, g; and g, satisfies the following growth conditions:
g1(z) = ga2(z) <Nd(R), z € [0, 10_4k],

S 1
gl(Z) = gg(z) > BkNd) (6_k) , ZE |:5 X 10—(4k+2)’ 10—(4k+2) .
k

All the conditions of Theorem are satisfied. Therefore, by Theorem [3.4] the boundary value
problem ({3.3) has denumerably many positive radial solutions { (z[lk], z[gk])}zoz1 such that 10~#+2) <

129 < 1074 for each k =1,2,3,---, j = 1,2.

3.2. Ezistence of Atleast Two Denumerably Many Families of Positive Radial Solutions

In order to use Theorem [3.2] let & < 1, < 1 — 8 and 8 of Theorem we define the nonnegative,
increasing, continuous functional vy, 3%, and oy by

Y(z) = min z(r) = z(ry),
T'E[T’k,l—ék]

0(z) = max z(r) = z(rg),
re[ékvrk]

a(z) = _max 2() = z(1- &)



3622 Khuddush, Prasad, Bharathi

It is obvious that for each z € P,

‘Yk(Z> = E)k(z) S O(k(Z).
In addition, by Lemma [2.3] for each z € P,

¥(z) = z(r) = dz|-

Thus
lz|| < 8;'y(z), forall ze€P.

Finally, we also note that
0(Az) =A0(z), 0<A<1 and z€P.

Theorem 3.6. Assume that (H1)—(Ha2) hold and let {0}, be a sequence with 1y < 0 < 1y, k €
N. Let {Rp}72,, {Qi}i2, and {Sk}2, be three sequences which satisfies the relation

Rk+1 < Qr < ékSk < Sk < Rg, qu)(é];lsk) < (])(Rk), k € N.

Furthermore for each natural number k, we assume that g;(j = 1,2,- - -, n) satisfies
(Hs) g5(z) > BuNd (5, 'Sk), for all Sy, < z(r) < &, 'Sy,
(Heo) g;(z) < Nd(Ry), for all 0 < z(r) < &, 'Ry,
(Hr) g;(2) > BrlNG(5;'Qr), for all 0 < z(r) < Q-
Then the boundary value problem has two denumerably many families of radial solutions
{21,125, 2}, and {(%2) ,22[2’“]7 <220}, satisfying

U < o <1z§’“]) with 0, (12516}) <8y, j=12---n keN

and

Sk < Ok <225k]> with vy <2zgk]> <Ry, j=1,2,---n, keN.

Proof . We begin by defining the completely continuous operator X by (2.4)). So it is easy to check
that X : P(y,Sx) — P, for k € N. Firstly, we shall verify that condition (a) of Theoremis satisfied.
So, let us choose z; € OP(y,S;). Then y(z1) = min,¢py, 1-5,]21(r) = 21(r%) = Si this implies that
Sk < z1(r) for € [y, 1]. Since ||z1]| < 8, "v(z1) = 8; 'Sk. So we have

Sk < zy(r) < 8.'Sk, 7 € [rp, 1 — 8.
Let T,1 € [rk, 1 — Ok). Then by (Hs), we have

1 ) 1 tn 1 ) 1 1—64 -
/ O ] / “lg, (zl( ))dT dt,, > / O ] / T, &n (zl(’tn))d’cn dt,,
Tn—1 tn 0 1—0g tn Ok

1 1—8;
Zékd)_l tNl/ N_lgn(zl(Tn))dTn]
5

> o - 6k / T BrNd (2—’;) d

A
3
[

> S;.
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In similar manner (for T, o €€ [ry, 1 — 8x],) that

! 1 1 fn-t N 1 ! 1 1 o N—1
/ d)_ tN__l/ Tp-18n—1 / d)_ tN_l/ Tn_ gn(zl<Tn)>dTn dtn dTn_l dtn—l
Tn—2 n—1 J0 Tn—1 n 0

] .
/ T g, (Zl(Tn))dTn] dtn> dTn_ll dt,_;
0

1 . 1 1—-0g ) 1 .
Z/ s tN 1/ Ty 18n-1 / o}
1—0k Ok Tn—1 n

N—1
1

1 1 1-56;
2/ ¢~ ﬁ/ T 18n—1(Sk)dTp_1 | dty
1-5; lno1

Bk

[ 1-5,
> & (1_5#/% BkNd)( )d’fn 1]

> Sy
Continuing with bootstrapping argument, we get
Y(Nz;) = min ](Nzl)(r) = (Nzy)(rg)
r k

€lre,1-5

! —1 1 h N—1 ! -1 1 2 N—1 ! -1
Tk 1 0 T1 2 0 T2
IR Py dr, |d dry | d
gn—1 d) M1 T, 8n (Zl (Tn>) Tn tn e aT tl
Tn—1 n 0
! —1 1 h N—1 ! -1 1 2 N—1 ! -1
Z/ ¢ 75»:_—1/ T g / ¢ tN_‘l/ Ty 82 / |-
1—0k 1 0 T1 2 0 T2
Dot | [ g () b | - dra |t
&n—1 i -1 “lgn(zi(T Tn | Aln Ty [ aly

This proves () of Theorem [3.2 We next address (it) of Theorem [3.2] So, we choose z; € IP(6, Ry).
Then 0(z1) = max,cs, r,) 21(r) = 21(rx) = Ry this implies that 0 < z;(r) < Ry, for € [0,7;]. Since
|z1]] < 8, v(z1) = 8,'0(z1) = &, 'Ry So we have

0<z(r)< é,lek, r € [0,1].

Let 0 < T,_; < 1. Then by (Hs), we have

1 B 1 tn B 1 - 1 b B
/T ¢ lltN_l/o o 1gn(21(1n))d1n] dt, S/O ot e, o™ 1gn(zl(rn))drn] dt,
n—1 n n

0

1 1 tn
<[ o) Tglwq)(ak)dTn]dtn
0 n

0

< /01 & (b (Ri)tn) dtn

< Rg.
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It follows in similar manner for 0 < T,_» < 1, we have

1 1 tn—1 1 1 tn
/ cbil N—1/ Tlr\llillgnfl / d)il N—l/ Tyflgn(zl(ﬂtn»dﬂtn dtn dTnfl dtnfl
Tn—2 tn—l 0 Tn—1 tn 0
1 i 1 tn—1
S/ ¢ tNTl/ T 18n—1(Sk)dTp—1 | dtny
0 n—1J0
1 [ 1 tn—1
S/ cb_l ﬁ/ TgillNcb<Rk)dTn—1 dtn—l
0 _tn—l 0

1
< /0 Cbil (d) (Rk>tn—1> dtn—l

< Ry

Continuing with this bootstrapping argument, we get

0r(Nz1) = max (Nzq)(r) = (Rz1)(ry)

Te[ékark]

! -1 1 h N—1 ! -1 1 2 N—1 ! —1
Tk 1 0 T1 2 0 To
Y Ry dv,|dt, | - du|d
g1 ¢ s, T g (21(T0)) dr, | dty, T, | dt;
Tn—1 n 0
< ! d)_l 1 n TN—l ! d)_l 1 " TN_l ! d)—l .
—Jo B & 7 sty & T
] R d, |dty | - dri | d
gn—1 d) -1 T, &n (Zl (Tn)> Tn tn T1 tl
Tn—1 n 0

<Ry.

Hence condition (c) is satisfied. Finally we verify that (¢) of Theorem is also satisfied. We
note that z;(r) = Qx/4, r € [0,1] is a member of P(ay, Qx) and Qx/4 < Qp. So P(oy, Qx) # 0. Now
let z; € P(o, Qr). Then o (z1) = max,eps, 1-5, 21(7) = z1(1 — &) = Qi, ie., 0 < zy(r) < Qp, for
r € [0k, 1 — 8. Let 0 < 1,1 < 1. Then by (#7), we have

1 1 tn 1 1 1—0k
/ ¢! N—l/ T g (21(T,))dT, dtnz/ ¢! N—l/ T g (z1(T,)) d, | dty,
Tn—1 t'n, 0 1—5k. tn 51@

i 1 1-8
> op ! tN—l/ T gn (21(Tn)) dT,

n Ok

> 8007 | T / g (%) o,
- (1—6k)N_1 Sk " 6k

|

| (1= 8g)" = 8] Qx
> &, _(lTk)l“—lkBk(b (6_k> ]

> Qg
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Continuing with this bootstrapping argument, we get

ap(Nz1) = max  (Nzy)(r) = (Nzq)(1 — 0)

€[5k, 1—084]

! —1 1 n N—1 ! —1 1 2 N—1 ! —1
:/ (I) zﬁ/ Tl gl / d) tN_l / T2 g2 / (I) o .o
1-0 1 0 T1 2 0 T2
1 ! L[ e dt, |dt, | - - dr,|dt
gn—l tN_l o Tn gn (Zl (Tn)) Tn n T1 1
Tn—1 n

> Q.

Thus condition (¢) of Theorem is satisfied. Since all hypotheses of Theorem are satisfied, the
assertion follows. [

Example 3.7. Consider the following iterative system of Dirichlet problems

3.4
z; =10 on 0f2, (3:4)

MC(ZJ') + gj (Zj+1) = O ZTL Q }
where j = 1,2, N =1 and z; = z3. Let 74, 8, be the same as of Example 3.5 In addition if we take
Rk = 1074’{, Qk = 107(4k+3) and Sk = 107(4k+2),

then '
Ripy1 = 107(4k+4) < Qr = 107(4k+3) < 3 X 107(4k+2) < 6kSk

<8 = 1072 g, — 107

D) = ———— Q) =, B(Sk) =
A /108k -1 7/108k+6 _ 1 A /108k+4 -1

V/108E+6 5 862 — 1

V10 X 82 — 1

Since ¢ is increasing and Sglsk < 58, < Ry, it follows that

BiN(8,'Sk) < Nd(Ry), Pr=1—28; <1.
Let Ny and Ny be two positive numbers such that

N; x 1073 <Ny x 1075 < BpNd(8,'Qr) < BaNP(5,'Sk) < Na x 108 < N (Ry),
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and

(N x 1075, z € (5 x 107, +00),
Ny x 10~ (4k+2) z € <1o—<4’€+2>,5 X 10—4‘1,

No x 10~ (4k43) N, x 10— (4++2) (z — 10—(4k+2)) LNy X 10~ (4k+2)

5x 10— (@k+3) —_10—(4k+2)
z € [5 x 10~ (4k+3), 10—(4k+2>},

Ny X 10—(4k+3)7 z € (10—(4k+3)7 5 % 10—(4%4—3))7

Ny x 10~ #h+4) N, x 10~ (4k+3) —(4k+3 —(4k+3
! 107(4k+4)_1(2)7(4k+3) (Z — 10 ( )) + Np X 10 ( )7

z € <10—(4k‘—|—4)7 10—(4/€+3)]
0, z=0.

)

\

Then, g; and g, satisfies the following growth conditions:
g1(z) = ga(2) = BiN(5;'8y), z € [10*4’“”, 5 x 1o—<4’f+2>],
g1(z) = ga2(z) <Nd(Ry), z € [0, 5 X 10_4k},

All the conditions of Theorem [3.6] are satisfied. Therefore, by Theorem [3.6] the boundary value prob-
lem (3.4)) has two denumerably many families of radial solutions {(1z¥, 1zI7) )2 and { (22!, 221y} |
satisfying

10-W+3) « max lzgk] (r) with max 1zgk](r) <1003 =12 keN
T‘E[Sk,lfék] Te[évak]

and

10742 < max 22¥(r) with  min  22ZM(r) < 107%, §=1,2, k € N.
TE[ék,Tk] J TE[Tk,l—ék] )

3.3. Ezistence of Atleast Three Denumerably Many Families of Positive Radial Solutions

In order to use Theorem [3.3] let 8, < rr, < 1 — 8 and & of Theorem [3.1] we define the nonnegative,
increasing, continuous functional vy, 3%, and oy by

Y(z) = max z(r) = z(ry),

T€[dk,k]

B(z) = min z(r) = z(ry),
TE[T‘k,lf&C]

a(z) = max z(r) =z(1 — d).

TE[ék,lfék]



Positive radial solutions for the iterative system of MC-equations 3627

It is obvious that for each z € P,

Yi(z) < Br(z) < o(2).
In addition, by Lemma [2.3] for each z € P,

Y(2) = z(r) = d|/z[-

Thus
lz|| < 8. 'v(z), forall zeP.

Theorem 3.8. Assume that (H1)—(Hz2) hold and let {8}32, be a sequence with ryy1 < O <71y, k €
N. Let {R}72,, {Qu}2, and {Si}2, be three sequences which satisfies the relation

Rir1 < Qn < 8xSk < Sk <Ri, Brd(8;'Sk) < d(Ry), k € N.
Furthermore for each natural number k, we assume that g;(j = 1,2, - -, n) satisfies
(Hs) g;(z) < Nd(Ry), for all 0 < z(r) < 8, 'Ry,
(Ho) g;(z) > BxNd(8,'Sy), for all Sy < z(r) < &8, 'Sy,
(Hio) g;5(z) < Np(Q), for all 0 < z(r) < &' Q.

Then the boundary value problem (1.1) has three denumerably many families of radial solutions
K 1_[k k K o_[F K\ 0o k k
(22t {Cl 2y Pz )Ry and {222, e Y satisfying

0< o (1 ”)<Q <cxk( P), j=1,2,---n, kN,

Bk(zzk> <Sk<Bk< _[]k]>> j:1727"'7n7k€N7

and
Yk (3251“}) <Ry, j=1,2,---n, keN.

Proof . We define the completely continuous operator X by . So it is easy to check that
N : P(y,Rg) — P, for & € N. In order to prove that all the conditions of Theorem are satisfied, we
choose z; € OP(v,R;). Then y(z1) = max,¢[s,r, 21(7) = 21(r) = Ry, this implies that 0 < z(r) <Ry
for r € [0, 7). Since ||z1]| < 8;'y(z1) = 8, 'Rg. So we have

0<z(r) <8 'Ry, r€0,1].

Let 0 < t,—1 < 1. Then by Lemma [2.1| and (Hs), we have

1 B 1 tn B 1 B 1 tn B
/T b 1 [tN—l /0 Tg 1gn (zl (Tn))dTn] dt,, < /0 ¢ 1 e Tg 1gn (zl(’tn))d’tn] dt,,
n—1 n n

0

1 1 tn
g/ ¢t s TﬂlNd)(Rk)d’tn] dt,,
0 n

0

< /01 & (b (Ri)tn) dtn

< Ry.
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It follows in similar manner for 0 < T,_» < 1, we have

1 1 tn—1 . 1 1 tn )
/ b tN_—l/O lg / ! tNl/O ™= gn(21(Tn))dTn dt, |dt,—1|dt,—1
Tn—2 n—1 Tn—1 n
< [ot| L [T e (Ri)dt,_y | dt
~ o tg:ll o n—18n—1\bg n—1 n—1
1 1 tn—1
S/ d)fl tN—l/ TﬂillNd)(Rk)dTnfl dt,_1
0 n—1 0

1
< /0 d)_l ((I) (Rk)tnfl) dtnfl

< R,.

Continuing with this bootstrapping argument, we get
Yir(Rz1) = max (Nz)(r) = (Nzq)(rg)

Te[ék,’f‘k}

! 4| 1 h N—1 ! 4| 1 = N—1 ! 1
:/ ¢ ﬁ/ T & / ¢ ﬁ/ Ty 82 / ¢
Tk tl 0 T1 tQ 0 T2
SRS R dv, |dt, | - dr, |d
gn—1 (I) -1 T, &n (21 (Tn)) Tn tn Ty | diy
Tn—1 n 0
! 1 L n N—1 ! —1 L & N—1 ! 1|
<[ ¢ - T gl ¢ T T, 82 ¢
0 1 Jo o tys ~Jo T
' -1 1 " N PR
gn_1 o) s} gn(zl( ))dT dt, dry | dty
Tn—1 n 0

<Ry.

Hence condition (a) is satisfied. Secondly, we show that (b) of Theorem [3.3]is fulled. For this we select
z1 € OP(B,8Sy). Then B(z1) = min,¢p, 1-5, 21(1) = 21(1%) = Si, i.e. z1(r) > Sy, for r € [rp, 1 — 8.
So we have ||z, || > S, for r € [ry, 1 — 8. Noticing that ||z;|| < 8§, 'vi(z1) < 8, 'Br(z1) = 8, 'Sk. we
have

Sk < z1(r) < 8;'Sk, for 1 € [rg, 1 — 8.
Let 0 < T,—1 < 1. The by (Hy), we have

1 1 tn 1 1 1—06g
J A = A T e E A R P A N O AP
Tt o Jo 16 b Js,

| 1 1o 1
> 8 d s, /5 T g (z1(T0)) dT,
k

> 85! L /1_6kTN_1f5 N 56 ar
= (1—6;{)‘“*1 A Y
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In similar manner (for T, o € [0k, 1 — 8%J,) that

1 1 th—1 1 1 tn
/ q)il N—1 / Tﬁillgnfl / d)il N—1 / Tgilgn (Zl<Tn)>dTn dtn dTnfl dtnfl
Tn—2 tn—l 0 Tn—1 tn 0

1 . 1 1-564 ) 1 ) 1 tn L
Z/ (bi N—l/ Tgilgnfl / d)i N—l/ Tgi gn(zl(Tn))dTn dtn dTnfl dtnfl
1—03p _tn—l Ok Tn—1 tn 0

1 1 1-5
Z/ ¢ —1/ T 18n—1(Sk) dT—1 | dtr
1-08g

N_
L tn— 1 J ok

> 5p L / HkTN*l N LR
= Ok (1—5k>N_1 5 n—11FPk 61 n—1

| (=&)Y — &Y Sk
> 8¢ _Wﬁkd) (6_1)]

> Sg.
Continuing with this bootstrapping argument, we get
Br(Rz1) = min_ (Rz;)(r) = (Nz1)(rs)

Te[ Kol ék}

! 1 1 n N—1 ! 1 1 " N—1 ! 1
— [t [ [ et [ e e
Tk tl 0 T1 t2 0 T2
1 1 tn
gn—1 / d)_l tNl/ Tﬂ_lgn(zl(Tn))dTn dtn "'dTl dtl
Tn—1 n 0
! 1 1 n N—1 ! 1 1 & N—1 ! 1
2/ b~ tN_‘l/ T & / b F/ Ty g / oI IO
1—5k 1 0 T1 2 0 T2
1 1 tn
gnfl / d)_l tNl/ Tﬁ_lgn(zl(Tn))dTn dtn "'dTl dtl
Tn_1 n 0

> 3.

Hence condition (b) is satisfied. Finally we verify that (¢) of Theorem [3.3is also satisfied. Since 0 € P
and Qx > 0, it follows that P(ot, Qi) # 0. Now let z; € P(o, Qx). Then oy (z1) = max,es,,1-5,) 21(1) =
z1(1—8;) = Qi, i.e., 0 < zy(r) < Q, for r € [8g, 1—84). Also, ||z1]] < 8 vi(z1) < &) ow(z1) = 8, Qr.
Then we get

0<z(r)< 6,;1(1,@, for r € [0,1].
Let 0 < T,_1 < 1. Then by (H10), we have

1

1 B 1 tn B 1 B tn B
/T b 1 [tN—l /0 Tg 1gn (zl (Tn))dTn] dt,, < /0 ¢ 1 e /0 Tg 1gn (zl(’tn))d’tn] dt,,
n—1 n n

1 1 tn
< / ¢ | / T21N¢(Qk)dm]dtn
0 n 0

< /0 1 & (b (Qr)tn) dtn

< Qg-
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Continuing with this bootstrapping argument, we get

ap(Nz1) = max  (Nzq)(r)

€[5k, 1—084]

— (Nzy)(1 - 5)

! —1 1 h N—1 ! —1 1 ‘2 N—1 ! —1
:/ ¢ _tN_I/ T, 81 / [0) _tN_l/ Ty, g2 / ¢
1—6g 1 0 T1 2 0 T2
1 1 tn
En-1 / (bil tN_l/ Tﬁilgn(zl(ﬂtn))dﬁcn dt, | - - dty|dt;
Tn—1 n 0
! —1 1 h N—1 ! —1 1 2 N—1 ! —1
S/d) tN_—l/Tlgl/d) tN—_l/ngz/d)
0 1 0 T 2 0 T2
1 1 tn
En-1 / cbil tN_l/ Tﬁilgn<zl(Tn))dTn dty, | -+~ dty|dty
Tn—1 n 0

Thus condition (c¢) of Theorem is satisfied. Since all hypotheses of Theorem are satisfied, the
assertion follows. [

Example 3.9. Consider the following iterative system of Dirichlet problems

Me(z;) + g5(z541) =0 in Q } (3.5)

z; =0 on 0f2,

where j = 1,2, N =1 and z; = z3. Let Let ry, 8, be the same as of Example In addition if we
take
R, = 107%, Q, = 1073 and s, = 10~ *4+2),

then |
Rpp1 = 1074 <, = 107+ < = 10-U+2) < 5,3,
< Sp = 107U+ < g, = 1074,
BRe) = ey H(Q) = e, B(S)) = —
Y T Y T B R U Ty o e
1 1 1
b(5;, Ry) = , &5, 'Qr) = and ¢(5;'Sy) =

IRVATEE

V103 5 82 — 1 1056 5 — 1

Since ¢ is increasing and 6,;1819 < 58; < By, it follows that

BiNG(8;'Sk) < Nd(Ry), Pr=1—28; <1.
Let Ny be a positive number such that

Ny x 1073 < BN (8, 'Sk) < No x 10%F < Np(Qx) < Np(Ry),
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and

((Ny x 1079, z € (5 x 107, 400),

Ny x 10~ (44+2), z € (10—<4’f+2>,5 X 10—4’1,

Ny x 10~ (45+3) N, x 10~ (4k+2) —(4k+2 —(4k+2
25><10—(4k+3)_210—(4k+2) (Z — 10 ( )) + Np x 10 ( )7

g1(z) = g:(2) = zc [5 x 10~ (4k+3) 10_(4k+2)] :

Ny x 10~ (46+3), z € (1()—(41</’+3)7 5 % 10—(4k+3)>’

L 0, z=0.
Then, g; and g, satisfies the following growth conditions:

g1(z) = ga2(z) <Nd(Rg), z € [0, 5 X 10_4k},

g1(z) = ga(z) > BrNd(5,'Sk), z € {10_(4’”2),5 X 10_(4’“2)}7

g1(z) = g2(z) <NO(QL), z€ {0, 5 x 10-<4’€+3>].
All the conditions of Theorem are satisfied. Therefore, by Theorem [3.8] the boundary value prob-
lem (3.5) has three denumerably many families of radial solutions {(*z/, 1zI)1ee  {(22lF 2z[)1ec
and {3z 3zM) ) | satisfying

0 < max 1zgk] <107¥ ) < max Qng], j=1,2keN,

- TG[ék,l—ék] Té[ék,l—ék]
min 22" < 10742 i 3Z[-k]7 i=12keN,
TE[T’k,l—ék} J TE[Tk,l—ék} J
and
max 3ng} <107 j=1,2, k€ N.
Te[ékvrk]
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