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Abstract

This research generalized new types of semi-open sets using the concept of the grill and studied its
properties, as well as the relationship between it and old concepts defined, as well as defining a new
type of functions such as open and closed sets and determining the relationship between them, and
providing many examples and properties that belong to this set, and this set will be a starting point
to investigate the many futures of this set.
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1. Introduction

Choquet [2] established the notion of grilling on a topological space, and grilling has shown to be
a useful tool for learning several topological issues. Subsets of a topological space (k , 7) that that
are not empty collection G that known as a grill whenever (a) H € G and H C M implying MG,
(b) H and M are subset for K also H' U M € G implying H €G or MeG. A triple (K,7,G) a grill
topological space is a kind of topological space.

Mukherjee also Roy [[7] used a grill to establish a unique topology and researched topological
ideas. For each topological space (K,7) point kK, The open neighborhoods of k are represented by
7(k). A mapping U:P(K) — P(K) is referred to as §( H') =k € K: H NZ € G, for every Z € 7(k) and
H €P(K). A mapping ¥:P(K) — P(K) is referred to as ¥ (H) = H U § (H), for every H €P(K).
The map ¥ Kuratowski closure axioms are satisfied:

(a) U(V) =0
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(b) when H C M, then ¥ (H) C ¥ (M),
(¢) when H C K, then ¥ (¥ (H'))= V¥ (H),
(d) when H, M C K, then ¥ (H U M)= ¥ (H) Uy (M).

There are some types of a grill topological space as like as a cofinite topology and discreet topology
[8]. On a topological space (K,7), this corresponds to a grill G. There is a topology 7¢ on K that
is unique provided by 7¢ = {Z CK: ¥(K-Z) =K-Z}, in which case HC K, ¥ (H) = H U ¢ (H).
7 C 7¢ and U (H')=cl(H"). Using the following basis, we can find 7¢ on K provided by 7¢ by used
the base as following §(7q, K)={Y-H: Y € 7, H¢ G}. [7] On any topological space (K,7), there is
a grill G, 7 C B(G.7)C 7¢, where 5(G,7) base for 7g.

For instance, [4] to existence in topological space (K,7), 7¢=7 when & =P(K) ¢, implying T¢=7.
Semi-open is a subset H' of a topological space (K,7), [4] if H" C cl(Int()) [1]. Let (K, 7, &) be a grill
topological space. A subset H in K is called G-semi-open if H C ¢ (Int()), and every W-semi-open is
a semi-open. Many researchers have used this combinations to come up with generalizations [0, b].

In this research used the symbol Int(H') to interior of the set H and the symbol cl(H') is the
closure of H'.

2. On semi-open sets in topological spaces

Definition 2.1. The set H is said to be grill semi-open if there exists 7 € T such that 7 - H¢ @
and H-clg(7)¢G. And denoted by G-semi-open. K - G*-semi-open is a G-semi-closed, and the set of
all G-semi-open presently by &*, so (k) and the set of all G-semi-closed presently by G* sc(k).

Example 2.2. Let (k, 7, G) be a grill topological space and K={K1, K2, K3}, T = {K,0,{K1 },{K1,62}},
F = {K, 6. {3} (ka2 }}, G ={z C : 53 €2}, §: P(x) — P(x), $(H) ={K € K: V7€ 7(; 721N
H € G}, V(H) = H Up, 7= {K,0.{K3. 82}, {K2}, {K1.62}}, F 6 = {K,0,{Ks3.62 }.{K3},{K1 }}, then
G*SO(K) :{K;¢7{K3}7 {K;l}; {K;Q}; {K;17K;3}7{K;1;K;2}7 {K;?);K;Q}}'

Remark 2.3. (i) Every set that is open is a G-semi-open sets.
(ii) Every set that is closed is a G-semi-closed.

Proof . (i) Let H € 7, then there exists z € H such that zC clg(z), but 7 = H € 7, so, z-H =¢ ¢
Gand Hclg(H ) = ¢ ¢ G.
(ii) Let H be a closed set thus, H® € 7, H® is G, so(x), then H €@ sc(x). O

The converse of Remark @ (i)-(ii) are not true, see Example @

Example 2.4. Let K ={K1,k2,K3.K4}, T = {K,0,{K3 }, {K2} . {K3. 62} }, G = P(x) \{D}. It is clear that
{K2,K4 }E G, so(x), but {Ko, ks } & 7. And {K1,K3} € G sc(x), but {K1,k3} it is not a closed set.

Theorem 2.5. FEvery (G-semi-open is a G-semi-open.
Proof . Let H is an G-semi-open but z is an open set; z C H C clg(u), thus 7 - H = OGN H -
clg(z) =@ and 7z -H ¢ GN H <lg(z)¢ G, soz-H ¢ G N H-lg(z) ¢ G. O

The converse of Theorem @ is not true see Example @

Example 2.6. Let (x, 7, &) be a grill topological space and K = {K1,K2,k3 }, 7 = {K,0,{k1}}, G =
{7 C K K1 € 2}, G so() = P(k), then Gso(k) = {K,6, {K1 },{K1,k2}}, {K2} € G s0(K) but {K}¢
Gso(x).
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Proposition 2.7. For any grill topology (x,7,G), H is an G-semi-open set if and only if H is a
G -semi-open set whenever G = P(x) \{@}.
Proof . Let H be an G-semi-open set, there exists z € T such that 2 C H Cclg(u). Soz-H =@ ¢
G and H-clg(z) = @ ¢ G. So, H is a G -semi-open set.

Conversely, let H be a G -semi-open set so, there exists 7 € T such that z H ¢ G AH -clg(z) ¢
G. Thus z-H =N H - clg(z) = @, then z C H and H C clg(z), so 7 C H C clg( 7z ). Therefore
H is an G-semi-open. O

Proposition 2.8. Let H be a G-semi-open set and M C K such that H C M C clg(H"), then M is
a G-semi-open set.

Proof . Since H is a G -semi-open set, there exists 7 € T such that 7 - H ¢ GAH -clg(z) ¢ G, and
since H C M Cclg(H ), z-clg(H')Zz-M ¢ & Cz-H', then there exists Z € T such that 7 - M¢ G and
since HC M, clg(H") clg(M). So, z-clg(M)¢ G. Therefore M is a G-semi-open set. [

Remark 2.9. The two concepts G-semi-open set and semi-open set are independent See Examples

and .11

Example 2.10. Let (x,7,G) be a grill topology and § = {K1, K2, K3}, T ={K,0,{K1 }}, G = {7:%:, €
7}, G o(x) = P(x), and so(k) ={k,p,{K1 } }Ub, hence it is clear that {Kz }€G" o(k) but {Ks }¢ so(x).

Example 2.11. Let (, 7,G) be a grill topology and & ={K1,k2,K3,64 }, T ={K.0,{K1 }, {K3}, {K1.,K3}},
G = {{’91}7 {K2}7{’§17 ’§3}f {’QlJQQ}, {’Qh’%}; {’Q1J€2;’§3}; {lﬂb Ko, K4}; {’ﬂl; K3, lﬂ4}; {’Q2J§3}; {KQ; lﬂ4},
{Ka2, K3, Ka }, K}, H = {K2, K3, Ka }. Then we have

TG = {’%b; {K;l}y {K;B};{K;h K3}; {";1; Kz}; {K;l; K2, K4}; {K;l; K2, ’Q3}}-

It is clear that H is a semi-open set, but Hgé@*-semi—open set, because there is not z€ T such
that z-H'¢ G and H'-lg(2)2G.

Corollary 2.12. Let (x, 7,G) be a grill topology and H" subset of k. If G = P(x)\{@}, then H is a
G-semi-open set if and only if H is semi-open set.
Proof . Let H be a G -semi-open set, then there exists z € T such that z-H'¢ G and H'-clg(z)¢ G, 7 -
H =@ ¢ G and H -clg(7)=2, 7 C H and HCclg(z), so there exists 7 € 7, zCH Cclg(z). Therefore
H' is a semi-open set.

Conversely, it is clear that HCMCclg(z), 7z - H¢G and H'-clg(z)=2 ¢G, z-H¢G and H -
cl(z)=2 ¢G. So, H is a G -semi-open set. O

Lemma 2.13. (Jie(clg(H:))C (clg (e y).
Proof . We have H C|JiweiHy. Then clg(Hy)Cclg(UweHy). So (clg(H))C (clg(UweHy).  This
implies that

Utel(d(l}(['rt))g (Cl(/; (LJtElHt)-
]

Theorem 2.14. Any union of G-semi-open sets family is a G -semi-open set.

Proof . Let H; be a G -semi-open set. We show that |J; ¢ H; € G -semi-open set. Since H€@ -
semi-open set, there exists z,€ T such that z,-H ¢ G and (clg(\UieiH 1€12, )¢ G, because by Lemma ,
UtEl(Zt'Ht)g Uteth'UtelH)¢G- But (Zt’Ht)g Utel(Zt-Ht)¢(53 (UzE AZt-Uie AH)¢G- So there ex-
ists an open set w=|Jiwciz: such that (w—weH)¢G. Now to prove | JweilH - (clg(Uieize)EG. Hence, Hy-
(clo(2,)¢G and (€16(2,)C Urer(Hr-(Clo(Ureiz) 26> (UietHUer(clo(2,))£6, because (clg(z,)C (cla(2,).

So Uwe H1-(clg(Uweizt)S U +-Usei(Cla(2:)). This implies that e i~ (cle(Uwciz)EG. So Used +-
clg(w)¢@. Thus, e €G-semi-open set. [
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Remark 2.15. Any two G-semi-open sets intersecting need not be G-semi-open set.

Example 2.16. Let K :{K;IJK;27K;37K;4}7 T :{K;;¢7{K;3 };{K;2 }7{&37&2}}; 0; = ‘P(K;)\{@}, and let H
={K1.K3.4} and let M ={k3.K2}, s0, {Ks.k4}€50(55)=C"s0(K), but N M ={K4}¢s0(5)=C"so(K).

Remark 2.17. The family of all G-semi-open sets is represented supra topology.

3. Some types of open functions
Definition 3.1. The function f:(x,T, G)— (Y, 7,G) is called:

(1) G-semi-open function, presently “G-s-o function” if f(z)e Gso(Y), whenever ze G so(x).
(2) G -semi-open function, presently “G" -s-o function” if f(z)e G so(Y), whenever z€ T.
(3) G -semi-open function, presently “G""-s-o function” if f(z) € T, whenever z € G so(x).

Proposition 3.2. Let f:(x, 7, 6) — (Y,7 ,G) be a function. Then

(1) f is an open function, whenever f is a G -s-0 function.
(2) [ is G-s-o function, whenever f is a G""-s-0 function.
(3) fis G*"-s-0 function, whenever f is a G-s-o function.
(4) fis G""-s-0 function, whenever f is an open function.

Proof . (1) Let z& 7, by Remark |2 (z) 726G so(x). Since f is a G "-s-0 function, f(z) is an open

function (Y,7"). Hence, f is an open functzon
(2) Let z€ G"so(x). Since f is a G "-s-0 function, f(z) is an open function in (Y,r'). By Remark

(i), f(z)e G'so(Y). Hence_{ is a G-semi-open function. ' '
(3) Let z€ 7. By Remark [2.3(i), 2€G so(x). Since f is a G-s-o function, f(z)e@ so(Y). So f is
a G "-s-0 function.

(4) Let 7€ T and because f is an open function so that f(z)e 7. By Remark @(z} (7)€ Gso(Y).
So f is a G -s-0 function. O

The following diagram explains that how various nations’ ties were shown in Definition @

/ -5-0 ﬁ;uctiaux‘

G -5-0 function & -s-o fonction

\ Open ﬁmctmn /

fonctions via G -5-0 function

Diagram 1

Example 3.3. Let K = {k1 2.5}, 7 =(K.0.{51}}.6 = P(K\{o}. f:(K .7.6)=(K.7.G). f(x)=
k. It is clear that f is an open function, G so(K) = {7Ck such that K1€Z2}U{p}, there exists

{152 )€ G s0(K), f({K1,k2})¢ 7. Then we observe that f is not a G -s-0 function.

Example 3.4. Let K ={K1. K283}, T ={K.0.{Kk1 }.{K1.%2}}, G ={7CK: K3€z }, 7¢ = P(x). Then
G so(K) = (P(K}) fi5.7.G)=(5,7.G), f(k1)={Ka}, flk2)= {1}, f(K3) ={Ks}. We observe that the

function is a G -s-0 function and G-s-o function but it is not an open and not a G -s-o function,

because f(m): (Ko} 7.
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Example 3.5. Let K ={K1,k,63}, T ={K,0,{K1,K2 } }, *(E =PEN{{o}V {Ki }}, f(’ﬁQ) ={Ks}, Jé(K}l):{K]Z};
flxs) ={K1}, 76 = {K,0, {@2;&1}, (K3 )2}, (K2}, G s0(K) = {K,0, {Ka, K1}, {382}, {2}, {1 }}f

is a G""-s-0 function but f is not a G-s-o function because there exists {Kks3,K:}e @ so(x), but
f({Ks.52})={K3.51 }¢ G s0(K).
Definition 3.6. The function f:(x,7, G)— (Y, 7 ,G) is reputed to:

(1) G-semi-closed function, presently “G-s-c function” if f(z)€ G sc(Y), whenever, zE @ sc(x).

(2) G -semi-closed function, presently “G-s-c function” if f(z)€ G sc(Y), whenever, 7 is a closed
set in (K,T).

(3) G -semi-closed function, presently “G"""-s-c function” z'ff(z) is closed set in (Y,7 ), whenever,
726G sc(x).

Proposition 3.7. Let f.'(K;,T, G)— (Y, ,G) be a function. Then

(1) f is a closed function, whenever f is a G -s-c function.
(2) fis a G-s-c function, whenever f is a G "-s-c function.
(3) fis a G -s-¢ function, whenever f is a G-s-c function.

(4) f is a G -s-c function, wheneverf is a closed function.

Proof . By way of Remark @(Z} and Definition , the proof is complete. [
The inverse of Proposition @ is not true, see Examples @ and @

Remark 3.8. If f is onto function then:

(1) G -s-c and G-s-o function are equivalent.
(2) G -s-c and **-s-0 are equivalent.
(3) G""-s-c and G"""-s-0 are equivalent.

Proof . As f is an onto, hence the proof has been completed by Definition and Definition @‘ U

The following diagram, describe the relationships between these different forms of closed functions.

/v G’_g-c function \

G —s-c function » & -s-c function

closed function /

= = * =
closed functions via G -s-c function

Diagram 2
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4. Some types of continuous function

In the following, new type of continuous functions will present their definitions and the relation-
ships between those functions will explain.

Definition 4.1. The function f:(x, T, G)—(Y,7,G) is reputed to:

(1) G s-continuous function, presently “G"-s continuous function” if f_l(Z)EG*SO(K), for all ze .

(2) Strongly G"s-continuous function, presently “strongly G -s continuous function” if f~(z)e T,
for every z& G so(Y).

(8) G s-irresolute function, presently “@ -s irresolute function” if f~'(z)eG so(K), for every z€
G so(Y).

Proposition 4.2. Let f:(x,7, G)— (5,7, G) be a function. Then

(1) f is G (x)s-irresolute function, whenever f is strongly-G" (k )s-continuous function.
(2) [ is continuous function, whenever f is strongly-G" (k )s-continuous function.

(3) fis G (k) s-continuous function, whenever f is continuous function.

(4) fis a G (x)s-irresolute function, whenever f is G (x)s-continuous function.

Proof . (1) Let ze G'so(Y). Since f is a strongly G (x)s-continuous function, f~'(z)e 7. By
Remark (z), V(7)€@ so(K). This implies that f is G s-irresolute function.

(2) Let z be an open set in (, 7). By Remark @(Z}, 7eG s0(Y). Since f is strongly-G” (k )s-
continuous function, f~'( z ) is an open set in (k,7). Thus, f is a continuous function.

(3) Let z& 1. Since f is a continuous function, f~ (z) is an open set in (k,7). By Remark @(@),
fY(z) € G'so(K), so f is G (k) s-continuous function.

(4) Let z& 7. By Remark |2.3(i), ze€@ s0(Y), because f is G s-irresolute function. Then f~*(z)e
G'so(K). So f is G (k) s-continuous function. O

The inverse of Proposition @ is not always hold, see the following example.

Example 4.3. The function f.‘(lﬁ,T,G)—)(lg,T, G~ ) such that f(x) =k, for each K€ K, where K =

Kukada ), T ={K.0, (K1 }}, G = Px)\{o}, ¢~ = {z: 51 €3}, Gso(K) = {z: K1 €2}U{p}, G~
" so(k) = P(k). So, f is G s-continues function and continuous function, but it is not a G (k)

s-irresolute function and it is not strongly G (K )s-continuous function because there exists {Kz,Ks}

€@ ~* sofk), but 1 { Ko ks} = {Ko k3 }¢ G s0(K).

Example 4.4. The function f.'(K;,T,(E)—)(K},T, G ~" such that f({K;Q}) = {K1}, f({l(;l}) ={K2},

f({rs}) = {Ks}, where 5 ={KkiKk2.55}, 7 ={K,0,{K1 }}, G ={z: 1€ 2}, G~ = P(x) \{¢}, G,
sox) = P(k), G~ "so (k) = { 7,6 € 7 } U{¢}, is G, so (k) continuous function and is not a
G" x s-irresolute function, but it is not a continuous function and not a strongly G* (k)s-continuous

function, because (K1) = {Ka}¢ T.

The following diagram explains the relations between the concept in Definition El]
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/ i -s-irresolute function \

® : * .
Strongly 6 -s—continuous = G -s-continuous function

function /
\ continuous function

Diagram 3

2 3 3 *
Contunuty via & -s-open set
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