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Abstract

In this paper, we introduce the class of (log, (s, m))-convexity on the co-ordinates, we establish a new identity involving
the functions of two independent variables, and then we derive some fractional Hermite-Hadamard type integral
inequalities for functions whose second derivatives are co-ordinated (log, (s,m))-convex.
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1 Introduction

One of the most well-known inequalities in mathematics for convex functions is the so-called Hermite-Hadamard
integral inequality, that can be stated as follows: for every convex function f on the finite interval [a, b] we have

f (i /f Yda < fa)+f(b) +f(b) (1.1)

If the function f is concave, then (1.1) holds in the reverse direction (see [12]). In [4] Dragomir established the
bidimensional analog of (1.1) given by

b b d
et < 3 s e d“*/f ) < s | | e
:l acd
< i b%/f(xcdﬁ—/fxddx+—/faydy+dc/f(bwd
< fla,¢) + f(a,d) + f(b,c)—l—f(b,d)' (1.2)
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The inequalities (1.1) and (1.2) has attracted many researchers, various generalizations, refinements, extensions
and variants have been appeared in the literature, see [T, 2, [3] [6], [, [8, O] 10, [T, 14}, T6] and references therein.

Sarikaya [13] gave the following fractional Hermite-Hadamard for co-ordinated convex functions.

is a convex

Theorem 1.1. Let f : A — R be a partial differentiable mapping on A = [a,b] x [c,d] C R?. If ‘d AP

function on the co-ordinates on A, then one has the inequalities

a,c a,d b,c b,d « oc, a, a,
{0t/ /0O 0d) 4 He ;”f;ﬂ;?(a C+f(b d)+ IS f (0,0) + I f (a,d) + T f (o)) = A

02

L G [ [BE0)t S d>| S 0|+ o 0.
= (a+D)(B+D)
where
A = T (T (ad) + TS (b, d) + T f (a,0) + T7 ] (b))
ek (T F (byo) + T (b, d) + g f (a,0) + Jg- £ (a,d)) (1.3)
Theorem 1.2. Let f : A — R be a partial differentiable mapping on A = [a,b] x [c,d] C R2. If ‘a 57| 1is a convex
function on the co-ordinates on A, where ¢ > 1 with % + % =1, then one has the inequalities
a,c a,d b,c b,d « a, a,
Mo L@l QR Od) y He IO (8 | f (b,d) + Ty ] (bee) + T30  a,d) + T35 f (a,)) = A
22 22 o2
AR ) Wgt(bvc) ol \ "
((ap+1)(Bp+1)) P

where A is defined by (1.3).

Motivated by the above results, in this paper, we introduce the concept of (log, (s,m)) convexity on the co-
ordinates, we also establish a new fractional identity involving functions of two independent variables, and we derive
some fractional Hermite-Hadamard type integral inequalities for functions whose second derivatives are in this class
of functions.

2 Preliminaries

In this section, we recall some definitions and lemmas that’s well known in the literature, and assume that A :=
[a,b] X [c,d] and Ag = [0,b] X [c,d] are two bidimensional interval in R? with a < b and ¢ < d.

Definition 2.1. [I5] A function f : Ay — (0,+00) is said to be co-ordinated (log, (o, m))-convex on Ag, if the
following inequality

e+ (1=t u Ay +m (1= X)) < Nf(z,y) +mAf(2,0)] [N F(u,y) +m(1 =2 f(u,0)]
holds for all ¢, A € [0,1],,m € (0,1] and (x,u), (y,v) € Ao.

Definition 2.2. [5] Let f € Li[a,b]. The Riemann-Liouville integrals J&, f and J* f of order a > 0 with a > 0 are
defined by

x

1 a—1
m/ (x—=0)" " ft)ydt, z>a

I f(x)

‘ .

@)

b
Fi@) = o /(t—x)o‘_lf(t)dt, b
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respectively, where I'(cv f e~ 't 1dt, is the Gamma function and J, f(z) = J)_ f(z) = f(x).

Definition 2.3. [5] Let f € L([a,b] x [¢,d]). The Riemann-Liouville integrals J%" ot Js‘fd , JZ?JBJH and J° of
order o, 8 > 0 with a,¢ > 0, a < b and < d are defined by

b d

J54,6+f<b,d>r(a)1r(ﬁ)// —2)" " (d—y)* f (a.y) dyd, 2.1)
1 b d

T 100 = g | 0= =07 ) dua, (2.2)
1 b d

Tt ad) = s | @@ @ =) 1 @) dyda, (23)
1 b d

Jl?,’{jd,f(a’c) = W// (@—a)*"" (y— )" f (2,y) dyda, (2.4)

where I' is the Gamma function, and

TP i f(0,d) = Jo7 o f(b,0) = 10 f (a,d) = J)°, f(a,0) = f(2,y).

Definition 2.4. [I3] Let f € L([a,b] x [c,d]). The Riemann-Liouville integrals Ji* f (a,c), J& f (b,¢c), J. f (a,c),
and J2, f (a,d) of order o, 8 > 0 with a,c > 0, a < b, and ¢ < d are defined by

b

Je f (a,¢) = FLQ) / (z—a)* ' f(z,c)de, (2.5)
1 b

T () = s [ (0=2)" [ o) (2.6)
1 d

Tt o) = s [ =" F ey dy (2.7)
1 d

Tt (o) = g5 [ (@=9)"7 o), (28)

where I' is the Gamma function.

3 Main results

In what follows, we assume that A = [a,b] x [¢,d] with a < b, 0 < ¢ < d and Ag = [a,b] x [0, %] where m € (0, 1].

Definition 3.1. A function f: Ay — (0,400) is said to be co-ordinated (log, (s, m))-convex on Ag if the following
inequality

1-t

fz+ 1 —=t)u, y+m (1 —Nv) < [Nflx,y) +m(1—N)° f(w,v)]t N f(u,y) +m((1—N)° fu,v)]

holds for all ¢, A € [0,1],s,m € (0,1] and (x, u), (y,v) € Ay.
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Lemma 3.2. Let f : A C R*> — R be a differentiable mapping on A = [a,b] X [¢,d] with a < b and ¢ < d. If

518’; € L(A), then the following fractional equality holds

F(f,a,b,¢,b,a,8,4,J) = Gzald=c (//khaata{\ (ta+ (1 —t) b, e + (1 — \) d) dtd\

1

7// (L= 0 = 1) (L= N = N) x Zof (ta+ (1= 0)b A+ (1 - N)d)dean ), (3.1
0

0

where

Ganenanan - s LEEJIOERY)

2
I'(a+1)I(B+1) a, a,B a,B o,
R (T £ )+ T f (0 d) + I (be) + Y F(a,0)) (3:2)

1 i o<t<d,
k_{—l it l<t<, (3-3)
1 i 0gAa<d,
h_{l if <A<, (3.4)
and
A= SO (0 fa,e) + JF F (0,0) + JE S (a,d) + T S (b,d))
A (F f (a,0) + T f (and) + J2 f (be) + T3 f (b.d)). (3.5)
Proof . Let
I S U OF (3.6)
where -
I ://khg;ag (ta+ (1 —t)b,Ac+ (1 — \)d) dtd),
00
and

11
// 1—6)" —1%) (1= N)® =A%) x 2L (ta+ (1= 1) b, A+ (1 — \) d) dtd).
00

Clearly, we have

L o= //am (ta+ (1 —t)bAc+ (1= \)d) dtd\ — /

11
//Bta)\ ta+ (1 —1)b, )‘C‘F(l_)\)d)dtd)\—f—//ata/\(ta+(1—t)b e+ (1= \)d) dtdA

9 )b, Ac+ (1 — X) d) dtdA

e U (8050 — 7 0 55) — 7 (520) 4 7 ) — (00 559) + £ (55 559) 4 £ (0
P () — F (40 + F (o) F (4425 — f (b <44
1 (@0) = (500~ £ a5 + £ (442 55))

a Otflae) T a0, SEE) pp(9EL o) (b, Y
= (ba;lm ((f(a b ¢ ))+ F(b,d)+f( d)+f(b Y+ f(ae) ( ) ( > <
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Now, by integration by parts, I> gives

I / 1— Aﬁ (/ (1—8)% — ) f(ta+(1—t)b)\c+(1—>\)d)dt)d)\

0 0
1

m(f(a,c)+f(a,d)+f(b,c)+f(b,d)) (b—a)(d—c) a)(d c) (/ (ZAC+(17)\)d)dA

0

1 1 1
—i—/)\ﬂ_lf(a,)\c—i—(l—)\)d)d)\—k/)\ﬁ_lf(a)\c—&-(l—)\)d)d)\+ /(1—)\)5lf(b,)\c+(1—>\)d)d)\)
0 0 0
1

1 1
(/ et s ta—i—(l—t)bcdt—i—/t" Lr( ta+(1—t)bc)dt+/t“ Yf (ta+ (1 —t)b,d) dt
X 0 0 L 0
a 1 _ a—1y6-1 _ _
+[ fta+(1 t)bd)d>+(ba ({[t M=1f (ta+ (1 —t) b, A+ (1 — \) d) dAdt
Y TENT (fa+ (1 — 1) b, de+ (1 — N) d) dAdt
o “Hfta+ (1 —t)b,Ac+ (1= N)d) dAdt

— )P = N (ta - c - :
+Z{(1 H* 1 =N Fta+ (1) A+ (1 A)d)dAdt)

Substituting (3.7) and (3.8) in (3.6), and putting z =ta+ (1 —¢)b and y = Ae+ (1 — \) d, we get

P e A e A e A )

I = f(aft, etd) _
d d d d
(/ (@ y)dy+/<yc)“f(b,wdw/(dy)“f(a,mdw/(dy)“f(b,y)dy)
;: Cb cb cb
o™ (/ x—a)® (x c)dsr:—i—/(a?—a)a_lf(x,d)dcc+/(b—x)a_lf(ac’c)da:—&—/(b—x)a_lf(x,d)d:c>
0 a . a a
eI (// b= d= )" fpdyds + [ [ @0 (@) f o) dyd
b d
+ / / b= -0 fepddo+ [ [@-a T -0 F @) dyda:) | (3.8)

Using (2.1)-(2.8) in (3.9), we obtain the desired result. O

Theorem 3.3. Let f : A — R be a partially differentiable function on A such that ‘ ‘ € L(Ag). If ‘

otox otox
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co-ordinated (log, (s,m))-convex on Ay for some fixed s, m € (0, 1], then the following fractional inequality holds

|F(f7a’b7cﬁb7a7/87A’J)|

b—a)(d—c
< (ma) >((2(51“)+ﬁ(3(s+1,6+1)+ﬁ))

o2 d
x ( ataf,\ (a,m)‘ +

ain (@ >’ +m
where F is defined as in (3.2) and B (.,.) is the beta function.

& (2)

atf)/\ (b C)’ +m

Proof . From Lemma 3.2, properties of modulus, and (log, (s, m))-convexity on the co-ordinates of ’dtd)\

IF (f,a,b,c.b,a,8, A, J)

11
< (//’ (ta+(1—t)b e+ (1—=N)d dtd)\+// (1 —=t)* +t*) ((1f)\>3+/\5)
00
x ‘gég;(ta‘%(l‘*t)b,AC4*(1AfA)d)’dtdA)
11
2 d t
< (//Ps a,e)] +m(1- )" &QGWJ}
00
d 11
XPS§$“”>+"”1MS$$<@m)] dMA+//11*t )T+ ) (1= 27 +27)
00

Wf<bd)
OtOA ’ m

]ltdtdA>(3£D

—i@cﬂ+mu—xf

2 d\[1?
o
< gt (o)) < [

Applying Young’s inequality for (3.10) we get

Sk (a,0)| +m (- )

2 d
s | 2°f
BiA% (a, m) H dtdA

11
I (fabebasa )< 02 | [ | Zhao]+m -
00

)

(an“+wxaAW+A%x{MS;$ac

DL (be)| +m(1—N)°

_|_
—~
—_
|
~+

+

+
ot — = ot~ ot~

(a—w“+wﬂa—AW+A%u—wx[v

1 1
e VGE /[)\
0
1
o)« ([ el
0

O\»—' o\»—' O\H

+

o\)—t
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1

+ /(t(l—t)a—l—t““)dt

0

X Bta)\ (a,c ‘/ A1 =N+ N +m

ek (av :i) ’ Z((l — NPT L (1= N)%)dx

n /((17 £ (1 - t))dt
0

24 (b, c ‘/ (A*(1 = NP + A5F*)dA + m

8t8)\<’ >‘/ (1= X2+ M (1 = 2)%)dA

d 82 d
atafA (a’ m> D + 2(51+1) <‘6t6>\ (0, C)‘ aTa{\ (b’ m) D
2 d
o°f -
BTN <a, m) D
52 d
s (50)]))

2 d
0
a5 (o))

b—a)(d—c 9?2
= { )4( )<2(sl+1) <’6taf>\( )‘—I—m

82
+a%r1 (B(S—l-l,ﬁ—l-l)-&-ﬁ) (’aw&( )‘ +m

+0&1(B(8+175+1)+B+15+1)<8t8)\(b c)‘-i—m
—  (b=a)(d=0) 1 1 1
= a4 c (2(3+1)+047+1(B(8+1’6+1)+ﬂ+s+1))

x (‘59:6];( )’+m aata{\ <a’i>‘+‘6t6>\(b C)’+m

which is the desired result. [J

Corollary 3.4. Under the conditions of Theorem 3.3,
1. If m =1, then

|F (ﬁa,b,c,b,a,B,A, J)|

< =0 (G4 2 (Bls+ 1,8+ 0+ 5ie) ) x (| e, 0)| + | 2k (0. d)| + |35k (0, 0| + |k (0. )] ))

2. If s =1, then

|F(f7a’b7cﬁb’a7/87A’J)|

b—a)(d—c %
< ( )4( : <(111 + (a+1)1(6+1)) x <‘6ta{\(avc)’ +m

3. If m=s=1, then

2 d 2
o o
Taf)\ (a,m>' + ‘Ta{\(b,c)’

—a)(d—c 2
|F (f,a,b,c,b,a,ﬂ,A, J)| S % ((% + (a+1)1(ﬁ+1)) X (’{?ta);(a C)

4. If a = B =1, then
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5. If a =3 =s=1, then

(ot Cd)_f(a_’CJQrd)_._f(GQb’C)-o-f( c+d>+f< bd) —‘,—A—(ba)l(dc)/b/df(x’y)dydx

2
0% f d 9%f d
24 (o) 20 2)))

o
S (.0 +m

2

£ (gt etd) - f(a’cgd>+f(a7%’c>+f< C+d>+f< 3 d> +A— Ml(dc)/b/df(x,y)dyd:c
a c

< %XQ;;&(GC)‘_F‘B&?:B/\(CLCZ)’ ‘ata/\(bc)‘ ’ata/\(bd)D

7. Ifa=p=s=m=1, then

20 2 2

£ (gt etd) - f(a C+d>+f(a+b >+f< C+d>+f< bd) +A—M1(dc)/b/df(x,y)dydx

< %s(dic)xqgfa{\(ac)‘*"ata,\(ad)’ ‘ata,\(bc)‘ ’B;{\(b,d)’),

where
d

b
A=y [ U0+ fad)do+ 5= [ Gl + f0.0) dy

DLOX
co-ordinated (log, (s,m))-convex on Ag where p,q > 1 with % 5+ 5 =1 for some fixed s,m € (0, 1], then the following
fractional inequality holds

q
Theorem 3.5. Let f : A — R be a partially differentiable function on A such that ’ aiax| € L(Ao). If ‘ﬁ is

|F(f7a’b)c7b’a76)A7J)|<

Q=

(b—a)(d—c) <T1 + (2011 - 1) m\Ifl,m>‘11 . ((25+1 -1 +m\111,m>‘1’

24+§+§(3+1) s+1 s+1

1 1
4 (TQ + (2‘5+1—’_—11) m‘lfg’m> B 4 ((2s+1 - 1) TQ + m\1127m> !

S s+1

Q=

§+l 82f q q 82f q 82f q
16x24 "('mﬁm + +m( aiox ()| +| gax (br) ))
+ 1 1 I

(ap+1)P (Bp+1)P

where X . , .
T, = ‘%(a,c)’ +3‘%(b,c)‘ , (3.10)
o2 d\ |’ o2 LAY
Wim = aTafA <a, m> +3 aTaJ; (bv m> ) (3.11)
92 q 82f q
To = 3|55k (00| +| 20,0 (3.12)
q q
_alo [, 4 o2 (, 4
\:[127m = 3 DtON <a7 m) + DEON <b7 m> 5 (313)

and £ is defined as in (3.2).
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Proof . From Lemma 3.2, properties of modulus, and Holder inequality, we have

=
Q

IF (f.a.b,c.b,0, B, A, J)| < (=4 //dtd)\

i
-l-//dtd)\
01

2
13 1%
+//dtd)\ //
10 10
2 2

() (11

2

11 % 11
+ ( / / £ ( A)ﬁpdtdk> + ( / / P (1 5pdtd)\>
00 00
11 11
+ / / tP NPPdtd\ X / /
00 00

I (a4 (1—t)b,he+ (1— N)d)|” dedA

Q=
Q=

2L (ta+ (1 —t)b, )\c+(1—)\)d)‘thd)\

=
Q=

2k (ta+ (1= )b de+ (1- 2 d)|" dear

Q=

ata,\ )b, Ae+ (1 — ) d)‘thd)\

3 =

1 1 %
+ ( / / (1—1)* Aﬂpdtd/\)
00

q

s =

(1—t)b,Ac+ (1—A) d)’thd)\

)b, A+ (1— A)d)|” dtdx

Bta)\

_ Gea)d—o) a(d //‘7 ta+ (1—1t)b, )\c—s—(l—)\)d)‘thd)\ //

Q=

L (ta+ (1— )b, /\c—i-(l—)\)d)‘thd)\ + // DI (ta+ (1— )b e+ (1— N)d)| ddx

) 11
141
_&_% x //
(ap+1)P (Bp+1)P
00

Using the (log, (s, m))-convexity on the co-ordinates of ‘ ata)\’ and Young’s inequality, we obtain

1
q

8% f (
OtoN

(1= )b, A+ (1—A) d)‘thd)\

Zh(a,0| +m (-0 | 2k

\F (f,abcba,ﬁ,AJ)|<(b @)(d=) //[
X .
+// (1—t) [)\s (gaf)\ <b7 m)

/M 24 (e 2)

1
q

2 q s
20,0 +m((1 =)

] dtd

+m(17)\)S

q
} dtd

dtdA (a,c)

Q=
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Q=

2 d
o

| &k a0 +ma -y

w\»—t\»—‘

0
1
13 FNT a
2 q 2
+/ (1-1) [As %(b,c)‘ +m((1=N)° |5k (b, m) }dtd)\
% 0
11 d q
q
+ /t {/\S O (aye)| +m(1—-N)° g;;(am) ]dtd)\
!
11 %
s| O°f a d /
v fa-n| m(b,c)‘ +m((1 =N | Gk (b2 )| | dtda

el

6t6)\(b C)‘ +m((1-2)°

11
1+1
ot [
(ap+1) (Bp+1)P
00
11
Jfealy

00

Wf(bd)q
OtOA ’ m

! s o~ f
(2 1) (| G (o)
s+1

} dtdA

02
3| g 0

Q
N—"
Q=

| 82
*3‘ S (02)

9*f
(h—a)(d=0) G e
24+q+q (s+1)%

X

1
R a2f q a?f q 82f a2f q E
(2 +1_1)<‘8t6)\(a’c) +3'8t8)\(b’c) )*’”(‘ata,\(“w‘i) +3'ata,\(b ) )
+ s+1
1
.| 9% F 192 T s | 8%f 8% f 1 q
3‘atax(a’c) | grox ()| +(2 +1*1)m(3'atax(“%) | gzox (055 )
+ s+1
1
o 82f q 82f q 82f q 82f q ;
N (2 +1—1)<3‘atax(“v“‘) +| 5zax (0:0) >+m<3'ata,\(“%) +| aox (br) )
s+1

41

= 2 q
n 16><2t1 a % ’ 2%f ac ‘ +
(ap+1)7 (Bp+1)7 o (0:¢)

which is the desired result. OJ

Corollary 3.6. Under the conditions of Theorem 3.5,
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1. If m =1, then

Q=

F (frab,eb,0,8, A, J)| < L= (d=¢) Trf@”l—UWL15+_ 2 )T+ W\
) ) ) 0 9 ) ) _24+%+§(3+1) $+1 8+1

T 25t 1) ¥ . 25 )Ty + 0 .
+( 2+( ) 2,1) +<( ) 2+ 2,1)

s+1 s+1

1
82f q 82f q q
+‘8t8>\ (“’d)‘ +’8t8)\(b’d)' )

q
+

s 1 82 92
16x24"a ('at—a&(a,c) 2o
+
(ap+1)7 (Bp+1) 7

2. If s =1, then

(b—a)(d—rc)
< - 7N 7
|F (f7a7buc7b7aaBaA7J)| — 24_;'_%

1 1 1 1
((%)q + (3T1+?W1,77L)q + <T2+372n\1’2,m)q + (W)q
2 /] 92 T ) g2y q o2 f @ | g2y a\\ o

16x2q()m(a70> +| gzax (b:c) +m<‘78t8)\(a’v%) +| 5ex (b:7) ))

1

=+ T T
(ap+1)? (Bp+1)P

3. If m=s=1, then

IF (f,a,b,¢.b,0,8,A,J)| < (b_;ff_c)

1 1 1
T, + 3V q 37 +V¥ Ty 4+ 30 q 37, +¥ a
<(1 1,1> +( . 1,1> +( 2+ 2,1> +( 2+ 2,1>

2 2
fikea]))’

_l= el QL

q
+

q azf
+| 5o (0:0)

2 82 q 82
16x24 ('Taf)\(a,c) +m(‘raf)\(a,d)

+ T T
(ap+1)P (Bp+1)P

4. If « = g =1, then

A e 1 0 1 G 1 G 0 D N [ [ s

(b — a) (d — C) T1+(23+1—1)m\111,m é (25+1—1)T1+Tﬂ‘1’1,m %
+ s+1

gd+2+s (s + 1)% s+1
n <T2 + (28+1 — 1) m‘l’27m> “ 4 <(25+1 — 1) TQ + m\I/Q,m> “

s+1 s+1

Q=

q

2
+af(bd)

OtOAN T m

))

241 /] 92 a | 52 a 92
16x24 "4 ('Bt(’)f)\ (a,0)| + ata{\ (b,e) +m(‘ataj,\ (a5%)

+ z
(p+1)P
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5. If a =3 =m =1, then

(et ety f(a,%>+f<a;rb,c>+f<b,c;d>+f<‘%b,d) A Ml(dc)/b/df(g;,y)dydx
a C

b-a)(d-0) <(<>) ()¢

odt+2+s (s+1) s+1

Q=

1 1
(Tg + (23+1 — 1) \1’2,1> ! <(25+1 - 1) Ty + ‘P2,1> !
+ +
s+ 1 s+1

2

syl 5 q 92 q 52 q 52
16x24 q('ataﬁ(“’c) + ataji\(bvc) + ataji\(a’d) + ata{\(b’d)

+

(p+1)%

6. f a =p8=s=1, then

f (o2, etd) f(“’cgd>+f<a;b’c>+f<b’c;d>+f<a7%’d> +A- (b_a)l(d_c)/b/df(x,y)dydx

1 1
(b—a)(d—c) (T1+3m\1f1,m>3 L (3T1+m\111,m )5 L T+ 3mWs . \ n 3Ty + mWs i\ ©
> 24+% 2 2 2 2
2 7| 92 T | 92 q o2 f 9| 9%F NE 1
16x24 (’c’%é))\(a’c) +| 55 (0:0) +m( aiox (@)| +|zmax (05n) ))

2
(p+1)P

7. Ifa=0=m=s=1, then

2

(b—a)(d—c) 1430, 1\ @ 3T1 40y ) @ Ty +3Us, v 3To + Vs v
< , , , ,
< =00 (rugnnyt () (Ter ) (3Tar

2
n
)

f (a2, ety f<“’CJ2rd>+f<a;b’c>+f<b’cgd>+f<a7w’d> +A- (b_a)l(d_c)/b/df(x,y)dydx

2 7| 92f T 925 | 92f 7| 92
16x24 (’81&6)\ (a,09)| +|5x 0| +|5ax (@d)| +| 55 (:d)
+ 7

(p+1)P

where Y1, Uy p,, Yo, Uy, are defined as in (3.11)-(3.14) respectively, and

b d
A= [ (e + fed)do+ i [ (lan) + 1ba) .
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