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Abstract

The objective of this paper is to demonstrate the results of coupled fixed point that possesses the property of mixed
monotone involving altering distance functions in the framework of partially ordered metric spaces. To illustrate our
results, we provide an example.
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1 Introduction

The Banach Contraction Principle is the vital result of the analysis. In numerous directions the generalizations of
this principle have been obtained. The utilization of a control work that adjusts the distance between two focuses in
a metric space have been started by Khan et. al [I0] in 1984. Such mappings are called altering distances. In various
papers altering distance has been utilized in metric fixed point hypothesis (see [7, [8, 9] [T1]).

Bhaskar and Lakshmikantham [3] started the investigation of a coupled fixed point hypothesis in ordered metric
spaces and applied their outcomes to demonstrate the existence and uniqueness for a periodic boundary value problem.
Numerous specialists have gotten coupled fixed point results for mappings under different contractive conditions in
the system of partial metric spaces [I}, 2 4 [5] [6], T2 [13].

The objective of this paper is to demonstrate the results on coupled fixed point that possesses the property of
mixed monotone involving altering distance functions in the framework of partially ordered metric spaces. Lastly, we
provide an example that satisfies the main theorem.

From the outset, we need the accompanying definitions and results.

Definition 1.1. [T0]. A function is said to be An altering distance function ¢ : [0, 00) — [0, 00) if:

1. ¢ is non-decreasing and continuous.
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2. p(w)=0 <= w=0.

Definition 1.2. [3] R(q,w) = ¢ and R(w,q) = w is said to be coupled fixed point of the mapping R: W x W — W
for an element (q,w) € W x W.

Definition 1.3. [3] Presuppose (W, <) be a partially ordered set and R : W x W — W. We say that R has the
mixed monotone property if R(q,w) is monotone non-increasing in w and is monotone non-decreasing in ¢, that is,
for any q,w € W,

1,02 €W,q1 <2 = R(q1,w) < R(gz,w)
and

wi,wy € W,wy <wy; = R(q,w1) > R(q,ws).

Theorem 1.4. [3]. Presume (W, <,d) be a complete metric space. Presuppose a mapping R : W x W — W having
the property of mixed monotone on W. Presume that there exists a k € [0,1) and

k
d(R(q, w), R(p,v)) < 5[d(g,p) + d(w, v)] (1.1)
YV p,q,w,v € W for ¢ > p and w < v. Presuppose either R is continuous or W has the subsequent properties:

(i) if a nondecreasing sequence g, — r, then ¢, < g, Vh,

(ii) if a non-increasing sequence wy, — w , then wy, > w, Vh.

If there exists qg, wo € W with g9 < R(qo,wp) and wy > R(wo, o), then R has a coupled fixed point.

2 Main Theorem

Theorem 2.1. Presume (W, d, <) be a complete metric space. Suppose a continuous map R : W x W — W having
the property of mixed monotone on W such that

Y(d(R(g, w), R(p,v))) < $(d(U((q, w), (p,v))) — o(d(U((q,w), (p,v)))
+ K (P((g,w), (p,v))) (2.1)

where

U((g,w), (p,v)) = maz{d(q, p), d(w,v),d(R(g,w),q), d(R(p,v),p)}
P((q,w), (p,v)) = min{d(q, p), d(w,v),d(R(q, w), q), d(R(g, w),p), d(R(p,v),q)}

YV q,w,p,v € W for w < v and ¢ > p , here an altering distance functions are ¥ and ¢ and K > 0. Presuppose that
there exists go, wp € W then ¢ < R(qo,wp) and wg > R(wo, qo), thus R posses a coupled fixed point.

Proof . Take qg,wo € W; set ¢ = R(qo,wo) and wy = R(wo, go). Repeating this process, set gn+1 = R(gn,wy) and
wp+1 = R(wy, qn). Then by inequality (2.1)), we have

Y(d(gn+1,qn)) = (d(R(gn, wn), R(gh—1, wn-1)))
< YU (qn, wn) (qr—1,wn-1))) — (U ((gn, wn), (qgh—1, wh-1)))
+ K P((qn,wn), (qh—1,wh-1)),

and

Y(d(whny1,wn)) = Y(d(R(wn, qn), R(wh-1,qn-1)))
< YU ((wh, qn)s (wWh-1,qn-1))) — (U (W, qn), (Wh-1,qn-1)))
+ K P((wnh,qn), (Wh—1,qn-1)),
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where,
U((qn,wn), (qh—1,wn-1)) = maz{d(qn, qn-1), d(wp, wp—1),
d(R(qn,wn), qn), d(R(qh—1,Wh-1),qn-1)}
= mam{d(qh, q}l—l)a d(UJh, wh—1)7 d(qh-i-la qh)? d(th qh—l)}
= max{d(qn, qn—1), d(wn, wn—1), d(qn+1,qn)}-
also,

P((qha ’UJh), (qh—la wh—l)) = min {d(th qh—1)7 d(wha wh—l); d(R((J}“ ’LUh), qh)a d(R(Qha wh)a qh—l)a d(R(qh—la wh—l)a Qh)}
= min {d(qn, qn-1), d(wn, wn-1), d(qn+1, qn), d(qh+1, qn-1), d(qn, qn) }
= 0.

Similarly,
P((wn, qn), (Wh—1,qn-1)) =0

Now, we study the subsequent two cases.

Case I: If
U((gns wn), (gh—1, wn-1)) = maz{d(qn, qn-1), d(wn, wn-1)}.
We have
U(d(gnt1,qn)) < P(maz{d(gn, gn-1), d(wn, wn-1)}) — p(maz{d(qn, gn-1), d(wn, wp-1)}), (2.2)
and
(d(wpt1,wy)) < Y(maz{d(wn, wa—1),d(qn, gn-1)}) — d(maz{d(wn, wp—1), d(qn, gn-1)})- (2.3)
Case II: If

U((qn,wn), (qn—1,wn—1)) = d(qns1,qn)-
We profess that

U((qn, wn), (qh—1,wh—1)) = d(qn+1,qn) = 0.
Now, if d(qn+1,qn) # 0, then
V(d(gn+1,qn)) < V(d(nt1,9n)) — (d(qn+1,an)) < P(d(gn+1,qn)) as ¢ = 0.
This implies
d(gn+1,qn) < d(gn+1,4n),

which is a contradiction. As, U((gn,wn), (¢h—1,wn—1)) = 0. Then it is obvious that (2.2)) and (2.3]) hold. Now, from
inequalities (2.2]) and (2.3]), we have

Y(d(qnt1,qn)) < Y(max{d(qn, qn—1), d(wn, wp-1)}) — d(maz{d(gn, gn-1), d(wn, wn—1)}) (2.4)
As ¢ > 0.
Y(d(gn+1,qn)) < Y(max{d(gn, gn-1), d(wn, wr-1)}),
and as 4 is non-decreasing, we have
d(qn+1, qn) < max{d(gn, gn-1), d(wp, wp-1)}. (2.5)
Similarly,

P(d(wny1,wn)) < Y(maz{d(wn, wn-1), d(qn, gn-1)}) — d(maz{d(wn, wn-1),d(gn, gn-1)})

<9
< Y(mazx{d(wp,wp-1),d(qn, gn-1)}),
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and consequently
d(wh+1, wn) < maz{d(wp, wp-1),d(qn, an-1)}, (2.7)
by and , we obtain
maz{d(gn+1,qn), d(wnt1,wp)} < max{d(qn, gn-1), d(wn, wr-1)},
and thus, max{d(gn+1,qn), d(wh+1,wn)} is nonnegative non-increasing sequence. Thus 3 x > 0 thus
hli_)n;0 mazx{d(qn+1,qn), d(Wht1,wpn)} = . (2.8)

Now, if 4 : [0, 00) — [0, 00) is non-decreasing, ¢ (max(b,a)) = max (1 (b), ¥ (a)) for b,a € [0, 00). Taking this and (2.4)
and (2.6, we have

maz{y(d(qn+1,qn)), Y(d(whi1, wn))} = Y(maz{d(gn+1, qn), d(Whnt1, wn)})
< (maz{d(qn,qn-1), d(wn, wn—1)}) (2.9)
- ¢(maz{d(qha qh—l)a d(wh7 wh—l)})'

Letting h — oo in (2.9) and ({2.8)), we have
Y(z) < Plz) — o(x) < ¥(x),
and thus ¢(x) = 0. As ¢ is an altering distance function, £ = 0. This implies

lim max{d(gn+1,qn), d(Wht1,wn)} = 0.

h— o0

Thus
lim d(gnt1,q9n) = lim d(wpi1,wn) = 0. (2.10)
h— o0 h—o00

Next, we claim that {g;}, {wn} are Cauchy sequences.
We will validate for each ¢ > 0, 3s € N, if h,m > s,

max{d(Qm(s)v qh(s))7 d(wm(s)7 wh(s))} <e.
Presuppose the above statement is not true.
Thus, 3 & > 0 for which we can find sequence {g,,(s)}, {qn(s)} With s < m(s) < h(s) such that
max{d(Qm(s)v qh(s))a d(wm(s)7 wh(s))} > e (211)

Furthermore, we can take h(s) corresponding to m(s) in a way that m(s) < h(s) is smallest integer and satisfing

(2.11). Then

maz{d(qum(s), dn(s)-1), AWin(s), Wh(s)-1)} <€ (2.12)
From triangle inequality
d(qn(s)s Gm(s)) < AQnis) uis)—1) + AQn(s)—15 Gms))- (2.13)
Similarly
d(Wh(s), Wm(s)) < d(Wh(s), Wh(s)—1) + A(Wh(s)—15 Wpn(s))- (2.14)

From ([2.13) and (2.14)), we have

maz{d(qn(s)> Gm(s))s AWh(s)s Win(s)) } < max{d(qn (s> Gn(s)—1) AWh(s), Whis)—1)}

(2.15)
+ max{d(‘]h(s)—h qm(s))a d(wh(s)—lv wm(s))}

From (2.11)), (2.12)) and (2.15)), we get
e <maz{d(qn(s)s Gm(s))> AWh(s)s Wm(s)) } < maz{d(qn(s)s qn(s)—1)s AWh(s), Wh(s)-1)} + €. (2.16)
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Let s — oo in (2.16]) and (2.10]) we have
Sll)rglo maf{d(%(s); qm(e))v d(wh(s)a wm(s))} =E&.
Again, the triangle inequality, we have
d(qh(s)—la Qm(s)—l) < d(qh(s)—la Qm(s)) + d(qm(s)7 qm(s)—l)a
and
A(Wh(5)—1, Win(s)—1) < A(Wh(s)—15 Wn(s)) + AW (s), Wi (s)—1)-
From ([2.18)) and (2.19)), we have

max{d(qh(s)—la qm(s)—l>7 d(wh(s)—lv wm(s)—l)} < max{d(qh(s)—lv qm(s))v d(wh(s)—la wm(s))}
+ max{d(Qm(s)a Qm(s)—l)a d(wm(s)a wm(s)—l)}'

From (2.12)), we have
maz{d(qn(s)—15 Gm(s)—1)s AWh(s)=1, Win(s)—1)} < Maz{d(@m(s), Gm(s)—1)» AW (s)s Win(s)—1)} + -
Using the triangle inequality, we have
d(Qn(s)s Gm(s)) < A Qn(s)s Qnis)—1) + A(@nis)—15 Gms)—1) + AQm(s)—1, Gm(s))
and
d(Wh(s)y, Wm(s)) < d(Wh(s), Whis)—1) + Ad(Wh(s)—1, Win(s)—1) T AW (5)=1), Win(s))-
From (2.22), (2.23) and (2.11)), we get

e < max{d(qn(s), qn(s)—1)s AWn(s), Wh(s)-1) }
N+ mar{d(qnis)—1, Gms)—1)s AWh(s)—1, Win(s)—1) }
+ maw{d(qm(s)—la qm(s))a d(wm(s)—l)a wm(s))}

From ([2.24)) and (2.21)), we have

€— ma‘r{d(qh(s)v qh(s)—l)a d(wh(s)a wh(s)—l)} - mam{d(qm(s)—la qm(s))7 d(wm(s)—l)v wm(s))}
< max{d(qn(s)—1> Im(s)—1)s AWh(s)—1, Win(s)—1)}

< max{d(qm(s)fla Qm(s))7 d(wm(s)fla wm(s))} +e.

Let s — oo in (2.25)) and using (2.10), we get
sll{go max{d(qh(s)—lv Qm(s)—l)» d(wh(s)—h wm(s)—l)} =E&.
Since qp(s)—1 > Gm(s)—1 and Wp(s)—1 < Wyy(s)—1, Using the inequality (2.1)) we can obtain

Y(d(Gn(s)> Gm(s))) = V(A(R(qn(s)—1, Wh(s)—1)5 A(R(Gm(s) =15 Wn(s)=1)))
S P(U(qn(s)—1> Wh(s)=1)s (@m(s)—1> Wm(s)=1)))
= O(U((qn(s)=1, Wh(s)—1); (@m(s)=1> Win(s)—1)))
+ K P((qh(s)=1, Wh(s)=1)> (@m(s)—1> Wim(s)—1)),

where

U((qh(s)—15 Wh(s)—1)s (@m(s)—1s Wm(s)—1)) = maz{d(qn(s)-1; Gm(s)~1), AWh(s) -1, Win(s)-1);
d(R(qn(s)—1, Wh(s)—1), qn(s)—1)5
A(R(Gr(s) =15 Win(s)—1) m(s)—1)}
= maz{d(qn(s)—1, Im(s)=1)> AWh(s)=1> Wi (s)—1)>
A(Gn(s)ys dn(s)—1)s A@m(s)s Gm(s)—1)}
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and
P((qn(s)—1> Wh(s)—1)s (@m(s)=1> Wm(s)—1)) = Min{d(qn(s)—1, Im(s)~1)> AWh(s)—1, Win(s)—1)s
d(R(qh(s)—15 Wh(s)=1)5 Qh(s)—1)>
d(R(qh(s)—15 Wh(s)=1)s Gm(s)—1)>
A(R(Gm(s)—1> Win(s)—1)s Qn(s)—1) }
= min{d(qn(s)—1, Gm(s)—1)s AWh(s)—1, Wi (s)—1)s
d(@n(s)s An(s)—1) AQn(s)s Gm(s)—1), A(@m(s)» Tr(s)—1) }
Similarly,
Y(d(Wh(s)s Wm(s))) = Y(A(R(Wh(s)—15 qh(s)=1)> A R(Wrn(s)=15 Gm(s)—1)))
< YU ((Wh(s)=15An(s)—1)s (Win(s)—1> Gm(s)-1))) (2.28)
— (U ((Wh(s)—15qn(s)=1)s (Win(s)—1> Gm(s)—1)))
+ K (P((Wh(s)=15 Gh(s)=1)5 (Wm(s)—15 Gm(s)—1)));
where
U((Wh(s)=15 Gn(s)—1)s (Wim(s)—1> Gm(s)—1) = maz{d(Wh(s)—1, Wm(s)~1), Aqn(s)~15 Gm(s)—1)
d(R(Wh(s)=15 h(s)=1)> Wh(s)—1)
A(R(Win(s)—15 Gm(s)=1)> Wm(s)—1)}
= maz{d(qn(s)—1, Gm(s)—1) AWh(s)—1> Win(s)—1)
d(Wh(s), Wh(s)—1) AW (s)> Wm(s)—1) }-
and

P((Wh(s)~15Gn(s)=1)s (Wm(s) =15 Gm(s)—1) = Min{d(Wh(s)—1, W (s)—1)s Aqn(s)—1> Gm(s)—1)5
A(R(Wh(s)—1 Gh(s)=1)> Wh(s)—1)
d(R(wh(s)flqus)fl)a wm(s)fl)u
A(R(Wi(s)—15 Gm(s)—1)s Wh(s)—1) }
= min{d(qn(s)=1> Gm(s)—1)s A Wh(s) =15 Wmn(s)=1);
d(Wh(s), Whs)—1)s AWh(s), Win(s)—1) AWin(s)> Wh(s)—1) }-

From ([2.27) and (2.28)), we have
mam{w(d<Qh(s)7 qm(s))7 d(wh(s)7 wm(s))>} < w(’zh) - (b(Zh) + K (eh>7

where
zn = max{d(qn(s)—1, Gm(s)—1)s AWh(s)—1, Win(s)—1),
d(qn(s)> In(s)—1) AWh(s), Wh(s)—1);
d(Qm(s), qm(s)—l)a d(wm(s)7 wm(s)—l)}'
and

en = min{d(qn(s)—1, Gm(s)—1)> AWh(s)—15 Win(s)—1)
d(qn(s)s Qn(s)—1)s AWh(s)s Wh(s)—1)s
d(qn(s)s Gm(s)—1)s A Gm(s)> Tn(s)—1)
A(Wh(s); Win(s)—1) AWin(s), Wh(s)-1)}
< min{d(qn(s)—15 Gm(s)—1)> AWh(s) =1, Win(s)—1)>
d(qn(s)s Gn(s)—1)s AWh(s)s Wh(s)—1)s
A(Gm(s)s Im(s)—1)s AW (s)s Win(s)—1)}

Finally letting s — oo in last two inequalities and using (2.26)), (2.17)) and (2.10) and the condition of continuity of ¢
and v, we have

P(e) < P(max(e,0,0)) — p(max(e,0,0)) + K (min((g,0,0)) < ¢(e)
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and hence, ¢(e) = 0. As ¢ is an altering distance function, therefore, ¢ = 0. This is a contradiction. Which proves
our claim.

As W is a complete metric space, 3 ¢, w € W such that

lim ¢, = qgand lim w, = w.
h—o0 h—o0

Now we show that (g, w) is a coupled fixed point of R.

As, we have
¢ = lim gpy1 = lim R(gp,wp) = R(lim g, lim wp) = R(g,w),
h—o0 h—o0 h—o0 h—o0
w= lim wp+1 = lim R(wp,qn) = R( lim wy, lim ¢) = R(w, q).
h—o0 h—o0 h—o0 h—o0
Therefore, (¢, w) is a coupled fixed point of R. O

Theorem 2.2. Presume all the hypothesis of Theorem [2.1] are gratified. Moreover, presuppose that W has the
subsequent properties

(a) if a non-increasing sequence {wy} — w, then wy, > w, for each h,

(b) if a non-decreasing sequence{q,} — ¢, then ¢, < g, for each h.
Then the conclusion of Theorem 2.1] also hold.

Proof . Following the proof of Theorem we have to check only that (g, w) is a coupled fixed point of R.

Since {qn} is non-decreasing and ¢, — ¢ and {wy,} is non-increasing and w;, — w, by our assumption, g, < g and
wp > w YV h.

Applying the contractive condition we have

Y(d(R(g,w), R(gn,wn))) < Y(U((g;w), (gn, wn))) — ¢(U((q,w), (qn,wn)))
+ K (P((q,w), (qn, wn)))

where

U((q,w), (qn, wn)) = maz{d(q, qn), d(w, wn), d(R(q, w), q), d(R(qn, wn), qn) }- (2.29)
and

P((q, w), (gn, wn)) = maz{d(q, qn), d(w, wn), d(R(q, w), 9), d(R(g, w), qn), d(R(gn, wn),q) } = 0.
and as v is nondecreasing, we obtain
d(R(g, w), R(gn, wn)) < U((q,w), (qn, w)), (2.30)
Letting h — oo in (and hence (2:29)), we obtain
d(q, R(q,w)) =0,

and consequently R(g,w) = q.
On similar way, it can be showed that w = R(w,q). O

for (¢, w), (u,v) € W x W there exists (z,t) € W x W which is comparable to (¢, w) and (p,v). (2.31)
Note that in W x W we consider the partial order relation given by

(¢;w) < (p,v) <= ¢<pandw >w.
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Theorem 2.3. In addition to the presumptions of Theorem (resp. Theorem [2.2) condition (2.31) we acquire the
uniqueness of the coupled fixed point of R.

Proof . Presuppose (¢, w) and (¢’,w’) are coupled fixed points of R, that is, R(q,w) = ¢q, R(w,q) = w, R(¢’,w') = ¢
and R(w',q") = w'. We shall show that ¢ = ¢/, w = w'.

Let (¢,w) and (¢, w’) are not comparable. By presumption 3 (z,t) € W x W comparable with (¢, w) and (¢, w’).
Suppose that (¢, w) > (z,t).

We define sequences {z;}, {t;} as follows
to =t 20 = 2, the1 = R(tn, zn) andzpy1 = R(zp,ty) Vh.

As (z,t) is comparable with (¢, w). We claim that (g, w) > (zp,t) for each h € N.
We will use mathematical induction.
For h =0, as (¢,w) > (2,t), this means zg = z < g and w > t = t¢ and consequently, (¢, w) > (29, to)-
Suppose that (g, w) > (zp, t); then using the property of mixed monotone R, we get
zhy1 = R(zn,th) < R(g,tn) < R(q,w) =g,
the1 = R(th, zn) > R(w, z,) > R(w,q) = w,
and this proves our claim.

Now, since zp < ¢ and ¢, > w, using (2.1)), we have

¥(d(q, zn+1)) = Y(d(R(q,w), R(zn,t1))) < ¥(U((g; w), (21, tn))) — ¢(U((q, w), (2n, 1)),
+ K (P((q,w), (2n,tn))) (2.32)

where
U((q,w), (zn,tn)) = max{d(q, zn), d(w, t), d(R(q,w), q), d(R(zp, tr), 2n) }
= maz{d(q, zn), d(w, tp)}.
and
P((q,w), (zn, tn)) = maz{d(q; z), d(w, tn), d(R(q, w), q), d(R(q, w), zn), d(R(zn, tn), )} = 0.
Therefore
¥(d(q, 2n41)) < Y(maz{d(q, zn), d(w,tn)}) — ¢(max{d(q, zn), d(w, tr)}) (2.33)
< Y(maz{d(q, zn), d(w,tp)}),
and analogously
Y(d(w, tht1)) < (maz{d(w,tr), d(q, zn)}).- (2.34)
From and and using the fact that ¢ is non-decreasing, we have
Y(max{d(q, zn+1), d(w, th1)}) = maz{yp(d(q, zn41), ¥ (d(w, thi1))} (2.35)
< ¢(max{d(q, zn), d(w, tn)}) — p(maz{d(q, zn), d(w, tn)}).
This imples that
max{d(q, zn+1), d(w, th1)} < max{d(q, z), d(w, tn)},
and consequently the sequence maz{d(q, zns1), d(w, tar1)} is non-increasing and nonnegative and so,
lim maz{d(q, zn+1), d(w, ths1)} = =, (2.36)

h—o0

for certain « > 0. Using (2.36]) and letting h — oo in ([2.35)), we have
P(x) < ¢x) — o(x) < ¢(2),
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and consequently ¥ (z) = 0 and thus = = 0.

Finally, as
hlim max{d(q, zn+1), d(w, tp+1)} = 0. (2.37)
—00
This implies
lim d(q,zp41) = lim d(w,tpy1) = 0. (2.38)
h—o0 h—o0
Similarly
lim d(q¢,zp+1) = lim d(w',tp41) = 0. (2.39)
h—o00 h— o0

From ([2.38) and ([2.39)), we have ¢ = ¢’,w = w’. The proof is complete.
O

Theorem 2.4. In addition to the hypotheses of Theorem resp. Theorem , suppose that gy and wg in W are
comparable, then ¢ = w.

Proof . Suppose that go < wg. We claim that
qn < wp,Vh € N. (2.40)
From the mixed monotone property of R, we have
q1 = R(qo,wo) < R(wo,wo) < R(wo,qo) = w1.
Assume that g, < wy, for some h. Now,
qh+1 = R(qn, wn) < R(wh, wn) < R(wn, qn) = whi1-

Hence, this proves our claim.
Now, using (2.40) and the contractive condition, we get

Y(d(ght1, wh1)) = Y(d(whtt, gne1)) = Y(R(wn, qn), R(qn, wr))
< YU ((wn qn), (an, wn))) — ¢(U((wn, qn), (qn, wr)) (2.41)
+ K (P((wn, qn), (qn,wn)))

where
U(R(wm qh)7 R(th wh)) = max{d(wm Qh)7 d(CIm ’LUh), d(R(wiu (Ih), wh)ﬂ d(R(qhv wh)v Qh)} (2 42)
= mazx{d(wn, qn), d(Wnt1,wn), d(qn+1,qn)}- '
and
P(R(wha Qh)7 R(qfu wh)) = max{d(wh, qh); d(Qh, wh), d(R(U)}“ qh), wh), d(R(wh, qh), Qh)7 d(R(qh, wh), wh)} (243)

= maz{d(wn, qn), d(gn, wp), d(Whrt1, wr), d(Wht1, gn), d(gn+1,wp) }.

Thus, limy, . d(gp, wy) = r for certain r > 0.

Taking h — oo in (2.41)(and hence (2.42) and (2.43))), and using continuity of ¢ and ¢, we obtain
b(r) < 9(r) — o(r),

and we get r = 0.

As gn, — g and wy, — w and limy, 0 d(gn, wr) = 0. We have 0 = limp, o0 d(qn, wp) = d(limp,— o0 qp, limp 00 wp) =
d(q,w) and thus ¢ = w.

This finishes the proof. [
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Example 2.5. Presume W = R with usual metric and order. Define R: W x W — W as R(q,w) = (g — 5w) for all
q,wew.

Presume 1, ¢ : [0,00) — [0,00) is defined as ¥ (t) = t and ¢(t) = g(t) Apparently, ¥, ¢ are altering distance
functions.

Now, let ¢ < p and w > v. So, we obtain

Y(A(R(a,w), R(p,v) = d(R(g, w), Rp,)) = |3(g ~ 50) ~ = (p — 50)

= 2l(g—p) — 5w —v)
= ld(g,p) +5d(w, )

Smar{d(q,p), dw,0), d(Rlg, w), @), d(R(p.0). )}

= max{d(q,p), d(w,v),d(R(q,w),q),d(R(p,v),p)}

~ Zimaz{d(g,p),dw, ), d(Rlg,w),0), d(R(p, ), )}

< Y(max{d(g,p),d(w,v),d(R(g,w),q),d(R(p,v),p)})
— ¢(maz{d(q, p),d(w,v),d(R(q,w),q), d(R(p,v),p)}
+ K (min{d(q, p), d(w,v), d(R(q, w), p), d(R(p,v), q)

IN

)
)
Therefore, all of the presumptions of Theorem are contented. Also, (0,0) is the coupled fixed point of R.

Theorem 2.6. Presuppose (W, <,d) be a complete metric space. Presume a continuous mapping R : W x W — W
possesses the mixed monotone property on W

P(d(R(q, w), R(p,v))) < P(d(U((g, w), (p,v))) — o(d(U((q,w), (p,v))) (2.44)

where

U((q,w), (p,v)) = max{d(q,p), d(w,v),d(R(q,w),q),d(R(p,v),p)}
Vp,q,v,w e W for ¢ > pand w < v, here 1) and ¢ are altering distance functions. Presuppose either R is continuous
or W has the following properties

(a) if a non-decreasing sequence {qn} — ¢, then ¢, < ¢, for each h,

(b) if a non-increasing sequence {wy,} — w, then w;, > w, for each h.

Presuppose that there exists go, wg € W such that qo < R(qo,wp) and wo > R(wp, qo), then R has a coupled fixed
point.

Corollary 2.7. Presume (W, <,d) a complete metric space. Let R: W x W — W is a continuous mapping on W
having the mixed monotone property such that 3 k € [0, 1) satisfying

Y(d(R(q,w), R(p,v))) < k max{d(g,p), d(w,v),d(R(g,w),q), d(R(p,v),p)}
V p,q,w,v € W with ¢ > p and w < v. Suppose either R is continuous or W has the following properties

a) if a non-decreasing sequence {q;} — ¢, then ¢;, < q, for each h,
g

(b) if a non-increasing sequence {wp} — w, then wy, > w, for each h.

If there exists gg, wo € W such that ¢o < R(qo,wo) and wg > R(wg, qo), then R has a coupled fixed point.
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Corollary 2.8. Let R satisfy the contractive condition of Theorems and except that assumption (2.44)) is
changed by the subsequent assumption. There exists a non-negative Lebesgue- integrable function x on R, such that
foe wu(t)dt > 0, for every ¢ > 0 and that then, R has a coupled fixed point.

<

/w(d(R(qﬁw)’R(p,v))) /w(U((q,w)’(p,v))) /¢(U((q,w)’(p,v)))

p(t)dt — p(t)dt, (2.45)

0 0 0

where
U((q,w), (p,v)) = max{d(q, p),d(w,v),d(R(q,w),q), d(R(p,v),p)}.

Proof . Consider the mapping v : [0,00) — [0,00) defined by

r= /0 w(t)dt.
is an altering distance function.
Then becomes
LY (d(R(q, w), R(p,v)))) < T((U((q,w), (p,v)))) — T(d(U((g; w), (p,v)))),
where
U((g; w), (p,v)) = maz{d(q, p), d(w,v), d(R(q,w),q), d(R(p,v), p)}.

Taking ¥, = T'oyp, ¢1 = T'o¢ and applying Theorem and Theorem [2.2] we obtain the result. [J

References

[1] N.G. Adl, D.E. Bagha and M.S. Asgari, Coupled fixed points of generalized Kanann contraction and its applications,
Int. J.ournal of Nonlinear Anal. Appl. 9 (2018), no. 2, 169-178.

[2] A.H. Ansari, B. Moeini, I. Yildirim and A.M. Oprea, Coupled fized point theorems for rational type contractions
via C-class functions, Int. J. Nonlinear Anal. Appl. 10 (2019), no. 1, 77-98.

[3] T.G. Bhaskar and V. Lakshmikantham, Fized point theorems in partially ordered metric spaces and applications,
Nonlinear Anal. 65 (2006), no. 7, 1379-1393.

[4] B.S. Choudhury and A. Kundu, A coupled coincidence point result in partially ordered metric spaces for compatible
mappings, Nonlinear Anal. 73 (2010), no. 8, 2524-2531

[5] L.Ciric’, V. Lakshmikantham, Coupled random fized point theorems for nonlinear contractions in partially ordered
melric spaces, Stoch. Appl. 27 (2009), no. 6, 1246-1259.

[6] L. Ciri¢ and V. Lakshmikantham, Coupled fized point theorems for nonlinear contractions in partially ordered
metric spaces, Nonlinear Anal. 70 (2009), no. 12, 4341-4349.

[7] D. Doric, Common fized point for generalized (1, @) -weak contractions, Appl. Math. Lett. 22 (2009), 1896-1900.

[8] P.N. Dutta and B.S. Choudhury, A generalization of contraction principle in metric spaces, Fixed Point Theory
Appl. 2008 (2008), Article ID 406368.

[9] J. Harjani and K. Sadarangani, Generalized contractions in partially ordered metric spaces and applications to
ordinary differential equations, Nonlinear Anal. 72 (2010), 1188-1197.

[10] M.S. Khan, M. Swaleh and S. Sessa, Fized point theorems by altering distances between the points, Bull. Aust.
Soc. 30 (1984), no. 1, 1-9.

[11] S.V.R. Naidu, Some fized point theorems in metric spaces by altering distances , Czechoslovak Math. J. 53 (2003),
no. 1, 205-212.

[12] M. Paknazar, M. Eshaghi and S.M. Vaezpour, Coupled fixed point theorems in partially ordered complex valued
metric spaces with application, Int. J. Nonlinear Anal. Appl. In Press, 10.22075/ijnaa.2017.449.1065.

[13] R. Sharma, V.S. Chouhan and S. Mishra, Y -cone metric spaces and coupled fized point results with applications
to integral equation, TWMS J. App. Eng. Math. 12 (2022), no. 1, 388-405.



	Introduction
	Main Theorem

