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Abstract

Using the q-calculus operator we defined a new subclass of analytic functions Mq(ϑ,Φ) defined in the open unit disk
∆ = {z ∈ C : |z| < 1} related with Bernoulli’s lemniscate and obtained certain coefficient estimates, Fekete-Szegő
inequality results for f ∈ Mq(ϑ,Φ). As a special case of our result, we obtain Fekete-Szegő inequality for a class
of functions defined through Poisson distribution and further with the help of MAPLE� software we find Hankel
determinant inequality for f ∈ Mq(ϑ,Φ). Our investigation generalises some previous results obtained in different
articles.

Keywords: Analytic functions, differential subordination, Fekete-Szegö problem, q−calculus operator, Bernoulli’s
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1 Introduction

We denote by H(∆) the class of functions which are analytic in the open unit disk ∆ := {z ∈ C : |z| < 1}, and let
A be the subclass of H(∆) consisting of the functions of the form

f(z) = z +

∞∑
n=2

an z
n, z ∈ ∆. (1.1)

Let P be the well-known class of Carathéodory functions, that is p ∈ H(∆) with the power series expansion

p(z) = 1 + p1z + p2z
2 + . . . , z ∈ ∆, (1.2)

and Re p(z) > 0 for all z ∈ ∆.
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For two functions f, g ∈ H(∆), the function f is called to be subordinate to the function g, written f(z) ≺ g(z), if
there exists a function ψ ∈ H(∆) with |ψ(z)| < 1, z ∈ ∆, and ψ(0) = 0, such that f(z) = g(ψ(z)) for all z ∈ ∆. In
particular, if g is univalent in ∆ then the following equivalence relationship holds true:

f(z) ≺ g(z) ⇔ f(0) = g(0) and f(∆) ⊂ g(∆).

Let hj(z) =
∞∑

n=0
an,j z

n (j = 1, 2) which are analytic in ∆, then the well-known Hadamard (or convolution) product

of h1 and h2 is given by

(h1 ∗ h2)(z) :=

∞∑
n=0

an,1 an,2 z
n, z ∈ ∆.

Quantum calculus (q-calculus and h-calculus) is common classical calculus without the notion of limits. Here, h
represents the constant of Planck, while q represents quantum. Due to its application in a variety of branches such as
physics, mathematics, the area of q-calculus has gained great importance for researchers. The first study on q-calculus
was systematically established by Jackson [5], that is, he was the first to expand q-integral and q-derivative. Now, we
give some concept details of q-calculus which are used in the paper.

The Jackson’s q-derivative (0 < q < 1) of a function f ∈ A is expressed by

Dqf(z) :=


f(z) − f(qz)

(1 − q)z
, if z ̸= 0,

f ′(0), if z = 0,

and D2
qf = Dq(Dqf). Thus, from the above definition we deduce that

Dqf(z) = 1 +

∞∑
n=2

[n]qanz
n−1,

where

[n]q :=
1 − qn

1 − q
.

If q → 1−, we get [n]q → n. For the function h(z) = zn, we get Dqh(z) = Dqz
n =

1 − qn

1 − q
zn−1 = [n]qz

n−1 and

lim
q→1−

Dqh(z) = lim
q→1−

(
[n]qz

n−1
)

= nzn−1 = h′(z), where h′ is the ordinary derivative. The q-derivative operator Dq

was presumably first applied by Ismail et al. [4] to study a q-extension of the class Sq of starlike functions in ∆.
For more details on study of the q-calculus and the fractional q-calculus in Geometric Function Theory of Complex
Analysis one can refere the recent article by Srivastava[24].

In [3], Fekete and Szegő obtained estimates of the functional
∣∣a3 − µa22

∣∣ for µ is real. That is, if f ∈ A, then

|a3 − µa22| ≤


4µ− 3, if µ ≥ 1,

1 + 2 exp

(
−2µ

1 − µ

)
, if 0 ≤ µ ≤ 1,

3 − 4µ, if µ ≤ 0.

Furthermore, Keogh and Merkes [6] derived sharp estimates for |a3 − µa22| when f is close-to-convex, starlike, and
convex in ∆.

In our paper we have defined a new subclass of A using the concept of subordination and the linear operator Dq

as below:

Definition 1.1. For 0 < q < 1 and 0 ≤ ϑ ≤ 1, we let Mq(ϑ,Φ) denotes the subclass of A, members of which are of
the form (1.1) and satisfy the condition∣∣∣∣∣

(
zDqf(z)

(1 − ϑ)f(z) + ϑz

)2

− 1

1 − q

∣∣∣∣∣ < 1

1 − q
, z ∈ ∆,
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or equivalently

zDqf(z)

(1 − ϑ)f(z) + ϑz
≺

√
2(1 + z)

2 + (1 − q)z
= Φ(z), (1.3)

with

√
2(1 + z)

2 + (1 − q)z

∣∣∣∣∣
z=0

= 1.

By fixing ϑ = 1 we deduce a new class Rq(Φ) as defined below:

Definition 1.2. Let 0 < q < 1 and ϑ = 1, Mq(1,Φ) =: Rq(Φ) denotes the subclass of A, members of which are of
the form (1.1) and satisfy the subordination condition

Dqf(z) ≺

√
2(1 + z)

2 + (1 − q)z
, with

√
2(1 + z)

2 + (1 − q)z

∣∣∣∣∣
z=0

= 1

or equivalently ∣∣∣∣(Dqf(z))
2 − 1

1 − q

∣∣∣∣ < 1

1 − q
, z ∈ ∆.

Further, by taking ϑ = 0 we get Mq(0,Φ) =: Sq(Φ) [15]:

Definition 1.3. Let 0 < q < 1 and ϑ = 0, Mq(0,Φ) =: Sq(Φ) denotes the subclass of A, members of which are of
the form (1.1) and satisfy the subordination condition

zDqf(z)

f(z)
≺

√
2(1 + z)

2 + (1 − q)z
,

or equivalently ∣∣∣∣∣
(
zDqf(z)

f(z)

)2

− 1

1 − q

∣∣∣∣∣ < 1

1 − q
, z ∈ ∆,

with

√
2(1 + z)

2 + (1 − q)z

∣∣∣∣∣
z=0

= 1, where 0 < q < 1.

Remark 1.4. (i) If q → 1−, we let Mq(ϑ,Φ) =: S(ϑ,Φ), that is a function f ∈ S(ϑ,Φ) if it satisfies the subordination
condition

zf ′(z)

(1 − ϑ)f(z) + ϑz
≺

√
1 + z, with

√
1 + z

∣∣
z=0

= 1,

or equivalently ∣∣∣∣∣
(

zf ′(z)

(1 − ϑ)f(z) + ϑz

)2

− 1

∣∣∣∣∣ < 1, z ∈ ∆.

(ii) Remark that the subclass

S(0, ϕ) = SL∗ :=

{
f ∈ A :

∣∣∣∣∣
(
zf ′(z)

f(z)

)2

− 1

∣∣∣∣∣ < 1, z ∈ ∆

}
,

was introduced and studied by Sokól and Stankiewicz [23], and the subclass

S(1, ϕ) = R(ϕ) :=
{
f ∈ A :

∣∣(f ′(z))2 − 1
∣∣ < 1, z ∈ ∆

}
was studied by Sahoo and Patel [21].

In our work we have used the techniques of Libera and Zlotkiewicz [9] and Koepf [7], we obtained the initial
coefficient estimates for a2, a3, Fekete-Szegő inequality results for f ∈ Mq(ϑ,Φ) and f−1 ∈ Mq(ϑ,Φ). As a special
case of our result, we obtain Fekete-Szegő inequality for a class of functions defined through Poisson distribution and
further with the help of MAPLE� software we find Hankel determinant forf ∈ Mq(ϑ,Φ).
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2 Preliminaries

To establish our main results, we shall need the followings lemmas. The first lemma is the well-known Carathéo-
dory’s lemma (see also [16, Corollary 2.3.]):

Lemma 2.1. [1] If ϕ ∈ P and given by (1.2), then |pk| ≤ 2 for all k ≥ 1, and the result is best possible for the function

ϕ1(z) =
1 + ηz

1 − ηz
, |η| = 1.

The next lemma gives us a majorant for the coefficients of the functions of the class P, and more details may be
found in [11, Lemma 1]:

Lemma 2.2. [10] Let the function p given by (1.2) be a member of the class P. Then,∣∣p2 − ν p21
∣∣ ≤ 2 max {1; |2ν − 1|} , where ν ∈ C. (2.1)

The result is sharp for the functions given by

ϕ2(z) =
1 + η2z2

1 − η2z2
and ϕ2(z) =

1 + ηz

1 − ηz
, |η| = 1.

Lemma 2.3. [11] If p(z) = 1 + c1z + c2z
2 + . . . is a function with positive real part in ∆, then

∣∣c2 − vc21
∣∣ ≤

 −4v + 2, if v ≤ 0,
2, if 0 ≤ v ≤ 1,
4v − 2, if v ≥ 1.

(2.2)

When v < 0 or v > 1, the equality holds if and only if p1(z) is
1 + z

1 − z
or one of its rotations. If 0 < v < 1, then equality

holds if and only if p1(z) is
1 + z2

1 − z2
or one of its rotations. If v = 0, the equality holds if and only if

p1(z) =

(
1

2
+
η

2

)
1 + z

1 − z
+

(
1

2
− η

2

)
1 − z

1 + z
(0 ≤ η ≤ 1)

or one of its rotations. If v = 1, the equality holds if and only if p1 is the reciprocal of one of the functions such that
the equality holds in the case of v = 0. Although the above upper bound is sharp, when 0 < v < 1, it can be improved
as follows: ∣∣c2 − vc21

∣∣+ v|c1|2 ≤ 2, if 0 < v ≤ 1

2
, (2.3)∣∣c2 − vc21

∣∣+ (1 − v)|c1|2 ≤ 2, if
1

2
< v ≤ 1. (2.4)

Lemma 2.4. [10] Let ϕ ∈ P given by (1.2). Then,

p2 =
1

2

[
p21 +

(
4 − p21

)
x
]
, (2.5)

and

p3 =
1

4

[
p31 + 2

(
4 − p21

)
p1x−

(
4 − p21

)
p1x

2 + 2
(
4 − p21

)
(1 − |x|2)z

]
(2.6)

for some complex numbers x, z satisfying |x| ≤ 1 and |z| ≤ 1.

3 Fekete-Szegő inequality for f ∈ Mq(ϑ,Φ)

In our first result we will determine an upper bound for
∣∣a3 − µa22

∣∣, and this tends to solve the Fekete-Szegő
problem for the subclass Mq(ϑ,Φ).
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Theorem 3.1. For f ∈ Mq(ϑ,Φ) and is in the form given by (1.1) then,

|a2| ≤
1 + q

4(q + ϑ)
,

|a3| ≤
1 + q

4(q2 + q + ϑ)
max

{
1;

∣∣∣∣3q2 + (ϑ− 3)q + (2 − 7ϑ)

8(q + ϑ)

∣∣∣∣} ,
and for any µ ∈ C we have

∣∣a3 − µa22
∣∣ ≤ 1 + q

4 (q2 + q + ϑ)
× max

{
1;

∣∣∣∣∣2µ(1 + q)(q2 + q + ϑ) −
[
3q2 + (ϑ− 3)q + (2 − 7ϑ)

]
(q + ϑ)

8(q + ϑ)2

∣∣∣∣∣
}
. (3.1)

Proof . If f ∈ Mq(ϑ,Φ), from (1.3) it follows that there exists a function ψ ∈ H(∆) satisfying the conditions ψ(0) = 0
and |ψ(z)| < 1, z ∈ ∆, such that

zDqf(z)

(1 − ϑ)f(z) + ϑz
≺

√
2(1 + z)

2 + (1 − q)z
. (3.2)

Setting

p(z) :=
1 + ψ(z)

1 − ψ(z)
= 1 + p1z + p2z

2 + . . . , z ∈ ∆,

then p ∈ P. From the above relation, we get

ψ(z) =
p(z) − 1

p(z) + 1
, z ∈ ∆,

and from (3.2) it follows that

zDqf(z)

(1 − ϑ)f(z) + ϑz
=

(
4p(z)

(1 + q) + (3 − q)p(z)

) 1
2

, z ∈ ∆.

It is easy to show that(
4p(z)

(1 + q) + (3 − q)p(z)

) 1
2

= 1 +
1 + q

8
p1z +

1 + q

128

[
16p2 + (3q − 13)p21

]
z2

+
1 + q

1024

[
128p3 + (48q − 208)p1p2 + (5q2 − 38q + 85)p31

]
z3 + . . . , z ∈ ∆, (3.3)

and

zDqf(z)

(1 − ϑ)f(z) + ϑz
= 1 + [[2]q − (1 − ϑ)] a2z +

[
([3]q − (1 − ϑ))a3 − [(1 − ϑ)[2]q − (1 − ϑ)2]a22

]
z2

+
{

([4]q − (1 − ϑ))a4 − (1 − ϑ) [[3]q + [2]q − 2(1 − ϑ)] a2a3 + (1 − ϑ)2[(1 + q) − (1 − ϑ)]a32
}
z3 + . . . .

= 1 + (q + ϑ)a2z +
[(
q + q2 + ϑ

)
a3 − (1 − ϑ)(q + ϑ)a22

]
z2

+
[
(q + q2 + q3 + ϑ)a4 − (1 − ϑ)(q2 + 2q + 2ϑ)a2a3 + (1 − ϑ)2(q + ϑ)a32

]
z3 + . . . .

(3.4)

Equating the corresponding coefficients of (3.3) and (3.4), we deduce that

a2 =
(1 + q)p1
8(q + ϑ)

, (3.5)

a3 =
1 + q

8(q2 + q + ϑ)

[
p2 +

3q2 + (ϑ− 11)q + (2 − 15ϑ)

16(q + ϑ)
p21

]
, (3.6)

and from Lemma 2.1, we get

|a2| ≤
1 + q

4(q + ϑ)
.
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Now from (3.6), we have

|a3| ≤
1 + q

8(q2 + q + ϑ)

∣∣∣∣p2 +
3q2 + (ϑ− 11)q + (2 − 15ϑ)

16(q + ϑ)
p21

∣∣∣∣
=

1 + q

8(q2 + q + ϑ)

∣∣∣∣p2 − p21
2

(
−3q2 + (11 − ϑ)q + (15ϑ− 2)

8(q + ϑ)

)∣∣∣∣ ,
and by using the estimate ∣∣c2 − vc21

∣∣ ≤ 2 max(1; |2v − 1|)
given in Lemma 2.2 we deduce

|a3| ≤
1 + q

4(q2 + q + ϑ)
max

{
1;

∣∣∣∣2 × 1

2

(
−3q2 + (11 − ϑ)q + (15ϑ− 2)

8(q + ϑ)

)
− 1

∣∣∣∣}
=

1 + q

4(q2 + q + ϑ)
max

{
1;

∣∣∣∣−3q2 + (3 − ϑ)q + (7ϑ− 2)

8(q + ϑ)

∣∣∣∣}
=

1 + q

4(q2 + q + ϑ)
max

{
1;

∣∣∣∣−3q2 + (ϑ− 3)q + (2 − 7ϑ)

8(q + ϑ)

∣∣∣∣} .
Thus, from (3.5) and (3.6) we get

a3 − µa22 =
1 + q

8(q2 + q + ϑ)

[
p2 − p21

(
2µ(1 + q)(q2 + q + ϑ) − [3q2 + (ϑ− 11)q + (2 − 15ϑ)](q + ϑ)

16(q + ϑ)2

)]
,

which with the aid of the inequality (2.1) of Lemma 2.2 yields∣∣a3 − µa22
∣∣ ≤ 1 + q

4(q2 + q + ϑ)
max

{
1;

∣∣∣∣(2µ(1 + q)(q2 + q + ϑ) − [3q2 + (ϑ− 11)q + (2 − 15ϑ)](q + ϑ)

8(q + ϑ)2

)
− 1

∣∣∣∣} ,
that is the required estimate (3.1). □

For ϑ = 1 the above theorem reduces to the following special case:

Corollary 3.2. If f ∈ Rq(Φ) and is given by (1.1) then, for any µ ∈ C we have∣∣a3 − µa22
∣∣ =

1 + q

4(q2 + q + 1)
max

{
1;

∣∣∣∣2µ(q2 + q + 1) − [3q2 − 2q − 5]

8(q + 1)

∣∣∣∣} .
If we take µ ∈ R in Theorem 3.1 we get the next special case:

Theorem 3.3. If the function f ∈ Mq(ϑ,Φ) and is given by (1.1), with µ ∈ R, then

∣∣a3 − µa22
∣∣ ≤



1 + q

8(q2 + q + ϑ)

(
Λ(q, ϑ)

4ξ
− 2µ(q + 1)(q2 + q + ϑ)

4ξ2

)
, if µ < σ1,

1 + q

8(q2 + q + ϑ)
, if σ1 ≤ µ ≤ σ2,

1 + q

8(q2 + q + ϑ)

(
−Λ(q, ϑ)

4ξ
+

2µ(q + 1)(q2 + q + ϑ)

4ξ2

)
, if µ > σ2,

with

σ1 :=
[3q2 + (ϑ− 11)q + (2 − 15ϑ)](q + ϑ)

2(q2 + q + ϑ)(1 + q)
=

Φ(q, ϑ)ξ

2(q2 + q + ϑ)(1 + q)
,

σ2 :=
[3q2 + (ϑ+ 5)q + (2 + ϑ)](q + ϑ)

2(q2 + q + ϑ)(1 + q)
,

where for convenience we let

Λ(q, ϑ) := 3q2 + (ϑ− 3)q + (2 − 7ϑ), (3.7)

Ψ(q, ϑ) := 3q2 + (ϑ− 11)q + (2 − 15ϑ) (3.8)
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and
ξ := q + ϑ. (3.9)

These results are sharp.

Further, if σ1 ≤ µ ≤ σ3, then

|a3 − µa22| +

(
2µ(1 + q)(q2 + q + ϑ) − [3q2 + (ϑ− 11)q + (2 − 15ϑ)](q + ϑ)

2(q + ϑ)(q2 + q + ϑ)

)
|a2|2 ≤ 1 + q

4(q2 + q + ϑ)
. (3.10)

If σ3 ≤ µ ≤ σ2, then

|a3 − µa22| +

(
[3q2 + (ϑ+ 5)q + (2 + ϑ)](q + ϑ) − 2µ(1 + q)(q2 + q + ϑ)

2(q + ϑ)(q2 + q + ϑ)

)
|a2|2 ≤ 1 + q

4(q2 + q + ϑ)
(3.11)

where

σ3 :=
[3q2 + (ϑ− 3)q + (2 − 7ϑ)](q + ϑ)

2(q2 + q + ϑ)(1 + q)
=

Λ(q, ϑ)ξ

2(q2 + q + ϑ)(1 + q)
.

These results are sharp.

Proof . From (3.5) and (3.6) we have

a3 − µa22 =
1 + q

8(q2 + q + ϑ)

[
p2 +

3q2 + (ϑ− 11)q + (2 − 15ϑ)

16(q + ϑ)
p21

]
− µ

(1 + q)2p21
64(q + ϑ)2

,

that is

a3 − µa22 =
1 + q

8(q2 + q + ϑ)

[
p2 − p21

(
2µ(1 + q)(q2 + q + ϑ) − [3q2 + (ϑ− 11)q + (2 − 15ϑ)](q + ϑ)

16(q + ϑ)2

)]
,

=
1 + q

8(q2 + q + ϑ)

(
p2 − νp21

)
, (3.12)

where

ν =
2µ(1 + q)(q2 + q + ϑ) − [3q2 + (ϑ− 11)q + (2 − 15ϑ)](q + ϑ)

16(q + ϑ)2
.

From the assumptions, using the second above equality if follows that ν ∈ R. We have

4ν − 2 =
1 + q

8(q2 + q + ϑ)

(
−Λ(q, ϑ)

4ξ
+

2µ(q + 1)(q2 + q + ϑ)

4ξ2

)
,

ν ≥ 1 is equivalent to µ ≥ σ2, and ν ≤ 0 is equivalent to µ ≤ σ1.

The assertion of Theorem 3.3 now follows by an application of Lemma 2.3.

For the proof of the second part, first we see that 0 < ν ≤ 1/2 is equivalent to σ1 < µ ≤ σ3. Using the relations
(3.12) and (3.5), and then applying the inequality (2.3) of Lemma 2.3 we get

|a3 − µa22| + (µ− σ1)|a22| = |a3 − µa22| + |µ− σ1||a22| =
1 + q

8(q2 + q + ϑ)

[
|p2 − νa21| + ν|p21|

]
≤ 1 + q

4(q2 + q + ϑ)
,

that represents the required inequality (3.10).

Further, we easily check that 1/2 ≤ ν < 1 is equivalent to σ3 ≤ µ < σ2. From the relations (3.12) and (3.5), and
then applying the inequality (2.4) of Lemma 2.3 we obtain

|a3 − µa22| + (σ2 − µ)|a22| = |a3 − µa22| + |σ2 − µ||a22| =
1 + q

8(q2 + q + ϑ)

[
|p2 − νa21| + (1 − ν)|p21|

]
≤ 1 + q

4(q2 + q + ϑ)
,

that is the inequality (3.11).

Clearly, the result is sharp for the function

zDqF1(z)

(1 − ϑ)F1(z) + ϑz
=

√
2(1 + z)

2 + (1 − q)z
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if µ < σ1 or µ > σ2, or one of its rotations. When σ1 < µ < σ2, then the equality holds if and only if

zDqF1(z)

(1 − ϑ)F1(z) + ϑz
=

√
2[2 + 2(1 − q)z + (1 + q2)z2]

(2 + (1 − q)z)2

or one of its rotations. □

Remark 3.4. For ϑ = 1 in Theorem 3.3 one can easily deduces the corresponding results for f ∈ Rq(Φ).

4 Coefficient inequalities for some special functions of Mq(ϑ,Φ)

Theorem 4.1. If f ∈ Mq(ϑ,Φ) and f−1(w) = w+
∞∑

n=2
dnw

n is the analytic continuation to ∆ of the inverse function

of f , then for any complex number µ we have∣∣d3 − µd22
∣∣ ≤ 1 + q

4(q2 + q + ϑ)
max

{
1;

∣∣∣∣Ψ(q, ϑ)

8ξ
+

(2 − µ)(1 + q)(q2 + q + ϑ)

4ξ2
− 1

∣∣∣∣} (4.1)

where Ψ(q, ϑ) and ξ are given by (3.8)and (3.9) respectively.

Proof . As

f−1(w) = w +

∞∑
n=2

dnw
n = z + d2w

2 + d3w
3 + · · · . (4.2)

is the inverse function of f , it can be seen that

f−1(f(z)) = f
(
f−1(z)

)
= z. (4.3)

From equations (4.2) and (4.3), we have

f−1

(
z +

∞∑
n=2

anz
n

)
= z. (4.4)

Thus (4.3) and (4.4) yields
z + (a2 + d2)z2 + (a3 + 2a2d2 + d3)z3 + · · · = z,

hence by equating corresponding coefficients of z, z2, z3, it can be seen that

d2 = −a2, (4.5)

d3 = 2a22 − a3. (4.6)

From relations (3.5), (3.6), (4.5) and (4.6) it follows that

d2 = − (1 + q)p1
8(q + ϑ)

= − (1 + q)p1
8ξ

,

d3 =
(1 + q)2p21
32(q + ϑ)2

− 1 + q

8(q2 + q + ϑ)

[
p2 +

3q2 + (ϑ− 11)q + (2 − 15ϑ)

16(q + ϑ)
p21

]
,

= − 1 + q

8(q2 + q + ϑ)

[
p2 −

(
Ψ(q, ϑ)

16ξ
+

(1 + q)(q2 + q + ϑ)

4ξ2

)
p21

]
,

where Ψ(q, ϑ) and ξ are given by (3.8)and (3.9) respectively.

For any complex number µ, consider

d3 − µd22 = − 1 + q

8(q2 + q + ϑ)

[
p2 −

(
Ψ(q, ϑ)

16ξ
+

(2 − µ)(1 + q)(q2 + q + ϑ)

8ξ2

)
p21

]
, (4.7)

where Ψ(q, ϑ) and ξ are given by (3.8)and (3.9) respectively. Taking modules on the both sides and by applying
Lemma 2.2 on the right hand side of (4.7), one can obtain the result as in (4.1). □
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Theorem 4.2. If f ∈ Mq(ϑ,Φ) and G(z) =
z

f(z)
= 1 +

∞∑
n=1

qnz
n, z ∈ ∆, then for any complex number µ we have

|q2 − µq21 | ≤
1 + q

4(q2 + q + ϑ)

∣∣∣∣Ψ(q, ϑ)

8ξ
+

(1 + µ)(1 + q)(q2 + q + ϑ)

4ξ2
− 1

∣∣∣∣ , (4.8)

where Ψ(q, ϑ) and ξ are given by (3.8) and (3.9), respectively, and the result is sharp.

Proof . Since f ∈ Mq(ϑ,Φ) and

G(z) =
z

f(z)
= 1 +

∞∑
n=1

qnz
n, z ∈ ∆, (4.9)

by a simple computation one can obtain that

z

f(z)
= 1 − a2z + (a22 − a3)z2 + . . . , z ∈ ∆. (4.10)

Upon equating the coefficient of z and z2, from relations (4.9) and (4.10) it can be seen that

q1 = −a2, (4.11)

q2 = −a3 + a22. (4.12)

From equations (3.5), (3.6), (4.11) and (4.12), we obtain

q1 = − (1 + q)p1
8(q + ϑ)

= − (1 + q)p1
8ξ

,

q2 =
(1 + q)2p21
64(q + ϑ)2

− 1 + q

8(q2 + q + ϑ)

[
p2 +

3q2 + (ϑ− 11)q + (2 − 15ϑ)

16(q + ϑ)
p21

]
,

= − 1 + q

8(q2 + q + ϑ)

[
p2 −

(
Ψ(q, ϑ)

16ξ
+

(1 + q)(q2 + q + ϑ)

8ξ2

)
p21

]
,

= − 1 + q

8(q2 + q + ϑ)

[
p2 −

p21
2

(
Ψ(q, ϑ)

8ξ
+

(1 + q)(q2 + q + ϑ)

4ξ2

)]
.

For any complex number µ, consider

q2 − µq21 = − 1 + q

8(q2 + q + ϑ)

[
p2 −

p21
2

(
Ψ(q, ϑ)

8ξ
+

(1 + µ)(1 + q)(q2 + q + ϑ)

4ξ2

)]
, (4.13)

and taking modules on both sides of the above relation, by applying Lemma 2.2 for the right hand side of (4.13), one
can obtain the inequality (4.8). The sharpness of the result follows from the sharpness of Lemma 2.2. □

5 Application to Functions Defined by Poisson distribution

A variable X is said to be Poisson distributed if it takes the values 0, 1, 2, 3, . . . with probabilities e−κ, κ
e−κ

1!
,

κ2
e−κ

2!
, κ3

e−κ

3!
, . . . respectively, where κ is called the parameter. Thus,

P (X = τ) =
κre−κ

τ !
, τ = 0, 1, 2, 3, . . . .

In [17], Porwal introduced a power series whose coefficients are probabilities of Poisson distribution

I(κ, z) = z +

∞∑
n=2

κn−1

(n− 1)!
e−κzn, z ∈ ∆,

where κ > 0. We note that by using the familiar ratio test the radius of convergence of the above series is infinity.
Lately, Porwal [17] (see also [13, 14, 18]) introduced a new linear operator Iκ(z) : A → A given by

Iκf(z) := I(κ, z) ∗ f(z) = z +

∞∑
n=2

κn−1

(n− 1)!
e−κanz

n = z +

∞∑
n=2

φn(κ)anz
n, z ∈ ∆,
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where φn = φn(κ) =
κn−1

(n− 1)!
e−κ, and “∗” denotes the convolution (or Hadamard) product of the two power series.

In particular,

φ2 = κe−κ and φ3 =
κ2

2
e−κ.

We define the class Mκ
q (ϑ,Φ) in the following way

Mκ
q (ϑ,Φ) := {f ∈ A : Iκf ∈ Mq(ϑ,Φ)} ,

where Mq(ϑ,Φ) is given by Definition 1.1. We could obtain the coefficient estimates for functions of this class
Mκ

q (ϑ,Φ) from the corresponding estimates for functions of the class Mq(ϑ,Φ). Applying the Theorems 3.1 and 3.3
for the function Iκf we get the following Theorems 5.1 and 5.2 after an obvious change of the parameter µ:

Theorem 5.1. Let 0 < q < 1, and 0 ≤ ϑ ≤ 1. Further, let

Iκf(z) = z + φ2a2z
2 + φ3a3z

3 + . . . , z ∈ ∆,

where φ2 = κe−κ and φ3 =
κ2

2
e−κ. If f ∈ Mκ

q (ϑ,Φ), then for any complex µ we have

∣∣a3 − µa22
∣∣ ≤ 1 + q

4(q2 + q + ϑ)φ3
max

{
1;

∣∣∣∣(2µ(1 + q)(q2 + q + ϑ)φ3

4ξ2φ2
2

− Ψ(q, ϑ)

8ξ

)
− 1

∣∣∣∣} .
In particular, taking φ2 = κe−κ and φ3 =

κ2

2
e−κ, we get

∣∣a3 − µa22
∣∣ ≤ 1 + q

2(q2 + q + ϑ)κ2e−κ
max

{
1;

∣∣∣∣(µ(1 + q)(q2 + q + ϑ)

4ξ2e−κ
− Ψ(q, ϑ)

8ξ

)
− 1

∣∣∣∣} ,
where Ψ(q, ϑ) and ξ are given by (3.8)and (3.9)respectively.

Theorem 5.2. Let 0 < q < 1, 0 ≤ ϑ ≤ 1 and

Iκf(z) = z + φ2a2z
2 + φ3a3z

3 + . . . , z ∈ ∆.

If f ∈ Mκ
q (ϑ,Φ), and µ a real number, then

∣∣a3 − µa22
∣∣ ≤



1 + q

8(q2 + q + ϑ)φ3

(
Λ(q, ϑ)

4ξ
− 2µ(q + 1)(q2 + q + ϑ)φ3

4ξ2φ2
2

)
, if µ < σ1,

1 + q

8(q2 + q + ϑ)φ3
, if σ1 ≤ µ ≤ σ2,

1 + q

8(q2 + q + ϑ)φ3

(
−Λ(q, ϑ)

4ξ
+

2µ(q + 1)(q2 + q + ϑ)φ3

4ξ2φ2
2

)
, if µ > σ2,

σ1 :=
φ2
2

φ3

Ψ(q, ϑ)ξ

2(q2 + q + ϑ)(1 + q)
, σ2 :=

φ2
2

φ3

[3q2 + (ϑ+ 5)q + (2 + ϑ)]ξ

2(q2 + q + ϑ)(1 + q)
,

where Λ(q, ϑ), Ψ(q, ϑ) and ξ are given by (3.7), (3.8) and (3.9)respectively.

In particular, for φ2 = κe−κ and φ3 =
κ2

2
e−κ, we get

∣∣a3 − µa22
∣∣ ≤



1 + q

4(q2 + q + ϑ)κ2e−κ

(
Λ(q, ϑ)

4ξ
− µ(q + 1)(q2 + q + ϑ)

4ξ2e−κ

)
, if µ < σ1,

1 + q

4(q2 + q + ϑ)κ2e−κ
, if σ1 ≤ µ ≤ σ2,

1 + q

4(q2 + q + ϑ)κ2e−κ

(
−Λ(q, ϑ)

4ξ
+
µ(q + 1)(q2 + q + ϑ)

4ξ2e−κ

)
, if µ > σ2,

σ1 := e−κ Ψ(q, ϑ)ξ

(q2 + q + ϑ)(1 + q)
, σ2 := e−κ [3q2 + (ϑ+ 5)q + (2 + ϑ)]ξ

(q2 + q + ϑ)(1 + q)
,

where Λ(q, ϑ),Ψ(q, ϑ) and ξ are given by (3.7), (3.8) and (3.9)respectively.
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Remark 5.3. Suitably fixing the parameters ϑ as stated in Definitions 1.2 and 1.3 in Theorems 3.1, 3.3 and 4.1
one can easily state above result for the function classes defined in Definitions 1.2 to 1.3 subordinated to Bernoulli’s
lemniscate. We also state analogues results as proved in Theorems 5.1 and 5.2. Further, allowing q → 1− one can
easily state the results for the function classes mentioned in Remark 1.4.

6 Hankel determinant result for f ∈ Mq(ϑ,Φ)

Theorem 6.1. If f ∈ Mq(ϑ,Φ) has the form given by (1.1) then,∣∣a2a4 − a23
∣∣ ≤ max {M(q, ϑ);N (q, ϑ)} , (6.1)

with

M(q, ϑ) =
8|k3|

√
3

9
+ 16|A|, and N (q, ϑ) =

8|k3|
√

3

9
+ 4|k4|, (6.2)

where A is given by (6.10), k3 and k4 are given by (6.6) and (6.7), respectively, and depends of Λ1, Λ2, Ψ, Ω and Υ
defined by (6.4), (6.5), (3.8) and (6.8), respectively.

Proof . If f ∈ Mq(ϑ,Φ), using a similar proof like in the proof of Theorem 3.1, from (3.5) and (3.6) we get

(q3 + q2 + q + ϑ)a4 − (1 − ϑ)(q2 + 2q + 2ϑ)a2a3 + (1 − ϑ)2(q + ϑ)a32

=
1 + q

1024

[
128p3 + (48q − 208)p1p2 + (5q2 − 38q + 85)p31

]
,

hence

a4 =
1 + q

1024(q3 + q2 + q + ϑ)

[(
128p3 +

16 Λ2(p, ϑ)

(q + v)(q2 + q + ϑ)

)
p1p2

+
Λ1(p, ϑ)(q2 + q + ϑ) + (1 − ϑ)(1 + q)(q2 + 2q + 2ϑ)Ψ(q, ϑ)

(q + v)2(q2 + q + ϑ)
p31

]
, (6.3)

where

Λ1(p, ϑ) := (5q2 − 38q + 85)(q + ϑ)2 − 2(1 − ϑ)2(1 + q)2, (6.4)

Λ2(p, ϑ) := (3q − 13)(q + ϑ)(q2 + q + ϑ) + (1 − ϑ)(1 + q)(q2 + 2q + 2ϑ), (6.5)

and Ψ(q, ϑ) as assumed in (3.8).

From (3.5), (3.6) and (6.3) we get

a2a4 − a23 = k1p
4
1 + k2p

2
1p2 + k3p1p3 + k4p

2
2,

where

k1 =
Λ1(q, ϑ)(q2 + q + ϑ) + (1 − ϑ)(1 + q)(q2 + 2q + 2ϑ)Ψ(q, ϑ)

8(q + ϑ)2(q2 + q + ϑ)
Ω − (Ψ(q, v))2

256(q + ϑ)2
Υ,

k2 =
2Λ2(p, ϑ)

(q + ϑ)(q2 + q + ϑ)
Ω − Ψ(q, v)

8(q + ϑ)
Υ,

k3 = 16
(1 + q)2

1024(q3 + q2 + q + ϑ)
= 16Ω, (6.6)

k4 = − (1 + q)2

64(q2 + q + ϑ)2
= −Υ, (6.7)

and Λ1(q, ϑ), Λ2(p, ϑ) and Ψ(q, ϑ) are assumed as in (6.4), (6.5) and (3.8) respectively, while

Ω =
(1 + q)2

1024(q3 + q2 + q + ϑ)
and Υ =

(1 + q)2

64(q2 + q + ϑ)2
. (6.8)
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Using the relations (2.5) and (2.6) of Lemma 2.4, we get∣∣a2a4 − a23
∣∣ =

∣∣∣∣Ap41 +B
(
4 − p21

)
xp21 +

(
k4
4

(
4 − p21

)
− k3

4
p21

)(
4 − p21

)
x2 +

k3
2
p1
(
4 − p21

) (
1 − |x|2

)
z

∣∣∣∣ , (6.9)

with |x| ≤ 1, |z| ≤ 1, and

A :=
1

4
(4k1 + 2k2 + k3 + k4) =

Λ1(q, ϑ)(q2 + q + ϑ) + (1 − ϑ)(1 + q)(q2 + 2q + 2ϑ)Ψ(q, ϑ)

8(q + ϑ)2(q2 + q + ϑ)
Ω

− Ψ(q, ϑ)
2
Υ

256 (q + ϑ)
2 +

Λ2(p, ϑ)

(q + ϑ)(q2 + q + ϑ)
Ω − Ψ(q, v)

16(q + ϑ)
Υ + 4 Ω − Υ

4
, (6.10)

B :=
1

2
(k2 + k3 + k4) =

Λ2(p, ϑ)

(q + ϑ)(q2 + q + ϑ)
Ω − Ψ(q, v)

16(q + ϑ)
Υ + 8 Ω − Υ

2
,

where Λ1(q, ϑ),Λ2(p, ϑ) and Ψ(q, ϑ) are assumed as in (6.4), (6.5) and (3.8) respectively Ω and Υ are assumed in (6.8).
Since ϕ ∈ P it follows that ϕ

(
e−i arg p1z

)
∈ P, hence we may assume without loss of generality that p := p1 ≥ 0, and

according to Lemma 2.1 it follows that p ∈ [0, 2]. Now, using the triangle’s inequality in (6.9) and substituting |x| = t
we get ∣∣a2a4 − a23

∣∣ ≤ |A| p4 + |B|
(
4 − p2

)
p2t+

|k4|
4

(
4 − p2

)2
t2 +

|k3|
4
p2
(
4 − p2

)
t2 +

|k3|
2
p
(
4 − p2

)
(1 − t2)|z|

≤ |A| p4 + |B|
(
4 − p2

)
p2t+

|k4|
4

(
4 − p2

)2
t2 +

|k3|
4
p2
(
4 − p2

)
t2

+
|k3|
2
p
(
4 − p2

)
(1 − t2) =: G(p, t), (0 ≤ p ≤ 2, 0 ≤ t ≤ 1).

Denoting

G1(p, t) := |A| p4 + |B|
(
4 − p2

)
p2t,

G2(p, t) :=
|k4|
4

(
4 − p2

)2
t2 +

|k3|
4
p2
(
4 − p2

)
t2 +

|k3|
2
p
(
4 − p2

)
(1 − t2),

then G = G1 +G2, hence

max {G(p, t) : (p, t) ∈ [0, 2] × [0, 1]} ≤max {G1(p, t) : (p, t) ∈ [0, 2] × [0, 1]}
+ max {G2(p, t) : (p, t) ∈ [0, 2] × [0, 1]} . (6.11)

Next, we will find maximum of G1(p, t) and G2(p, t) on the closed rectangle [0, 2] × [0, 1]. Using the MAPLE�
software for the following code

[> Lambda[1] := (5*q^2 - 38*q + 85)*(q + v)^2 - 2*(1 - v)^2*(1 + q)^2;

[> Lambda[2] := (3*q - 13)*(q + v)*(q^2 + q + v)

+ (1 - v)*(1 + q)*(q^2 + 2*q + 2*v);

[> Phi := 3*q^2 + (v - 11)*q + 2 - 15*v;

[> Omega := (1 + q)^2/(1024*(q^3 + q^2 + q + v));

[> Upsilon := (1 + q)^2/(64*(q^2 + q + v)^2);

[> k[1] := (Lambda[1]*(q^2 + q + v)

+ (1 - v)*(1 + q)*(q^2 + 2*q + 2*v)*Phi)/(8*(q + v)^2*(q^2 + q + v))*Omega

- Phi^2/(256*(q + v)^2)*Upsilon;

[> k[2] := 2*Lambda[2]*Omega/((q + v)*(q^2 + q + v))

- Phi*Upsilon/(8*(q + v));

[> k[3] := 16*Omega;

[> k[4] := -Upsilon;

[> A := (4*k[1] + 2*k[2] + k[3] + k[4])/4;

[> B := (k[2] + k[3] + k[4])/2;

[> G1 := abs(A)*p^4 + abs(B)*(-p^2 + 4)*p^2*t + abs(k4)/4*(-p^2 + 4)^2*t^2

+ abs(k3)/4*p^2*(-p^2 + 4)*t^2;

[> G2 := abs(k3)/2*p*(-p^2 + 4)*(-t^2 + 1);

[> maximize(G1, p = 0 .. 2, t = 0 .. 1, location);

[> maximize(G2, p = 0 .. 2, t = 0 .. 1, location);
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we get

max {G1(p, t) : (p, t) ∈ [0, 2] × [0, 1]} = max {G1(2, 0) = 16|A|;G1(0, 1) = 4|k4|} ,

max {G2(p, t) : (p, t) ∈ [0, 2] × [0, 1]} = G2

(
2
√

3

3

)
=

8|k3|
√

3

9
,

hence
max {G(p, t) : (p, t) ∈ [0, 2] × [0, 1]} ≤ max {M(q, ϑ);N (q, ϑ)} ,

where M(q, ϑ) and N (q, ϑ) are defined by (6.2). □

Remark 6.2. 1. Since in the above proof we used the inequality (6.11), and the global maximum for G1(p, t) and
G2(p, t) are not attained at the same point, it follows that the upper bound of G(p, t) we found is not the best possible
(the lowest one).

The reason we split the function G(p, t) in the sum of G1(p, t) and G2(p, t) is that the maximization of G(p, t)
cannot be obtained by using MAPLE� since the computation capacity of this software was exceeded.

2. Using the next MAPLE� software codes

[> K := (8*abs(k[3])*sqrt(3))/9;

[> M := K + 16*abs(A);

[> N := K + 4*abs(k[4]);

[> with(plots):

[> inequal(M <= N, q = 0 .. 1, v = 0 .. 1, color = "Nautical 1",

optionsexcluded = [color = "Niagara DarkOrchid"]);

[> inequal(N <= M, q = 0 .. 1, v = 0 .. 1, color = "Nautical 1",

optionsexcluded = [color = "Niagara DarkOrchid"]);

the solutions of the inequalities M(q, ϑ) ≤ N (q, ϑ) and M(q, ϑ) ≥ N (q, ϑ) for (q, ϑ) ∈ (0, 1) × [0, 1] are shown in the
below Figure 1(a) and Figure 1(b), respectively, marked with blue colours:

(a) The solution of the inequality M(q, ϑ) ≤ N (q, ϑ) (b) The solution of the inequality M(q, ϑ) ≥ N (q, ϑ)

According to the Figure 1(a) if (q, ϑ) ∈ DN , where the set DN ⊂ R2 is given by

DN :=
{

(q, ϑ) ∈ R2 : 0 < q < 1, 0 ≤ ϑ ≤ 1, 5q + 5ϑ− 1 ≥ 0
}
,
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then, according to (6.1) we have

∣∣a2a4 − a23
∣∣ ≤ N (q, ϑ) =

(q + 1)2
√

3

72(q3 + q2 + q + ϑ)
+

(q + 1)2

16(q2 + q + ϑ)2
,

hence we have the following special case:

Corollary 6.3. If f ∈ Mq(ϑ,Φ) has the form given by (1.1) then,

∣∣a2a4 − a23
∣∣ ≤ (q + 1)2

√
3

72(q3 + q2 + q + ϑ)
+

(q + 1)2

16(q2 + q + ϑ)2
,

whenever (q, ϑ) ∈ DN .

Similarly, we get the next corollary:

Corollary 6.4. If f ∈ Mq(ϑ,Φ) has the form given by (1.1) then,∣∣a2a4 − a23
∣∣ ≤ M(q, ϑ),

whenever (q, ϑ) ∈ DM, where

DM :=
{

(q, ϑ) ∈ R2 : 0 < q < 1, 0 ≤ ϑ ≤ 1, 10q + 10ϑ− 1 ≤ 0
}
.
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