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Abstract

Making use of convolution product, we introduce a unified class of analytic functions with negative coefficients. Also,
we obtain the coefficient bounds, extreme points and radius of starlikeness for functions belonging to the generalized
class TPy (a, B). Furthermore, partial sums fx(z) of functions f(z) in the class Py’7(a, 3) are considered and sharp
lower bounds for the ratios of real part of f(z) to fy(z) and f'(2) to fi(z) are determined. Relevant connections of
the results with various known results are also considered.
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1 Introduction

The theory of analytic function is an ancient subject, yet it ruins an active field of current research. As a privileged
topic regarding inequalities in complex analysis, there have been lots of studies based on the classes of analytic
functions. The interplay of geometry and analysis is the most attractive aspect of complex function theory. This
fast progress has been concerned mainly with such relations between analytic structure and geometric behaviour.
Motivated by this approach, in the present study, we have introduced a new subclass of analytic functions concerning
Erdély—Kober operator. Many authors have examined the properties of subclasses of analytic functions and shown
their results have several applications in engineering, hydrodynamics and signal theory. One of the significant problems
in geometric function theory are the extremal problems. Extremal problems play a central role in geometric function
theory, discovery of coefficient bounds, sharp estimates, and an extremal function. The theory of analytic univalent
functions is a influential tool in the study of many problems related to the time evolution of the free boundary of a
viscous fluid for planar flows in Hele-Shaw cells under injection. The results we obtained here may have prospective
application in other branches of mathematics, both pure and applied.

Let A denote the class of functions of the form

f(2) :z—l—Zanz" (1.1)
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which are analytic and univalent in the open disc 4 = {z : z € C, |z]| < 1}. A function f € A is said to be starlike

of order o (0 < a < 1), if and only if Re (ZJ{(/S)) > a (z € Y). This function class is denoted by S*(«). We also
write §*(0) =: §*, where &* denotes the class of functions f € A that are starlike in 4l with respect to the origin. A
function f € A is said to be convex of order a (0 < a < 1) if and only if Re (1 + ZJ{,IEZ)) >« (z €y). This class is
denoted by C(«). Further, C = C(0), the well-known standard class of convex functions. It is an established fact that
f €C(a) if and only if zf" € S*(a)[1].

n=2

For functions f € A given by l) and g € A given by g(z) = z+ > b,z"™, then the Hadamard product (or

convolution) of f,g is given by

(fxg)(z) =2+ ianbnz”7 z € Sl (1.2)
n=2

Now we recall the Erdély-Kober type ([12] Ch. 5) integral operator definition which shall be used throughout the
paper as below:

Definition 1.1. Erdély—Kober fractional-order derivative Let for © > 0,a,c € C, be such that Re(c —a) > 0,
an Erdély—Kober type integral operator

Ig¢:A— A
be defined for Re(c — a) > 0 and Re(a) > —I by
Ile+v) 1 /
a,c o c+ _ n\c—a—1lga—1 9
Ty f(2) = Tla+d)Tc—a) /(1 t) 7 f(2t7)dt, 9 > 0. (1.3)
0

For ¥ > 0,%Re(c — a) > 0, Re(a) > —¢ and f € A of the form (1.1) we have

J5°f(2) = z+ 7;2 EEZ:Z))I;((Z i Zg; apz"  (z e ) (1.4)
= z+ Z Py(n)a,z" (2 € ll) (1.5)
n=2
where
ae,  _ Llc+9)'(a+nd) ae I'(c+ N (a + 29)
() =ty 4 %3 = oo 9) (16)
Note that

Remark 1.2. By fixing the parameters a, ¢, ¢ as mentioned below, the operator Jj'“ includes various operators studied
in the literature as cited below:

1. Fora=k;c=¢+k and 9 =1, we obtain the operator QS f(z)(¢ > 0;x > 1) studied by Jung et al.[T1];

2. Fora=¢—1;c=k—1 and ¥ =1, we obtain the operator £¢ . f(z)(s;k € C € Zo;Zo = {0;—1;-2;---}
studied by Carlson and Shafer[6];

3. Fra=p—1;c={ and v =1, we obtain the operator J,,(p > 0;£ > 1) studied by Choi et al. [7];
4. Fora=¢c=0 and ¢ =1, we obtain the operator ©°(¢ > —1) studied by Ruscheweyh[22];
5. Fora=1;¢c=n and p =1, we obtain the operator J,(n > Ny) studied in[I5] [I6];

6. Fora=rk;c=K+1 and ¢ =1; we obtain the integral operator J,, ; which studied by Bernardi[4];
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7. Fora=1;c=2 and ¥ =1, we obtain the integral operator J; ;1 = I studied by Libera[I3] and Livingston[14].

Motivated by earlier works in this paper, by making use of the operator J3° we introduced a new subclass of
analytic functions with negative coefficients and discuss some interesting properties of this generalized function class.

For 7 >0, -1 <a < 1and 8 >0, we let Py’ (c, 3) be the subclass of A consisting of functions of the form
and satisfying the inequality
2(35°F) (2) + 72235 )" (2) (350 (2) + 722 (35°F)" (2)
9%2 ,,a C ~Qa,C > ﬁ ﬁa c a,c /
=71 @3N ) + 235 (2) 39 N)(2) +72(35°f) (2)
where z € U, T35 f(2) is given by (1.4) . We further let 7'73?9’;’(&,6) = Pg’f(a, B) NT, where

- 1‘ (1.7)

T = {feA fz —z—Zan , an > 0; zeil} (1.8)

is a subclass of A introduced and studied by Silverman [24].

In particular, for 7 = 1 and 7 = 0, the class TPy («, 5) provides the following two new subclasses of S— starlike
functions and S—uniformly convex functions as given below.

Example 1.3. For 7 =0, -1 < a < 1 and 8 > 0, we let Sy°(cv, ) be the subclass of A consisting of functions of the
form (|1.1)) and satisfying the inequality

2(35°0) (2)
(35°)(2)

- 1‘ (1.9)
where z € 4, T5°f(2) is given by (1.4) .

Example 1.4. Fixing 7 =1, -1 < a <1 and 8 >0, we let Cy’(a, 3) be the subclass of A consisting of functions of
the form (1.1) and satisfying the inequality

2(35°)"(2) ) ‘ {'é’c "(2)
R 14+ —F2— —
1+ o) > o
where z € 4, I5° f(2) is given by (1.4) .

(1.10)

Example 1.5. For 7 =0, -1 < a <1 and 3 =0, we let &3°(c) be the subclass of A consisting of functions of the
form (1.1)) and satisfying the inequality
j(l C
Re (Wf)(z)> > a. (1.11)

(35°F)(2)
By fixing 7 =1, =1 < a < 1 and 3 = 0, we let €°(«v) be the subclass of A consisting of functions of the form (1.1)
and satisfying the inequality

Re (1 + W) >a (1.12)

(35 f)(2)
where z € U, J5°f(2) is given by (L.4).

By suitably specializing the values of a,c, o, § and 7 the class TP%’)";(&, B) yields to the various new subclasses
associated with the operator listed in Remark and also the classes introduced and studied in [2} [5l 24} 28] [29].

Example 1.6. If c=a and 7 = 1, then

2f"(2)
(2)

A function in U€T(«, 8) is called f—uniformly convex of order «, 0 < o < 1. This class was introduced in [5].

TPS (o, B) = 4€T(a, B) := {f €T : Re (1 n ZJ{(S) _ a) N

EAS u} . (1.13)
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Example 1.7. If ¢ = a, then

)

TPy50) = Syl 8) = {1 e Tome (B o) > 5| E

f(2)

, Z € u} . (1.14)

A function in ‘EG »(a, B) is called f—uniformly starlike of order e, 0 < o < 1. This class was introduced in [5].Indeed

it follows from and - that

[ eUeT (o, B) & 2f' € TS, (o, B). (1.15)

We observe that U€T(a, 0) = () and UEZF(0,0) = C* further note that TG, (a,0) = T*(«) and TS,(0,0) = T*
the classes were first introduced and studied by Silverman [24]. We remark that the classes of uniformly convex and
uniformly starlike functions were introduced by Goodman [9, [I0], and later generalized by and others [5] [I8] [19, 20}
971, 28, 29).

The main object of this paper is to Study the coefficient bounds, extreme points and radius of starlikeness for
functions belong to the generalized class TPy («, 8). Furthermore, partial sums fi(z) of functions f(z) in the class
Py 7 (a,3) are considered and sharp lower bounds for the ratios of real part of f(z) to fx(z) and f'(2) to f,(z) are
determined.

2 Coefficient Bounds
In this section we obtain a necessary and sufficient condition for functions f(z) in the classes Py’s(«, ) and

TP19 T( B)

Theorem 2.1. A function f(z) of the form (L.1)) is in Py’ (e, 8) if

oo

Y (+7(n =)l +B) = (a+ B)llan][@5(n)] < 1 - a, (2.1)

n=2

0<r<1 -1<a<1, B>0.

Proof . It suffices to show that

o ' @ EJ%C(%(C;)(T +(j<m;f o 1‘ P ((1 ”gi%ﬁﬁ%éf T (?ﬁf o 1) shoe
We have
s s | (s e )
= 049G %)C(%&f)f; - %: e 1‘
(14 8) 55 (0= DL+ 7(n = Dlla[5°(n)
[ T P

This last expression is bounded above by (1 — «) if

(oo}

Y (L7 =1l +B) = (a+B)]lan]|®§(n) < 1 - a

n=2

and hence the proof is complete. [
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Theorem 2.2. A necessary and sufficient condition for f(z) of the form (1.8) to be in the class TPy (e, B), —1 <
a<1,0<7<1,8>0is that

oo

> (L7 —1)[n(1+B) - (a+ B)] an®5°(n) <1—a. (2.2)

n=2

Proof . In view of Theorem we need only to prove the necessity. If f € Py7(«, ) and z is real then

1= 5 nlt (= 1oy ()2 3 (n— DL+ 7(n — Dl |25 (n)
n:oi —a Z 6 n=2 _
1— 22[1 + T(n — 1)]an@g’c(n)z”*1 1— ;2[1 + T(n _ 1)”an”©g,6(n)‘

Letting z — 1 along the real axis, we obtain the desired inequality

oo

> (L7 —1)[n(1+B) - (a+B)] an®5c(n) <1—a.

n=2
O

Corollary 2.3. If f € TPy (a, ), then

11—«
(B +1) = (a+ B)(1 +7(n— 1))@y (n)’

where 0 <7 <1, —1<a<1and g > 0. Equality in (2.3) holds for the function

1-a n
I&) =2 T D @t B+ 7= D))~ 24

By fixing 7 = 0 in Theorem [2.2] we get the following result:

Corollary 2.4. A function f € T of the form (1.8) is in the class S;"°(a, 8), —1 < a < 1,8 > 0 if and only if

o0

> 1+ 8) = (a+ B)5e(n) an < 1 - a.

n=2
By fixing 7 = 1 in Theorem we get the following result:

Corollary 2.5. A function f € T of the form (1.8) is in the class Cy“(v, 8), —1 < o < 1, > 0 if and only if
Z nn(l+8) — (a+ B)]2y°(n) ap <1—a.
n=2

Corollary 2.6. A function f € T of the form (1.8) is in §3°(«), if and only if

oo

Z(n —a)®y(n)a, <1—a.

n=2

Corollary 2.7. A function f € T of the form (1.8) is in €§“(«), if and only if

(oo}

Z n(n—a)®y(n)a, <1—a.

n=2

By fixing a = ¢,7 = 0 and a = ¢,7 = 1 in above Corollaries we get the results given in [5]. Further by taking 8 =0
and 7 =0 (or 7 = 1) with a = ¢, Theorem gives the results given in [24]. Similarly many known results can be
obtained as particular cases of the Theorem so we omit stating the particular cases.
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3 Closure Properties

For any compact family F' of univalent functions, the maximum or minimum value on F' of the real part of any
continuous linear functional defined over the set of analytic functions occurs at one of the extreme points of the
closed convex hull of F. Consequently, the determination of the extreme points of a family F' enables us to solve
many extremal problems for F'. The extreme points of the closed convex hull for convex, starlike, close-to-convex,and
typically real functions were firstly studied in [3] . Since then, the extreme points for many additional classes have
been determined. In view of Theorem in this section we made an attempt to find extreme points for the function

class TPy (a, B).

Theorem 3.1. Let

fi(z) = z and
1-a

N T R (e e R )

Then f € TPy (a, ), if and only if it can be expressed in the form

=iwnfn<z>7 wn >0, iwwl (3:2)
n=1 n=1

Proof . Suppose f(z) can be written as in (3.2). Then

z

l—« n
= Z—an n(B+1) — (a+p))(L+7(n—1)25%n)"

Now,

—(a+ B0+ <—1>><1>:;’C<n><1—a .
Z“’” - /3+1> (0 + AT +7(n— 1)@ (n Z“"‘l =t

Thus f € TPy (a, ). Conversely, let us have f € TPy (a,3). Then by using (2.3), we set

_[nB+1) - (a+ B+ 7(n—1))25(n)

11—«

ap, (n>2)

n

and wy =1— 3 ywy,. Then f(z) =Y 7 | w,fn(z). This completes the proof. O
Theorem 3.2. The class TPy (a,3) is a convex set.

Proof . Let the function
Z) :Z_Za’n,jznv Qn, j 207 .]: 172 (33)

be in the class TPy (e, 8). It sufficient to show that the function h(z) defined by
h(z) =nfi(z) + (1 =n)fa(z), (0<n<1)
is in the class TPy (a, 3) then we have

oo

h(z)=2=> [nan1+ (1= n)ans]z"

n=2
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By a simple computation with the aid of Theorem [2.2], we get

o0

(1 +7(n—=1))[nB+1) = (a+ B)ney“(n)an

n=2

3 (W= D)n(B+1) — (a + BN - @S (n)ay.

<nl-a)+(1-n1-0a)
=1—«
which implies that b € TPy (a, 8). Hence TPy (e, B) is convex. O

Next we obtain the radii of close-to-convexity, starlikeness and convexity for the class TPy (c, 5).

Theorem 3.3. Let the function f(2) defined by (1.8)belong to the class TPy (a, 3). Then f(2) is close-to-convex of
order 6 (0 < ¢ < 1) in the disc |z| < r1, where

1

(1=0)nB+1) = (a+BIA+7(n—=1)ey(n)] ™"

ri= b { n(l— a) (3.4)
The result is sharp, with extremal function f(z) given by .
Proof . Given f € T, and f is close-to-convex of order §, we have
If'(z) =1 <1-34. (3.5)

For the left hand side of (3.5 we have
|f'(z) =11 < D nag|z|"".
n=2

The last expression is less than 1 — 9 if
(o)

n _
Z man|z|n ! < 1.

n=2

Using the fact, that f € TPy (a, ) if and only if

i (1 -+ T(?’L — 1))[77/(?1-1-_12“)_ (Oé + 5)}(1):;’0(71) a, < 1.

n=2

We can say (3.5)) is true if

n n—1
— <
el <

A+ 7= D)nB+1) (o +H)IPy"(n)
(1 _ a) ny

or, equivalently,

|z

-1 — 1-0)(0+7r(n-1))nB+1) - (a+ 6)]‘530(”)}
n(l — «)
which completes the proof. [J

Theorem 3.4. If f € TPy (a, ), then

(i) f is starlike of order §(0 < § < 1) in the disc |z| < ro; that is, Re (i{é?) >0, (J]z] <r2; 0<d < 1), where

ro = inf
n>2

(1) Lol - (‘*””q’g’c(”)]"ll (36)

n—294 (1-a)

and
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(ii) f is convex of order ¢ (0 < ¢ < 1) in the unit disc |z| < r3, that is Re (1 + zf,”(z)) >0, (Jz] <r3;0 < <1),

@
where 1
1-9§ 1 -1 1) — PLe =t
N (14700 = D)n(8 +1) — (a + HIPG(0) .
n>2 | \ n(n —9) (1-a)
Each of these results are sharp for the extremal function f(z) given by (3.1).
Proof .(1) Given f € T, and f is starlike of order §, we have

2f'(2) ‘
-1 <1-6. 3.8
1) 2

For the left hand side of (3.8) we have

2f'(2)
f(2)

> (n=1)ay [2["
o ‘ n=2
1

The last expression is less than 1 — ¢ if

Zn—0 i
n22221_5an|z| < 1.

Using the fact, that f € TPy (c, B) if and only if

i (+7(n=1))nB+1) = (a+P)]

an®y(n) < 1.

n=2 (1 — a)
We can say is true if
n—5|z|n_1 < (1+T(n—1))[n(ﬁ+l) — (a+6)]¢g,c<n)
e (1-a) .

or, equivalently,

2"t = {(1—5) (1+7(n—1)[nB+1) - (a+ B)]05(n)
n—a 1—a)

which yields the starlikeness of the family.

(2) Using the fact that f is convex if and only if zf’ is starlike, we can prove (ii), on lines similar to the proof of
(i). O

4 Partial Sums

In 1997, Silverman [27] and Silvia [23] have studied results on partial sums of analytic functions given by (1.1)) to
its sequence of partial sums

k
k() =2+ Z anz"
n=2
when the coefficients {a,,} of f are sufficiently small they determine sharp lower bounds for
f(Z)) (fj (Z)> (f’ (2)) <f;2 (Z))
R R R d R . 4.
() = (B5) me(fG) mame (33 4y

In this section, motivated by Silverman [27] and Silvia [23] we will examine the ratio (4.1)) for functions of the form
(1.1) and satisfy the condition (2.1).
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Theorem 4.1. Let f(z) € Py;(a, 8). Define the partial sums fi(2) and fx(z), by

k
fi(z) =2 and fi(2) =2+ Y an2", (ke N\{1}). (4.2)
n=2

(oo}
Suppose that > dp|a,| < 1, where
n=2

(1 +7(n—1)n(a+P) = (a + B)]®y"(n)

dy = 4.3
Then f € ng’,f(a,ﬁ). Furthermore,
f(z) ) 1
NRe >1-— . ze ke N\ {1 4.4
(f2)>1-2= 0« \{1) (4.9
and fl2) p
z k+1
Re [ L& > > . 4.5
(75) = i 9
Proof . For the coefficients d,, given by (4.3) it is not difficult to verify that
dpy1 > dp > 1. (4.6)
Therefore we have .
n=2 n=k+1 n=2
by using the hypothesis (4.3)). By setting
f(2) ( 1 )}
z) = d = —(1-
91(2) . {fk(z) diy1
(o]
der1 > apz™t
- 1+ nzkk-&-l (4.8)
14+ > apz™!
n=2
and applying (4.7), we find that
Qi S lanl
gl(z) —1 ‘ < n=k+1
1 — n (oo}
o) 223 Janl ~diis 35 Janl
n=2 n=k+1
< 1, ze (4.9)
which readily yields the assertion (4.4]) of Theorem In order to see that
S+l
flz) =2+ (4.10)
d41
gives sharp result, we observe that for z = re’™/* that fi ((Zz )) =1+ dij»l —1— ﬁ“ as z — 17. Similarly, if we take
fr(2) di+1 }
= (1+d —
(1+duy1) > apz™t
_ 1 nkh (4.11)

&)
1+ > apznt
n=2
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and making use of (4.7, we can deduce that

- (1+dey) 5 Jan)
g2(=z ‘S n=k+1 (412)
g2(2) + k =
2-25 lan| = (1 —=dry1) 3 an]
n=2 n=k+1

which leads us immediately to the assertion (4.5) of Theorem The bound in (4.5)) is sharp for each k € N\ {1}
with the extremal function f(z) given by (4.10). The proof of the Theorem is thus complete. [

Theorem 4.2. If f(z) of the form (1.1)) satisfies the condition (2.1). Then

/() Ck+1
e { f,;(z)} =1 ditr (4.13)

Proof . By setting

9() = din {ﬁ; - (1 - Z:H

k+1 n— n—
1+ e Nap 2 + E Nnap2
n=k+1 n=2

k
1+ > nazzn1!

n=2
iy — -1
ey ;k:+1 nayz
= 1+ o : (4.14)
14+ > napz™1
n=2
Hence,
it 50 lan)
g(z)—1 < n=k+1 4.15
g(z)+1| — k dip1 o . 19
2-23 nlan| — (7| > nlan]
n=2 n=k+1
()1 ;
Now g(z)ﬂ} <1if
k d 0o
E+1
> nfan| + ol > nlan < 1. (4.16)
n=2 n=k+1

k
Since the left hand side of (4.16)) is bounded above by Y d,|ay] if
n=2

k 0o dk
+1
Z(dn—n)\an\—i— Z dp, — k+1n|an\ >0 (4.17)
n=2 n=k+1
and the proof is complete. The result is sharp for the extremal function f(z) = z + z:i

Theorem 4.3. If f(z) of the form (1.1)) satisfies the condition (2.1]) then

fi(2) dis1
%{f’(z) } = k+1+dp1 (4.18)
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Proof . By setting

frz)  din }
f'(z)  k+1+din

d (oo} 1

k1 n—

(1 + 7 ) > napz
n=k+1

oz) = [(k+1)+ dm{

k
14+ > napz"!

n=2

and making use of (4.17)), we deduce that

1+dk+1) S n|a,
ORI (1+%5) 3, nioa

- k d 00
2-23 nlag| = (1+94) > nlayl
n=2 n=k+1

<1,

which leads us immediately to the assertion of the Theorem [1.3] O

5 Integral Means Inequalities

In 1925, Littlewood [I7] proved the following subordination theorem.

Lemma 5.1. If the functions f and g are analytic in & with g < f, then for p > 0, and 0 < r < 1,

2T

/‘g(rew)’pdﬁg/’f(rew)|pd0. (5.1)
0

0

In [24], Silverman found that the function f3(z) = z — % is often extremal over the family 7. He applied this

function to resolve his integral means inequality, conjectured in [25] and settled in [26], that

27

27
/yf(rei9)|”d9g/|f2(rei9)|”d9,
0

0

forall f €T, p>0and 0 < r < 1. In [26], he also proved his conjecture for the subclasses T*(a) = S*(a) N T and
K(a) =C(a)NT of T. Using Lemma Theorem [2.2] and Corollary in the following theorem we obtain integral
means inequalities for the functions in the family TPy (v, 5).

Theorem 5.2. Suppose f € TPy (a, ), p>0,0<a <1, 3>0and fy(2) is defined by

-« 9

e T [ LA e

where ®§°(2) is given by (1.6). Then for z =re®, 0 < r < 1, we have

/ P8 < / [ Fal2)]” do. (5.2)
0 0

Proof . For f €T, (5.2) is equivalent to proving that

2

/

0

p

1._
a 2| de.

do < 0/ ’1 S 2-a)(1+71)8%°(2)

o0
1-— g 2"t
n=2
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By Lemma it suffices to show that

= l1-a
1- E lan|z" ™t <1 — %
= (2=a)(1+7)2y"(2)

Setting
> l-a
1— n n—1 —1—
;‘a & 2—a)(1+7)25°(2)

w(z) (5.3)

and using (2.2]), we obtain

an®yC(n)2" 1

w(z) = |3 (L+7(n =) + B) = (a + )
n=2

11—«

<3 LET DA+ S — (@ +) g
n=2

— 5 (m)lan|
<2

where ®3°(n) is given by (1.6). Which completes the proof by Theorem O

By taking appropriate choices of the parameters we obtain the integral means inequalities for several known as
well as new subclasses given in Examples [I.3] to [I.7] in Section 1 and Theorem [5.2]

6 Conclusion

By suitably specializing the values of a,c, «, 8 and 7 the class TPy («a, ) yields to the various new subclasses
associated with the linear operator listed in Remark and we can deduce the above results easily by proceeding as
in Theorems [2.1] to [5.2] for several known as well as new subclasses given in Examples [I.3] to [L.5] in Section 1.
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