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Abstract

In this paper, two novel iteration algorithms called Jungck-DI-Noor-multistep and Jungck-DI-SP-multistep iterative
schemes are introduced and studied. Using their strong convergence, a common fixed point of nonself mappings was
achieved without any imposition of ’sum conditions’ on the control sequences. Further, we studied and proved the
stability results of our new iterative schemes in the setting of a real Hilbert space. Our results improve, generalize
and unify several known results currently in the literature.
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1 Introduction

Several real life problems of the form

I'z)==z2 (1.1)
arising from physical formulations can equivalently be transformed into a fixed point problem of the form
I'(z) =x. (1.2)

The solution of (1.2)) can be achieved using approximate fixed point theorem which, among other things, unlock the
information on existence or existence and uniqueness of fixed point of the original equation.

Let (Y, p) be a complete metric space and I' : Y — Y a selfmap of Y. Suppose that FT = {g € Y : I'q = ¢}
is the set of fixed points of I'. Over the years, a lot of iterative schemes for which the fixed point of could be
approximated has been developed and implemented in the current literature, see for example, [I], [2], [3], [6], [I0], [11],
17, [22], [25], [27], [38] and the references therein.

In [17), Jungck introduced and studied the following iterative scheme: Let Z be a Banach space, Y an arbitrary
set and S,T": Y — Z such that I'(Y) C S(Y). For arbitrary zo € Y, the sequence {Sz,}72, defined by

Stpi1 =Tzp,n=12,-- (1.3)
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ia called Jungck iterative scheme. Subsequently, different authors have generalised in different spaces. For
instance, Olaeru and Akewe [22] introduced and studied the following iteration algorithm for the approximation of
fixed points of a pair of generalised contractive-like operators without any assumption of injectivity on the operator
(their results were obtained using a pair of weakly compartible maps, S,I") in the setting of a real Banach space:

Let Z be a real Banch space, Y an arbitrary set and S,T" : Y — Z two nonself mappings such that I'(Y") C S(Y).
For xo €Y, define the sequence {Sz,}5°, as follows

Sxpi1 = (1 — ap)Sz, + a,Tth;
Sth = (1 —~2)Sz, + YTt i =1,2,-- k—1 (1.4)
Stﬁ_l = (1 — 'yﬁ_l)an +’Yﬁ_1rxn7k Z 27” Z 07

where {a, 1220, {75152, i = 1,2, -+ , k—1 are real sequences in [0, 1] such that Y 7 | = co. The iterative scheme
is called Jungck-multistep iterative scheme. Note that Jungck-multistep iterative scheme includes, as special cases,
the following iteration algorithms: Jungck-Noor [21I], Jungck-Ishikawa [25] and Jungck-Mann [38] iterative schemes.

Recently, Akewe and Mogbademu [4] introduced, studied and proved convergence and stability results of more
general iterative schemes of the Jungck-Kirk-type in the following way: Let Z be a real Banach space, Y an arbitrary
set and S,T": Y — Z two nonself mappings such that I'(Y) C S(Y). For xy € Y, define the sequence {Sz,}52, in
the sense of Kirk [18] as follows:

an+1:an05mn+zella"iri 1. Z&lanl—l
Stj lyn ()an + 2514&1 ’yn th]+1 2514&1 ’yn z’-7 ]" 2’ o k—1 (15)
Sty I—kao%z 1F’xn7Zf"0’yn =Lk22n20

and

STpi1 = an oSty + Zz 1 On RN ,Zel Qi = =1;
St 771 St]Jrl + ZEH—l ,Yn zrtj+1’ ZEH—l ,Yn 17] 1 2 e ’k -1 (16)
Stﬁ 1 _ka k: 1lenvzik:0’yn =1,k>2,n>0,

where ¢4 > ly > U3 > -+ > Uy, for each j,a,; > 0,0 # O,WfM» > 0,vn,0 # 0, for each j, ozm,vfhj € [0,1] for
each j and ¢;, ¢}, are fixed integers (for each ;7). They called and (1.6) Jungck-Kirk-multistep-Noor and Jungck-
Kirk-multistep-SP iterative schemes, respectively. Again, we note that (|1.5)) includes Jungck-Kirk-Noor, Jungck-Kirk-
Ishikawa and Jungck-Mann iterative schemes. Indeed, if k = 3 in (1.5)), we get Jungek-Kirk-Noor [22]; if £ = 2 in ,
we obtain Jungck-Kirk-lshikawa [23] and if K = 2 and o = 0in e have Jungck-Kirk-Mann [23] iterative schemes.

Stability results on I'-stable (which is paramount in practical sense) was initiated by Ostrowski [30], in which case
he proved that Picard’s iterative scheme is stable under Banach contractive condition. Afterwards, Osilike et al [2§]
improved this result on S, I'-stable as follows:

Let Z be a real Banach space, Y an arbitrary set, z a coincidence point of S and I". Let S,T" : Y — Z such that
S(Y) CT(Y). For every zg € Y, let the sequence {Sz,}22, generated by

Stpy1 = f(Tzy),n >0 (1.7)

converge to g. Suppose that {z,}>2, C Z be an arbitrary sequence and put €, = d(Szp, f(I',z,)), n =1,2,--- . Then,
the iterative sequence will be called (S, I')-stable if and only if €,, — 0 as n — oo implies that Sz, — ¢ as n — oco.
For more information on the stability of different iterative schemes in different spaces, interested readers should consult
[, [8], [10], [12], [15], [25], [26], [28], [30], [31], [32], [38] and the references therein.

Remark 1.1. Interesting and remarkable as the above results and their inclusions seem, one, however, wonders the
implications of the sum conditions (Zflzl o =1and

Zf;l Ay =1, where j =1,2,- — 1,00 >l >3 > - >4y, for each j,ap,; > 0,an,0 # O,WZH- > 0,vp,0 # 0, for
each j, an)l,vn,j [0,1]) . For 1nstance, the sum condition implies that /

1. for large ¢,k > 1, one has to choose different points of the sequences {a, ;}ney and {’Yfz,i}ff;o that would

guarantee instant generation of such a finite family of control sequences such that Zflzl ;= 1land Zf“ll v i=

1 which might be almost impossible and
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2. one has to make adrquate provision of computing time and memory space for the computation and storage of
the bulky, complex and windy task of generating 251:1 Qi =1 and Zflz*ll ;i = 1, which invariably leads to

enormous computational cost.

In an attempt to solve the above challenges enlisted in Remark 1.1, the following question ensued:

Can one construct more efficient and cost effective iterative schemes that would guarantee the results in [4)] without

. . . ¢ L
imposing the sum conditions (Y ;L o =1 and Y ;20 ~)

= 1) on the control parameters?
Inspired and moltivated by the above challenges raised in Remark 1.1, the aim of this paper is to provide an

affirmative answer to Question 1.1 using the method of linear combination of products introduced in [16].

2 Preliminary

The following definitions, lemmas and propositions will be needed to prove our main results.

Definition 2.1. (see [30]) Let (Y, d) be a metric space and let I' : ¥ — Y be a self-map of Y. Let {z,}52, C Y
be a sequence generated by an iteration scheme

Tny1 = 9(F7$n)7 (21)

where zy € Y is the initial approximation and g is some function. Suppeose {x,,}32 , converges to a fixed point g of T.
Let {t,}>2, C Y be an arbitrary sequence and set €, = d(t,,g(T',t,)),n = 1,2,--- Then, the iteration scheme (2.1
is called I'-stable if and only if lim,_,,, €, = 0 implies lim,, o, yn = ¢-

Note that in practice, the sequence {¢,}22 , could be obtained in the following manner: let zo € Y. Set 5,41 = g(T', z,)
and let to = . Now, x1 = ¢(I', zg) because of rounding in the function I', and a new value ¢; (approximately equal to
z1) might be calculated to give t9, an approximate value of g(I', ¢1). The procedure is continued to yield the sequence
{tn}2,, an approximate sequence of {x,}>2 .

Definition 2.2. Let Z be a Banach space and Y an arbitrary set. Let I',; S : Y — Z be two nonself mappings such
that S(Y) C T'(Y). A point ¢ € Z ia said to be a coincident point of a pair of self maps I', S if there exists a point
p(called a point of coincidence) in Z such that p = Sq =Tq. I', S (considered as self maps) are weakly compartible if
they commute at their coincident points; that is, if Sq = I'q for some g € Z, then ST'q = I'Sq.

Definition 2.3. Let Z be a Banach space and Y an arbitrary set. Let I',; S : Y — Z be two nonself mappings such
that S(Y) CT'(Y) and S(Y) is a complete subspace of Z. For z,t € Y and v € (0,1), we get

||Fz—Ft||<'ymax{||Sz—St| 1S = Tz|| + || St — Tt ||Sth|+||Sth}

2 ’ 2
(2.2)
Iz — Tyl < vmax{nSz — o IEPEEEEISEZ T g o s rzn}
(2.3)
There exists a real number ¢ € [0,1) and L > 0 such that for every z,t € Y, the inequality
Tz —T't]] < 4§||Sz— St| + L|| Sz —T'z|| (2.4)

holds.
There exists a real number ¢ € [0,1) and a monotone increasing function ¢ : RT™ — R* such that ¢(0) = 0 and

for every z,t € Y, the inequality
1152 — St + 6(IS= - T2])

1+ MJ[Sz — Tt|

Tz — Tt < (2.5)
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Iz = Tt|| < 48|15z = Stf| + o(][Sz — Tz]) (2.6)
It is shown in (Proposition 1, [22]) that (2.2))-(2.6]) are related in the following manner:

-3 - - 6~ 9 27)

However, the converses of (2.7)) are not true; see, for example, [22] for further details.

Lemma 2.4. (see, e.g., [6]) Let {7, }22, be a sequence of positive numbers such that 7,, = 0 asn — co. For 0 < ¢ < 1,
let {wn, 152, be a sequence of positive numbers satisfying wy,+1 < dwy, + 75,7 = 0,1,2,--- Then, w, — 0 as n — occ.

Lemma 2.5. (see, e.g., [27]) Let (Y, || .||) be a normed space, the self-map I' : ¥ — Y satisfies (2.2) and ¢ :
R* — R™ be a monotone increasing subadditive function such that 1(0) = 0,%(Mt) = M (t), M > 0,t € RT. Then,
Vi € N and Vs,t € Y, we have

s~ Do < s — i1+ 3 (7)o 6t - vl (2.8

=0

Lemma 2.6. (see, e.g, [22]) Let (Z, ||.||) be a normed linear space and I', S : Y — Z be nonself maps of Z satisfying
such tha S(Y) C I'(Y),||S?z — T'(Sz)|| < ||Sz — Ty|,Vz € Y and Va,y € Y, |S%x — Sy|| < ||Sz — Sy||. Let
¢ : Rt — R* be a sublinear, monotone increasing function such that ¢(0) = 0. Let z be the coincident point of
S, 1,8 T(i.e,Sz =Tz =pand S*2 =Tz = p). Then, Vj € N, L >0, and Vx,y € Y, the inequality

J .
I = 'yl < e - Tyl + Y (1)l - Tl (29)

=0

holds.

Proposition 2.7. (see, e.g., [16]) Let {a;}52; € N be a countable subset of the set of real numbers R, where k is a
fixed nonnegative integer and NN is any integer with k 4+ 1 < N. Then, the following holds:

N i—1
g + Z aiH(l—aJ H 1—qj) = (2.10)
i=k+1  j=k j=k

Proposition 2.8. (see, e.g., [I6]) Let ¢,u and v be arbitrary elements of a real Hilbert space H. Let k be any fixed
nonnegetive integer and N € N be such that k¥ +1 < N. Let {v;}¥ 7" € H and {o;}}¥, € [0,1] be a countable finite
subset of H and R, respectively. Define

y = oyt + Z O‘ZH 1—aj Vi— 1—|—H l—aj

1=k+1 j=k

Then,

ly —ul® = axllt—ul*+ Z OézH (1= aj)]lvi- 1—U||2+H (1= ay)lv - ull?

i=k-+1 =k
fak[ Z alH 1— o)t — vie 1||2+H 1-a;) ||t—v||}
i=k+1 j=k

—(1—ayg) [ E o I | 1—aj)||vie 1 — (i1 +wip1)])?
i=k-+1 j=k
i—1

an [T —ap)lv = vv-a?],
j=k

where wy, = Zﬁikﬂ o H;;}C(l —o)Ui—1 + H;;}C(l —aj)v,k=1,2,--- ,N and w, = (1 — ¢,)v.
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3 Main Results 1

Let D be a nonempty subset of a real Banach space E, S,T" : D — FE nonself commuting maps of D with
T'(D) C S(D) and ¢ € D- Then, the sequence {I'z,,}5° , defined by

Fzpi1 = 0n, 11“wn+z n,j HJ 1(1_ On,i)S Sy, +H (1= ,p)Selyrlﬁ
Fyn = Fan 1Tn + Z iy 2 Tn,t H (1 - an z)sj ! S+1 + H S+1(1 - an,i)SESJrlszrl;
Dyk—1 = ZZ’“ HJ - k I)SJ Lo, + Hi:l(l — aﬁyil)Sekxn,n >0,k>2,
(3.1)
and
Tapi1 = 0n1Ty, + E ng 112 1(1 —0,,)S 1yl + T ( On,p) Sy
Fyn = Fan 1y8+1 + Z é+1 2 In,t Hz 1 (1 - an z)SJ 1 s+1 + H 6+1(1 - an,’i)SZSJrly:L—i_l;
Dyk-1 = ZL]" H] 1(1 —a’ )SJ Lo, + Hi:l(l - aﬁyil)SZ"'mn,n >0,k > 2,
(3.2)
where {{0,}22 0}z Lo 1oz 0} * | are countable finite family of real sequences in [0, 1] for each i, {1 > €y > --- > {},

and 0q,0s,--- ¢, € N, for each k shall be called the Jungck-TH-multistep-Noor iterative scheme and Jungck—DI—
multistep-SP iterative scheme respectively.

Remark 3.1. Jungck-TH-multistep-Noor iterative scheme and Jungck-DI-multistep-SP iterative scheme are
generalisations of Jungck-TH-Noor ( Jungck-TH-Ishikawa and Jungck-TH-Mann) and Jungck-DI-SP iterative schemes.
Indeed, if £k = 3 in , we obtain Jungck-TH-Noor iterative scheme. If £ = 2 in , we get Jungck-IH-Ishikawa
iterative scheme and if £ = 2 and ¢, = 0 in , we get Jungck-TH-Mann iterative scheme. Again, if £ = 3 in ,
we obtain Jungck-DI-SP iterative scheme.

Theorem 3.2. Let H be a real Hilbert space and S,I" : D — H nonself commuting mappings for an arbitrary set
D satisfying the contractive condition

J .
157710 — §3-1y|| < v [Ta — Ty + 3 <§)pﬂf¢<||5x ~Tz|), (3:3)

t=0

with T'(D) C S(D), where2 < j € N,z,y € D,0 < v* < 1,and let ¢ : RT — RT be a subadditive monotone increasing
function with ¢(0) = 0 and ¢(Mt) = M¢(t), M > 0,t € RT. Let z be a coincidence point of ', S, T, S%(i.e, T'z =
Sz =gqand 'z = S'z = q). For arbitrary xo € D, the Jungck-IH-multistep-Noor iterative scheme defined by
converges strongly to ¢. Further, if D = H and I', S commute at ¢ (that is, I' and S are weakly compartible), then ¢
is the unique common fixed point of I and S.

Proof . Using (3.1 , Lemma 2.1 and Proposition 2.4 with Tz, 41 = y,u = q,Tz, =tk =1,5 "1yl = =vj_1 and Sliyl
we get

VA j—1
IT2n1 —ql® < GnallTzn —ql® + Y ny ] = 60157y — S7 g
=2 i=1
£y
+ ] =615y, — S ul (3.4)
=1

Using (3.3), with y! =y, we get

IN

11yl — $971q| < VT rz|+2()“¢ 5= — T=|)

V7||Ty,, — Tz|| (3.5)
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(3.4) and (3.5 imply that

121 j*l £y
Tanin —al® < Snalllzn —al® + D 6n; [T(1 =60 (7)?ITyn = Tz)® + [T (1 = 60,0 (7)?|Ty — Tz,
j=2 i=1 i=1
which by Proposition 2.3 yields
j—1 L1
Tzp—al> < Gl —al* + (1= 601 — [[(1 = 60.) )Ty —all* + [[(1 = 60,0 (") [Ty, — alf?
i=1 i=1
= Spallan — gl + (1 = 8,1)Typ — all? (3.6)
In view of the fact that ¢1,0s,--- , ¢ are fixed integers and o ; € [0,1] for each s, we obtain the following estimates

forn =1,2,--- and 1 < s < k — 1 using Propositions [ 2.3 and 2.4]:

12 7j—1
G~ gl? < bl — gl + 3, T[0 — abolls=a2 - =212 + T[1 - abolista? - 52/
i=1 i=1 i=1
Lo Jj—1
< ahalle, —al? + > ah; T —ah ) 07?0y - gf?
i=1 i=1
Lo
+ 10 = ab )20y = al (by @A) with ), = 42)
=1
Jj—1
= ai71||Fx7lq||2+<ZanjH10 )() +l_[ nz )”Fyn ql?
=1
Jj—1
< aa,1||ran||2+<zamr[ (1 - al)0) +H17a wr)
V4 Jj—1 V4
x|a2 4 |[Ta, — \|2+§: g 1- Syt~ 5 4 ]] (1- Sl — 9522
2 Tz, g o2, [T a2l 22+ L - a2 )lISys — 5%
=1 =1 =1
— 0y
< 04711,1||F$n —q* + <Zan3 H (1- O‘i,i)(Vj)Q + H(l - O‘}L,i)(ij)
=1 ]
L3 Jj—1
x(a2 1020 — a2+ Y a2 T - a2 )0) +H 2007)?)
=1 =1
x|Cyp, — qll* (by @A) with y), = y3))
Lo j—1 Lo
< analltn - g+ (L an, [I0 - n07) + T[0 - a0 )02
3 3 i=1
j—1 ) 12 )
x|[Tan — qll® + (Z% 10— ar 0092+ T]0 - ah)()?)
i=1 i=1
L3 j—1 l3 .
(a2, TT0 = a2 )0 + [T - a2 )07)?)
=1 i=1 i=1
)4 j—1
% OZ3 ||F£U _ 2 . 3 1— S] 1 4 Sj—l 2
sz =g+ 3ok TIa =i )l ]l
i=1 i=1
+H (1—a?,)|S%y? 5542\\2}
Jj—1
< a;,lnrxnfqn”(ZamH (1-al)) +H1fa VIP)ad,
=1
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IA

IN

X”Fxn*qanr(zanjl:[l*a VJ Jr]:[l*a )
=1

£3 Jj—1 l3
X(Zaid H(]'*anl) I/J +H 170{ 2)0[ 1”1—“%%7(]“2
i=1 i=1 i=1
£2 Jj—1 A Lo
(S ad, TI0 - ok + [[1 -l )w)?)
i=1 i=1 i=1
L3 Jj—1 l3
<(Yoaz, [T - a2+ [l - a2)wr)
i=1 i=1 i=1
Ly Jj—1 ‘ Ly ‘
(Do ad, TI0 - a )@ + [T = ai )@ Iy = all* by @ with v}, = yih)

Jj—1 L2
o 1T — qll? + (Z% [T0 - e + TI0 - ah)))aZ,s
i=1 i=1

J—1 Lo
x|Pa, — gl + ( Zan] [T0-ar 0092+ T]0 - ab))?)
i=1 i=1

€3 ] 1 eB
X(Zaid H(l—a (V! +H(1—a Q)afl’l”Fxn—QHQ
i=1 i=1 i=1
12 j—1 4 12
H(2al, IO - ek + [0 - al)0)?)
i=1 i=1 i=1
L3 j—1 4 L3
«(Y 02, TI0 - 2007 + [0 - a2 )0)?)
i=1 i=1 i=1
Ly j—1 Ly
(S, [T -0l 072 + T[0— a2 )0 [T, — gl +
i=1 i=1 i=1
L2 j—1 L2
SO | CEXTHICORES | (EXEHIZY
i=1 i=1 i=1
£3 j—1 L3
(Do a2, TT0 - a2 ) + T[]0 = a2 )0)?)
i=1 i=1 i=1
Ly j—1 Ly
(D ad, TI0 - ad )72+ [T - ad ) (v)?) x
i=1 i=1 i=1
£s—1 j—1 £s—1
(Dbt TI0 = a0 + [T - ) 0)?)
=1 =1 =1
£ j—1 Ls
ls_1 ls—1 j ls—1
<(S0 el TT0 - aleie)? + T = 0l ))2) s [T — gl
=1 =1 =1
ah Il = qll? + a2 (1= ah )72 ITe, — gl + a1 (1= ab )(1 = a2 )(0)* T, — gl
ok y(1— b (1 — a2 (1 = a2 )Tz — g+ + a1 (1 @b (1 — a2 )(1 = 0, )
X (L= a7 )(1 = ap ) (1) [Ty — gl

g o (L—ag ) +ag (L= ap ) (1= a7 ) + a1 (1= ag3)(1=af ) (1= a5 )

+ootap (T—op)(1—a2 )(1—ad )X...X(1_aﬁ;2)(l_aes?1)}

n,i
x|Tx, — qf?
(3.7)
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(3.7) is valid since T'z = Sz = ¢,17 € (0,1] and ¢(0) = 0.
From (3.6)) and (3.7, we obtain

[Tzpi1 —ql* < {5n,1 + (1= 6n,1) {0‘711,1 + ai,l(l - 04711,1') + ai,l(l - ai,i)(l - ai,z‘)
+0‘i,1(1 - 04711,1‘)(1 - O‘?L,i)(l - ai,i) +oeee 0‘51,1(1 - Ofvlz,i)(l - O‘?L,i)(l - O‘?z,i)
. 1 _ 6372 1 _ 5371 F _ 2
XX (T—a )1 — o, ") | pllP2n — 4|

< [Bua (U= Guaahy + (1= 80)(1 = ah) + (1= 8,0)(1 = ah)(1 - a2 )
(1= 8 )(—al )1~ a2 )1 —ad )+ + (1= 81)(1 - al )1 - a2 )
x(1=ad ) xoox (1= ) (1= ap )| T, — gl (3.8)

n,i
By Lemma 2.1, we get, using (3.8, that the sequence {T'z,, }°2 ; converges strongly to g.
Next, we show that ¢ is unique. Assume, for contradiction, that there is another point of coincidence ¢*. Then,
we can find a point z* € H such that I'z* = Sz* = ¢*. Consequently, by (3.3)), we obtain

J .
I = 2 =187 = 87120 <9I = T+ Y (1)l - e, (39)

t=0

It follows from that (1 —17)|z — 2*|| <0, so that z = 2*(since v/ € (0,1]). Hence, ¢ is unique.

Furthermore, since I" and S are weakly compatible, it follows that I'Sz = STz. Thus, I'¢ = Sq so that ¢ is
a coincidence point of I' and S. Again, since the coincidence point is unique, it follows that ¢ = z and hence,
I'q = Sq = q. Thus, ¢ is the unique common fixed point of I" and S, and this proof is completed.

The corollary below immediately follows from Theorem 3.1. O

Corollary 3.3. Let H be a real Hilbert space and S,T" : D — H nonself commuting mappings for an arbitrary set
D satisfying the contractive condition

i,
5974 — 5770l < ire tyll+ 3 (1)1 - v, (3.10)
t=0

with T'(D) C S(D), where2 < j € N,z,y € D,0 < v* < 1, and let ¢ : Rt — R be a subadditive monotone increasing
function with ¢(0) = 0 and ¢(Mt) = Me(t), M > 0,t € RT. Let z be a coincidence point of T, S, T S'(i.e, T'z =
Sz=qand Iz = S*2 = q). For arbitrary ¢ € D,

(1) the Jungck-TH-Noor iterative scheme converges strongly to g;
(#4) the Jungck-TH-Ishikawa iterative scheme converges strongly to g¢;
(#4i) the Jungck-TH-Mann iterative scheme converges strongly to ¢

In addition, if D = H and T', S commute at ¢ (that is, I and S are weakly compartible), then ¢ is the unique common
fixed point of I and S.

Theorem 3.4. Let H be a real Hilbert space and S,I" : D — H nonself commuting mappings for an arbitrary set
D satisfying the contractive condition

7 .
18912 — 597 1y| < vi|Ta — Tyl + 3 (i)pf—%(nb*x ~ T, (3.11)
t=0

with ['(D) C S(D), where2 < j € N,z,y € D,0 < v* < 1,and let ¢ : Rt — R* be a subadditive monotone increasing
function with ¢(0) = 0 and ¢(Mt) = Mp(t), M > 0,t € R*. Let z be a coincidence point of I', S, T'?, Si(i.e, ['z = Sz =
q and Tz = S'z = q). For arbitrary zo € D, the Jungck-DI-multistep-SP iterative scheme defined by converges
strongly to ¢. If, in addition, D = H and I', S commute at ¢ (that is, I" and S are weakly compartible), then ¢ is the
unique common fixed point of " and S.
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Proof . Using similar approach as in the proof of Theorem 3.1, the result of Theorem 3.2 follows immeately. [

Corollary 3.5. Let H be a real Hilbert space and S,T' : D — H nonself commuting mappings for an arbitrary set
D satisfying the contractive condition

7 .
577 = 57y] < 1rs =Tyl + 3 () allse - T, (3.12)
t=0

with T'(D) C S(D), where2 < j € N,z,y € D,0 < v* < 1,and let ¢ : RT — RT be a subadditive monotone increasing
function with ¢(0) = 0 and ¢(Mt) = M@(t), M > 0,t € RT. Let z be a coincidence point of ', S, T, Si(i.e, Tz = Sz =
q and Tz = Sz = q). For arbitrary xo € D, the Jungck-DI-SP iterative scheme defined by converges strongly
to g. If, in addition, D = H and T, S commute at ¢ (that is, I" and S are weakly compartible), then ¢ is the unique
common fixed point of I" and S.

4 Main Results I1

Theorem 4.1. Let H be a real Hilbert space and S,I" : D — H nonself commuting mappings for an arbitrary set
D satisfying the contractive condition

i .

I8 = 517ty < viEe =yl + Y (7)o o(lse - T (11)
t=0

with ['(D) C S(D), where2 < j € N,z,y € D,0 < v* < 1,and let ¢ : R* — R* be a subadditive monotone increasing

function with ¢(0) = 0 and ¢(Mt) = M¢(t), M > 0,t € R*. Let 2 be a coincidence point of I', ,T'%, S¢(i.e, Tz =

Sz = q and Iz = Sz = q). For arbitrary zg € D, let {I‘xn} 2o be the Jungck-DI-multistep-SP iterative scheme

(3.2) converging strongly to ¢ (i.e,I'q = Sq = q and T7"tq =/—1 q = q) with 0 < 6 < 0ni,0 < < ay,, fori=
1,2,--- ,k —1 and for all n. Then, the iterative scheme deﬁned by (3.2)) is I, S-stable.
Proof . Let {I'2,}2°, and {I't1}2°, , fori=1,2,--- ,k — 1, be two arbitrary real sequences in H. Let
j—1 41
€n = |ITzn41 — 61 t] Zan] [T =687, = ] = 6ni)S 8012 > 1, (4.2)
i=1 i=1
where, for s =1,2,--- ,k —1,
Loy j—1 Lt
Tty =of Tt + ) ap  [J(A—ag )87t + [T - g ) S5t (4.3)
j=2 i=1 i=1
and for k > 2,
j 1
Ikt Za 1704 Sz, +H 1,0/6 Sz, n > 1, (4.4)

=1 =1

and let ¢, = 0 as n — oo. Then, we show that I'z,, — ¢ as n — oo using the contractive mapping for which (4.1
holds. .
Now, from Proposition 2.4, with u = ¢, Tt} = ¢,k = 1,T%¢} = v, 8771t} = v;_;, we have the following estimates:

£1 Jj—1 41
ITzo1 =gl < 18Tt + Y Guy [T(1 = 60) 877y + TT(1 = 60) 515, — 4
j—2 =1 i=1

7j—1
[nlrt +25MH (1= 6,.4)89~ 1t1+H (1—6,.4)8"t! —anﬂ}u
=1

=1

01 Jj—1 £y
< 0nalth +> 6y [ = 600)S7 1k + [[(1 = 600)S" 21 — al®
j=2 i=1 i=1

j—1 £y
| = [Dzns1 = 6Tt - Zam [Tt = 60)57 2 = T = 6ni)S2L ] 117
=1

i=1
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£y j—1 £y
= 8alth + > 0, [] (= 60008t + [ = 60.0)S" 8] — gl
j=2 i=1 i=1

£y j—1 £y
HPzpg1 = 0na Tt = > 0ny [T = 0n0)S7 1ty = T](1 = 6n0) S5 8|12
j:2 i=1 i=1
£y
= en A+ 60Tt + > b H(l — 0,,0) 87 1L +H — 8,,0)StL — g2
j=2 i=1
£y Jj—1 41
< et Ol —al? + Y Gny [T = 601577 8 — all® + ] (1= 60.0) (1523, — gl (4.5)
j=2 i=1 i=1

But, from (4.1, with t} =y, we get

15771, — ST

IN

VI||Ted — rz||+z() It (||Sz — T'z||)
= VT, —q| (4.6)

Since, from ([4.6) with tL =2, ||S7=12 — Si71q|| < vI|[T't2 — ¢, it follows that

)2 j—1
Ttk — g = Jod T2+ > al, [[Q - al, wa%2+I11—a )52 — qlf?
j=2 i=1 i=1
j—1
< ab,|re - ﬂP+§:%UIIl—a IISIH2 — mF+I11—a )|S%22 ||
i=1
Jj—1
< (n1+§j%”11 —a, () +Illfa V1)) ITe — gl
=1
j—1 ] lo ]
- (n1+§jm”111—amxwf+llu—amxwf)
i=1 =1
l3 j—1
o Tts +> ok  J[(1— a2 )7~ 1t3+H (1—ab;)S%t3 — q||?
j=2 i=1 i=1
j—1 Lo
S(nﬁfhmﬂlﬂ%WW+HO%%WWﬂ%mﬁ—W
i=1 =1
j—1
+§Zm”111—a SIE. dF+IIl—a 512 — ql]
i=1
j—1 i—1
< <n1+2an3H1—o¢ () +H1—a ) (n1—|—Zan]H1—ozi7i)(VJ)2)
=1 =1
+Hu—%mmﬂm-w2wMMMMMbﬂb
Jj—1
< <n1+ZQnJH1—O¢ VJ +H 'IL’L 2)
=1

(n1+§jm”111—aLMWF+Iiu—aaxwf)hﬁmni—ﬂﬁ
i=1 i=1

J—1
+§jm”111—a s - mF+II — an)lIS“th ~ al?]
i=1
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< (nlJrZanJﬁla Iﬂ +H1701 )
(nl—i—ZanJHl—a () +H1—a )
«(a n1+2% H 1—ai,i><uj>2+f[<1—ai,»(w‘)?)

||t — q||2 (by @.6) with t,, =t,)

(a n1+§jam To —aé,»(uj)uﬁ(l —an ) (07)?)
i=1 i=1
( 1—|—Zo¢n]jl—[11—a )(17) —|—H1—a )

IN

7j—1

(nl—i—ZanjHl—a NEZD) —|—H1—a )
i=1
lp—1 31 Lr—1
( +Za 1—a NEZD) +H l—a ))
i=1
] 1

( +Zo¢ l—a )(17) +H1—a ))

=1

><||an—Q||2
Note that 1.' is valid since I'q = Sq = ¢ and ¢(0) =
., andlmply
Jj—1
IT2nir —ql? < en (n1+25 I -6k 009 +H1*51 v)?)
=1
j—1
(nl—i—Zanjnl—a () —|—H1—a 2)
i=1
7j—1
(n1+Zan]H1—a NEZD) —|—H1—a 2)
=1

j—1

(nl—i—ZanJHl—a )() —|—H1—a 2)
i=1
lr—1 g 1 Lr—1

x (aky +Za —ab )+ [T - ak7)09)?)

= 1 i=1

( —|—Za 1—a () —|—Hl—a ))

=1

x|[Tzp —q||2
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Let
7—1 2
o = (o +26 T - a0+ [T0 - 60072
i=1 i=1

x (a1 + Zamﬁ 1—ah ) () + ﬁ(l — a3 )0)?)
<n1+20¢n]H1704 NEZD) +H17a 2)

=1
(nl-l-ZanjHl—a () —|—H1—a 2)
i=1
ly—1 _] 1 L1
x (b4 Z ok TI0— b)) + [T - el )67)?)
1=1 1=1
j—1
( +Zan3 1*0[ l/] +Hlianz ))
i=1
Y28 j—1 12 L2 j—1
< (55,1 +> o ITa-aa+]J0- 671Lz)> X (a}m +> o [Ja—an)+ H (1—-ay )
j—2 i=1 i=1 j=2 i=1
j—1 U3 j—1 2
( n1+zan3H a%,i)+H(1_a?L,i)> ( n1+zan]Hl_ai,i)_FH(l_a?L,i))
=1 =1 =1 =1
Lr—1 j—1 L1
o (ot e (1—ak?)+ J]0-ak?)
i=1 i=1
] 1
( +Za (1—ak; +H1—a )21 (4.9)
i=1

([4.9) is true by virtue of Proposition 2.3 and the fact that 7 € [0,1). Hence, using ) and (4.9), we get

Tzni1 —al* < 63|20 — al® + €, (4.10)

which by Lemma 2.1 and the fact that ¢, — 0 as n — oo yields 'z, — ¢ as n — oo. On the other hand, let
Tz, = q as n — o0. Then, we show that €, — 0 as n — co. From (4.2)),

j—1 £y
€n = |[Tzny1 —6naTtL Zanj [T =6n0)87 ey, =TT = 6n0)S" 8017
=1 =1
01 j—1
= T2t —q— [5n,1rt; +3 60 [T = 60057 1L + [[(1 — 800082 — q} 2
j=2 i=1
12 7j—1
< Tzp41 — qH2 + H‘SmlFt}z + Zén,j H(l - 6n,i)SJ_1trll + H(1 - ‘Smi)selt; - qH2
j=2 i=1
01 j—1
< |Tzpgr — QHz + 6n,1||Ft$L - Q||2 + Zan,j H(l - 5n,i)HSJ71t71L - QH2
j=2 i=1

+][ = 600158, —al®
(4.11)
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< Hrznﬂ—qn%(anmHlf 500 ()% + TJ(1 = 60,0)@))?) x ITtL — gl (by (@)
1=1
< \|F2n+1—Q||2+<n1+Z(5njH 1—6,.4) (1Y) +H — )
j—1 _ 2 _
x(o n1+2am [10 - eb)0)? + [J0 —ab )677)
1=1 =1
Jj—1 . L3 ‘
%(a n1+2am 1020072 + [T - a2 )7)?)
i=1 i=1
j—1
(nl—i—ZanjHl—a )(17) +H1—a 2)
1=1
Lr—1 j 1 1
( +Za ak W+ H(l—ak 2)(Vj)2>
1=1 1=1
x (o +Za (- a)09) +H 1- b )0)?) T2 — - (by @)
=1
BT EUP (by ([E9))

(4.12)

Using the fact that T'z, — ¢ as n — oo, we obtain (from (4.12)) that ¢, — 0 as n — oo. Hence, the Jungck-DI-
multistep-SP iterative scheme (3.2 is I", S-stable. This completes the proof. O

The corollary below immediately follows from Theorem 4.1.

Corollary 4.2. Let H be a real Hilbert space and S,I" : D — H nonself commuting mappings for an arbitrary set
D satisfying the contractive condition

j .
1577 2 — STy || < w7 |Ta = Tyl + > (i) P ' (| Sz — Ta]), (4.13)

t=0

with T'(D) C S(D), where2 < j € N,z,y € D,0 < v* < 1, and let ¢ : Rt — R* be a subadditive monotone increasing
function with ¢(0) = 0 and ¢(Mt) = M¢(t), M > 0,t € R*. Let 2 be a coincidence point of I', S,T'%, S(i.e, Tz =
Sz = qand 'z = Sz = ¢). For arbitrary ¢ € D, let {T'z,,}°°, be the Jungck-DI-SP iterative scheme converging
strongly to q (i.e,[g=Sq=qand 77 1¢=I"1 g=q) with 0 < § < 6,;,0 < a < ay, g, fori=1,2,--- k—1and for
all n. Then, Jungck-DI-SP iterative scheme is I', S-stable.

Theorem 4.3. Let H be a real Hilbert space and S,I" : D — H nonself commuting mappings for an arbitrary set
D satisfying the contractive condition

j .
|5771e — 91y < V0w — Ty + > @pﬂwwx ~Tal)), (4.14)

t=0

with T'(D) C S(D), where2 < j € N,z,y € D,0 < v* < 1,and let ¢ : RT — R* be a subadditive monotone increasing
function with ¢(0) = 0 and ¢(Mt) = M¢(t),M > 0,t € RT. Let z be a coincidence point of ', S,T¢, Si(i.e, Tz =
Sz =qand Tz = S’z = q). For arbitrary zo € D, let {Tz,};> 0 be the Jungck-DI-multistep-Noor iterative scheme
converging strongly to ¢ (i.e,I'q = Sq = q and TV ~tq =/~ q = q) with 0 < § < 8,0 < a < ,, fori=
1,2,--- ,k — 1 and for all n. Then, the iterative scheme defined by (3.1) is T', S-stable.

’I’LZ’

Proof . Using similar approach as in the proof of Theorem 4.1, the result of Theorem 4.3 follows immediately. [
The corollary below immediately follows from Theorem 4.1.
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Corollary 4.4. Let H be a real Hilbert space and S,I' : D — H nonself commuting mappings for an arbitrary set
D satisfying the contractive condition

j .
157710 — 1 1y| < v [Ta - Ty + 3 @pﬂ%(n&c ~T), (4.15)
t=0

with T'(D) C S(D), where2 < j € N,z,y € D,0 < v* < 1,and let ¢ : RT — R* be a subadditive monotone increasing
function with ¢(0) = 0 and ¢(Mt) = M¢(t),M > 0,t € RT. Let 2 be a coincidence point of T', S, T¢, Si(i.e, Tz =
Sz = q and Tz = S'2 = q). For arbitrary zo € D, let {T'z,,}°, be the Jungck-IH-Noor iterative scheme, the
Jungck-TH-Ishikawa iterative scheme and the Jungck-IH-Mann iterative scheme converging strongly to g, respectively
(i.e,Tg=S8qg=qand T7"'q=""1 g = q) with 0 <& < 6,,,0 < o < @, ; and for all n. Then, For arbitrary zo € D,

(1) the Jungck-IH-Noor iterative scheme is I', S-stable;
(74) the Jungck-TH-Ishikawa iterative scheme is I', S-stable;
(791) the Jungck-TH-Mann iterative scheme is I', S-stable.

Open problem

Is it possible to prove Proposition 2.3 and Proposition 2.4 in arbitrary Banach spaces so as to generalise the results of
this paper in such spaces?

Conclusion

An affirmative answer has been provided for Question 1.1. The results obtained in this paper improve the corresponding
results in [4] and several others currently existing in literature.
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