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Abstract

The study of atmospheric internal waves which occur inside a fluid rather than on the surface is represented by
a mathematical model named the atmospheric internal waves model. Under the shallow-fluid assumption, internal
atmospheric waves are modeled by a nonlinear partial differential equation system. The proposed shallow flow model is
based on the assumption that waves spread out horizontally before rising vertically. The Aboodh transform homotopy
perturbation method (ATHPM) has been applied to obtain an approximate solution for a given model. This model
helps to understand global atmospheric modeling, which has applications in climate and weather predictions. The
ATHPM solution is compared with the EADM solution, HAM solution, FRDTM solution, and q-HAShTM solution
to examine the accuracy and efficiency of the suggested method.
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1 Introduction

ATHPM is used to find the analytical solution to nonlinear fractional differential equations. K.S. Aboodh intro-
duced the Aboodh transform to facilitate the process of solving differential equations in the time domain [1]. The
homotopy perturbation method (HPM) was proposed by J. H. He [15]. HPM is a semi-analytical approach for solving
linear and nonlinear differential equations. Aboodh transform is extension of Laplace transform and the converse
duality relation existing between the Aboodh transform and the Laplace transform [2].

Internal waves are also known as gravity waves which are only seen inside of fluids, never on the exterior. They are
mostly found below the ocean’s surface layer and atmosphere. The temperature change of a three-dimensional fluid
is essential for identifying the propagation of internal waves and the three-dimensional wavelength. Internal waves
gain velocity and energy when external waves, such as winds and other waves, collide with them [23]. Wave clouds
are particularly interested in atmospheric waves. Morning Glory clouds in Australia show internal waves. For the
interaction and propagation of gravity waves, researchers have developed many mathematical models and simulations
[10, 26]. Internal waves are disturbances that flow along the pycnocline as they pass through fluid interfaces and
diseases. Internal waves in the water force the free surface of the water to move vertically, making them invisible to

∗Corresponding author
Email addresses: hareshjani67@gmail.com (Haresh P. Jani), twinklesingh.svnit@gmail.com (Twinkle R. Singh)

Received: June 2022 Accepted: July 2022

http://dx.doi.org/10.22075/ijnaa.2022.27566.3651


2832 Haresh P. Jani, Twinkle R. Singh

Figure 1: Over the New Amsterdam, a wave cloud pattern formed.

floating structures. Although they have been spotted in very turbulent conditions, these waves are difficult to detect.
The pycnocline and thermocline are two deepwater density and temperature shifts roughly 50 m below the surface.
Pycnocline refers to the gradual contact of two fluids of varying thicknesses. There is a chance that these waves will
be pretty big. Internal waves are only detectable via their surface signature and direct pycnocline or thermocline
measurements because they are not pparently visible. When the density interface is shallow enough to allow the
internal wave crests to contact the sea surface, the waves can be identified by the increased roughness of the ocean
surface. Internal waves have an essential role in mixing different layers of water in the seas, which impacts climate.
The rate of such mixing is one of the significant areas of uncertainty in present climate models [8].

Internal waves can be represented mathematically using the shallow fluid assumption. The term ”shallow fluid”
denotes that the perturbation’s horizontal scale is more essential compared to the depth of fluid layer [10]. The
assumption of shallow fluid helped several models, including Kelvin waves models [9, 14], climate model [27], tsunami
model [24], and Rossby waves model [11]. To solve these models, many scholars have employed analytical techniques
[26, 27, 13, 21] but it is difficult to figure out the exact solution to that problems. As a result, various numerical and
analytical methodologies are offered. However, numerical methods offer discrete points in the solution. Analytical
methods were highly dominant. The partial differential equations of internal atmospheric waves were solved with VIM
[7], EADM [26], FRDTM[20] and q-HAShTM [22].

The fluid must be layered for the phenomena to occur and each layer must have the same temperature and density,
which should only fluctuate with height. The waves propagate horizontally like surface waves when the density varies
over a small vertical height [16]. Internal waves in the atmosphere arise when a homogenous layer of air passes over a
major barrier, such as a mountain range. Horizontal stripes of homogeneous air are disturbed when the air meets the
barrier to form a wave pattern. They can cause the formation of wave clouds, which are generated when steady air
flows over a barrier like a mountain. As the mass of air moves through the wave, it ascends and descends repeatedly.
Clouds will form at the cooled peaks of these waves if the atmosphere is humid enough. Due to adiabatic heating, such
clouds will vaporize in the descendant section of the wave, resulting in the classic clouded and transparent stripes. As
indicated in Figure-1, this phenomenon has been observed in several places worldwide. Morning Glory Clouds arise in
the southern section of the Gulf of Carpentaria due to the internal waves phenomenon in Australia. Figure-2 shows
the morning glory clouds above the gulf of carpentaria.

Figure-3 illustrates the internal wave phenomenon in various areas around the world. Water moves near the
surface, making it impossible to see or measure directly but, it leaves a unique path on the surface that satellites
can detect. NASA’s shuttle captured internal waves in the South China Sea in June, 1983 and on the Peruvian
coast in 1984. Internal waves have an influence on chemistry binding, ambient temperature, and turbulence according
to research undertaken during the previous decade. Internal airwaves are typically simulated using shallow-fluid
equations, sometimes known as shallow water equations.

The major purpose of this research is to generalize the use of the Aboodh transform homotopy perturbation method
(ATHPM) to shallow fluid equation analysis [17], which are a system of non-linear partial differential equations and
apply it to the phenomenon of internal atmospheric waves propagating through a fluid medium. The advantage of
this method is that it is to implement with minimum computational effort.
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Figure 2: Clouds of Morning Glory above the Gulf of Carpentaria

Figure 3: Internal waves in (a) the South China Sea (STS-7, June 1983, photo #7-05-0245) and (b) the
Eastern Pacific Sea (STS-41C, April 1984, photo #13-31-980)
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Figure 4: Schematic representation of internal waves

2 Preliminaries

2.1 Aboodh transform

Consider piecewise continuous and of exponential order functions in the set A given by

A = {f(t) : ∃M,k1, k2 > 0, |f(t)| < Me−vt}. (2.1)

The constant M must be a finite number, k1, k2 may be finite or infinite. The Aboodh transform is defined by [1]

A[f(t)](v) = K(v) =
1

v

∫ ∞

0

f(t)e−vtdt, t ≥ 0, k1 ≤ v ≤ k2. (2.2)

2.2 Properies of Aboodh transform

Table 1: Aboodh transform of some functions [1]

f(t) A[f(t)]

1 1
v2

t 1
v3

tn n!
vn+2

cos at 1
v2+a2

sin at a
v(v2+a2)

eat 1
v2−av

Definition 2.1. Inverse Aboodh transform of a function f(t), t ∈ (0,∞) if A[f(t)] = K(v), then f(t) = A−1[K(v)].

Definition 2.2. Aboodh transform of a caputo fractional derivative for α > 0, m ∈ N and m− 1 < α ≤ m is

A[Dαf(x)] = vαK(v)−
α−1∏
k=0

fk(0)

v2−α+k
.

3 Mathematical model

Internal atmospheric waves are described using a non-linear partial differential equations system based on the
shallow water concept. Mass and momentum conservation are used to derive the fundamental equations of fluid
motion in differential form. A fluid layer with a shallow depth compared to its height is referred to as ”shallow fluid”.
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In such kind of atmosphere where the density determined by pressure, incompressible, hydrostatic, and inviscid fluid
and it does not vary with space in homogeneous flow then the fractional order partial differential equations can be
written as [20, 22],

∂αm

∂tα
+m

∂m

∂x
− fp+ g

∂η

∂x
= 0

∂αp

∂tα
+m

∂p

∂x
+ fm+ gH̄ = 0 (3.1)

∂αη

∂tα
+m

∂η

∂x
+ pH̄ + η

∂m

∂x
= 0

which is fractional order atmospheric internal waves model [20, 22]. Where constant of pressure gradient of desired
magnitude H̄ = − f

g Ū , Ū = 2.5m/s, gravitational constant g = 9.8m/s2, at α = π
3 and ω = 7.29× 10−5rad/s, x is a

space coordinate, t is time, m and p are cartesian velocities, η is fluid depth, f is the Coriolis parameter, g is gravity
acceleration, H̄ represents mean fluid depth, and Ū is the defined, constant mean geostrophic speed [26].

4 Implementation of ATHPM

Consider a nonlinear and nonhomogeneous fractional order partial differential equation in the Caputo sense.

∂αν

∂tα
+Rν(κ, t) +Nν(κ, t) = f(κ, t) (4.1)

where f(x, y) is the source term, R is the linear differential operator and N is the nonlinear differential equation.
Apply Aboodh transform on it,

A[
∂αν

∂tα
] +A[Rν(κ, t)] +A[Nν(κ, t)] = A[f(κ, t)],

K(s) =
1

s2
ν(κ, 0)− 1

sα
A[Rν(κ, t) +Nν(κ, t)− f(κ, t)].

Implement Aboodh inverse transform,

ν(κ, t) = ν(κ, 0)−A−1[
1

sα
A(Rν(κ, t) +Nν(κ, t)− f(κ, t))]. (4.2)

For nonlinear term, use HPM [23]

∞∑
n=0

pnνn(κ, t) = ν(κ, 0)− pA−1[
1

sα
A(R

∞∑
n=0

pnHn(κ, t)−N

∞∑
n=0

pnHn(κ, t))].

We combine coefficients such as powers of p on both sides, we get

p0 : ν0(κ, t) = ν(κ, 0)

pi : νi(κ, t) = −A−1[
1

sα
A(Rνi−1(κ, t)−Nνi−1(κ, t))]; i > 0.

Finally, the approximate analytical solution is as follows:

ν(κ, t) = ν0 + ν1 + ν2 + ν3 + · · · . (4.3)

5 Uniqueness and Convergence analysis

Theorem 5.1. When 0 < σ < 1, the solution derived by ATHPM of a nonlinear partial differential equation has a
unique solution.
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Proof . Suppose ν(κ, t) and u(κ, t) are two distinct solutions of equation (4.1), and both having the same initial
condition then

|ν − u| = |(A−1[
1

sα
A(Rν(κ, t) +Nν(κ, t)− f(κ, t))]− (A−1[

1

sα
A(Ru(κ, t) +Nu(κ, t)− f(κ, t))])|

|ν − u| ≤ | −A−1[
1

sα
A(R(ν − u) +N(ν − u))]|.

Now, Applying convolution theorem [18],

|ν − u| ≤
∫ t

0

(|R(ν)−R(u)|+ |L(ν)− L(u)|)| (t− τ)n

n!
| dτ,

R and N are bounded operators as satisfies the Lipschitz conditions so that |R(ν) − R(u)| ≤ K|ν − u| and |N(ν) −
N(u)| ≤ M |ν − u| for K,M > 0. Therefore

|ν − u| ≤
∫ t

0

((K +M)|ν − u|)| (t− τ)n

n!
| dτ.

Using mean value theorem for integrals, therefore

|ν − u| ≤ ((K +M)|ν − u|)LT,

where, L = max(t− τ)n and t ∈ [0, T ]
Hence |ν − u| ≤ |ν − u|σ, where σ = (K + M)LT . Therefore (1 − σ)|ν − u| ≤ 0. That implies ν = u whenever,
0 < σ < 1. Hence, the solution is unique. □

Theorem 5.2. Let ν is an exact solution and N : H → H be a nonlinear operator in Hilbert space H , Approximate
analytical solution ν(x, t) is converges to ν , if ∃ γ; 0 < γ < 1, such that ||νi+1|| ≤ γ||νi||,∀i ∈ N ∪ 0 [26].

Definition 5.3. ∀i ∈ N ∪ {0}; γi can be obtain as

γi =

{
∥νi+1∥
∥νi∥ if ∥νi∥ ≠ 0

0 if ∥νi∥ = 0

Corollary 5.4.
∑∞

i=0 νi converges to exact solution ν, whem 0 < γi < 1, i = 1, 2, 3, ....

6 Solution of the problem by ATHPM

Consider fractional order partial differential equations in equation (3.3),

∂αm

∂tα
+m

∂m

∂x
− fp+ g

∂η

∂x
= 0

∂αp

∂tα
+m

∂p

∂x
+ fm+ gH̄ = 0 (6.1)

∂αη

∂tα
+m

∂η

∂x
+ pH̄ + η

∂m

∂x
= 0

with the following initial conditions [26]:

m(x, 0) = ex sech2(x),

p(x, 0) = 2x sech2(2x), (6.2)

η(x, 0) = x2 sech2(2x).



Study on fractional order atmospheric internal waves model by ATHPM 2837

Apply Aboodh transform on it,

A[
∂αm

∂tα
] = A[−m

∂m

∂x
+ fp− g

∂η

∂x
]

A[
∂αp

∂tα
] = A[−m

∂p

∂x
− fm− gH̄] (6.3)

A[
∂αη

∂tα
] = A[−m

∂η

∂x
− pH̄ − η

∂m

∂x
]

vα{K(v)− 1

v2
m(x, 0)} = A[−m

∂m

∂x
+ fp− g

∂η

∂x
]

vα{K(v)− 1

v2
p(x, 0)} = A[−m

∂p

∂x
− fm− gH̄] (6.4)

vα{K(v)− 1

v2
η(x, 0)} = A[−m

∂η

∂x
− pH̄ − η

∂m

∂x
].

Apply inverse Aboodh transform

m(x, t) = m(x, 0) +A−1[
1

vα
A(−m

∂m

∂x
+ fp− g

∂η

∂x
)]

p(x, t) = p(x, 0) +A−1[
1

vα
A[−m

∂p

∂x
− fm− gH̄] (6.5)

η(x, t) = η(x, 0) +A−1[
1

vα
A[−m

∂η

∂x
− pH̄ − η

∂m

∂x
].

By HPM
Comparing coefficients of p0 :

m0 = m(x, 0) = ex sech2(x)

p0 = p(x, 0) = 2x sech2(2x) (6.6)

η0 = η(x, 0) = x2 sech2(2x).

Comparing coefficients of p1 :

m1 = A−1[
1

vα
A(−m0

∂m0

∂x
+ fp0 − g

∂η0
∂x

)]

p1 = A−1[
1

vα
A[−m0

∂p0
∂x

− fm0 − gH̄] (6.7)

η1 = A−1[
1

vα
A[−m0

∂η0
∂x

− p0H̄ − η0
∂m0

∂x
].

So,

m1 = (−ex sech2(x)(ex sech2(x)− 2ex sech2(x) tanh(x))− 19.5997474 x sech2(2x)

+ 39.2 x2 sech2(2x) tanh(2x))
tα

(α)!

p1 = (−ex sech2(x)(2 sech2(2x)− 8 x sech2(2x) tanh(2x))− 0.0001263 ex sech2(x)

+ 0.0003438166667)
tα

(α)!

η1 = (−ex sech2(x)(2x sech2(x)−4x2 sech2(2x) tanh(2x)) + 0.0000701667 x sech2(2x)

− x2 sech2(2x)(ex sech2(x)− 2ex sech2(x) tanh(x)))
tα

(α)!
.
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Comparing coefficients of p2:

m2 = A−1[
1

vα
A(−m1

∂m0

∂x
−m0

∂m1

∂x
+ fp1 − g

∂η1
∂x

)]

p2 = A−1[
1

vα
A[−m0

∂p1
∂x

−m1
∂p0
∂x

− fm1] (6.8)

η2 = A−1[
1

vα
A[−m0

∂η1
∂x

−m1
∂η0
∂x

− p1H̄ − η0
∂m1

∂x
− η1

∂m0

∂x
]

so,

m2 =((470.4ex sech2(x)x2 tanh2(2x) + ((−117.6x2 − 305.5989896x+ 235.2 tanh(x)x2)ex

sech2(x) + 0.002751x) tanh(2x)− 0.00068763 + (58.8 tanh2(x)x2 + (−117.5995x

− 39.2x2) tanh(x) + 37.1997474 + 58.7997474x− 166.6x2)ex sech2(x)) + 0.000343817

+ (14 tanh2(x)− 12 tanh(x) + 1)e3x sech6(x)− 0.0001263ex sech2(x))
t2α

(2α)!

p2 =((−235.198 tanh(2x)x2 + 39.133495x+ 313.6 tanh2(2x)x3) sech4(2x) + (48e2x

sech4(x) tanh2(2x)x+ ((−16x+ 32x tanh(x)− 16)(e2x) sech4(x)− 0.00495096x2) tanh(2x)

+ (4− 8 tanh(x)− 16x)e2x sech4(x) + 0.00248x) sech2(2x) + (0.00025− 0.0005 tanh(x))e2x

sech4(x))
t2α

(2α)!

η2 =((−313.59798 tanh(2x)x3 + 392 tanh2(2x)x4 + 58.79924x2 − 78.4x4) sech4(2x)

+ (24e2x sech4(x) tanh2(2x)x2 + ((−16x− 16x2 + 32 tanh(x)x2)e2x sech4(x)

+ 0.000561ex sech2(x)x) tanh(2x) + (20 tanh2(x)x2 − 16(x− x2) tanh(x) + 2− 8x2

+ 8x)e2x sech4(x) + (−0.00014033 + 0.00014033 tanh(x)x− 0.00007017x)ex sech2(x))

sech2(2x) + (1.206223× 10−8)− (4.431025× 10−9)ex sech2(x))
t2α

(2α)!

...

By equation (4.20), solution can be obtained as

m(x, t) =ex sech2(x) + [−ex sech2(x)(ex sech2(x)− 2ex sech2(x) tanh(x))− 19.5997474 x sech2(2x)

+ 39.2 x2 sech2(2x) tanh(2x)]
tα

(α)!
+ [(470.4ex sech2(x)x2 tanh2(2x)+

((−117.6x2 − 305.59899x+ 235.2 tanh(x)x2)ex sech2(x) + 0.002751x) tanh(2x)

− 0.00068763 + (58.8 tanh2(x)x2 + (−117.5995x− 39.2x2) tanh(x) + 37.1997474

+ 58.7997474x− 166.6x2)ex sech2(x)) + 0.000343817 + (14 tanh2(x)− 12 tanh(x)

+ 1)e3x sech6(x)− 0.0001263ex sech2(x)]
t2α

(2α)!
+ · · ·

p(x, t) =2x sech2(2x) + [−ex sech2(x)(2 sech2(2x)− 8 x sech2(2x) tanh(2x))− 0.0001263 ex

sech2(x) + 0.0003438166667]
tα

(α)!
+ [(−235.198 tanh(2x)x2 + 39.133495x

+ 313.6 tanh2(2x)x3) sech4(2x) + (48e2x sech4(x) tanh2(2x)x+ ((−16x+ 32x tanh(x)

− 16)(e2x) sech4(x)− 0.004951x2) tanh(2x) + (4− 8 tanh(x)− 16x)e2x sech4(x)

+ 0.00248x) sech2(2x) + (0.00025− 0.0005 tanh(x))e2x sech4(x)]
t2α

(2α)!
+ · · ·
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η(x, t) =x2 sech2(2x) + [−ex sech2(x)(2x sech2(x)− 4x2 sech2(2x) tanh(2x)) + 0.0000701667 x sech2(2x)

− x2 sech2(2x)(ex sech2(x)− 2ex sech2(x) tanh(x))]
tα

(α)!
+ [(−313.59798 tanh(2x)x3

+ 392 tanh2(2x)x4 + 58.79924x2 − 78.4x4) sech4(2x) + (24e2x sech4(x) tanh2(2x)x2

+ ((−16x− 16x2 + 32 tanh(x)x2)e2x sech4(x) + 0.000561ex sech2(x)x) tanh(2x)

+ (20 tanh2(x)x2 − 16(x− x2) tanh(x) + 2− 8x2 + 8x)e2x sech4(x) + (−117.5995x

− 39.2x2) tanh(x) + 37.1997474 + 58.7997474x− 166.6x2)ex sech2(x)) + 0.000343817

+ (14 tanh2(x)− 12 tanh(x) + 1)e3x sech6(x)− 0.0001263ex sech2(x)]
t2α

(2α)!
+ · · · .

Applying convergence analysis, we have

γ0,m =
∥m1∥
∥m0∥

= 0.06267143884 < 1

γ1,m =
∥m2∥
∥m1∥

= 0.03965327031 < 1

γ0,p =
∥p1∥
∥p0∥

= 0.08169127510 < 1

γ1,p =
∥p2∥
∥p1∥

= 0.02811701493 < 1

γ0,η =
∥η1∥
∥η0∥

= 0.2132868240 < 1

γ1,η =
∥η2∥
∥η1∥

= 0.07027548980 < 1

...

Hence, we can say that all series solutions are convergent. Therefore the obtained ATHPM solution is convergent.
The case α = 1 is convert fractional order partial differential equation into classical partial differential equation, and
it has approximate analytic solution

m(x, t) =ex sech2(x) + [−ex sech2(x)(ex sech2(x)− 2ex sech2(x) tanh(x))− 19.5997474 x sech2(2x)

+ 39.2 x2 sech2(2x) tanh(2x)]t+ [(470.4ex sech2(x)x2 tanh2(2x) + ((−117.6x2

− 305.59899x+ 235.2 tanh(x)x2)ex sech2(x) + 0.002751x) tanh(2x)− 0.00068763

+ (58.8 tanh2(x)x2 + (−117.5995x− 39.2x2) tanh(x) + 37.1997474 + 58.7997474x

− 166.6x2)ex sech2(x)) + 0.000343817 + (14 tanh2(x)− 12 tanh(x) + 1)e3x sech6(x)

− 0.0001263ex sech2(x)]
t2

(2)!
+ · · ·

p(x, t) =2x sech2(2x) + [−ex sech2(x)(2 sech2(2x)− 8 x sech2(2x) tanh(2x))

− 0.0001263 ex sech2(x) + 0.0003438166667]t+ [(−235.198 tanh(2x)x2 + 39.133495x

+ 313.6 tanh2(2x)x3) sech4(2x) + (48e2x sech4(x) tanh2(2x)x+ ((−16x+ 32x tanh(x)

− 16)(e2x) sech4(x)− 0.004951x2) tanh(2x) + (4− 8 tanh(x)− 16x)e2x sech4(x)

+ 0.00248x) sech2(2x) + (0.00025− 0.0005 tanh(x))e2x sech4(x)]
t2

(2)!
+ · · ·
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η(x, t) =x2 sech2(2x) + [−ex sech2(x)(2x sech2(x)− 4x2 sech2(2x) tanh(2x)) + 0.0000701667 x sech2(2x)

− x2 sech2(2x)(ex sech2(x)− 2ex sech2(x) tanh(x))]t+ [(−313.59798 tanh(2x)x3

+ 392 tanh2(2x)x4 + 58.79924x2 − 78.4x4) sech4(2x) + (24e2x sech4(x) tanh2(2x)x2

+ ((−16x− 16x2 + 32 tanh(x)x2)e2x sech4(x) + 0.000561ex sech2(x)x) tanh(2x)

+ (20 tanh2(x)x2 − 16(x− x2) tanh(x) + 2− 8x2 + 8x)e2x sech4(x) + (−117.5995x

− 39.2x2) tanh(x) + 37.1997474 + 58.7997474x− 166.6x2)ex sech2(x)) + 0.000343817

+ (14 tanh2(x)− 12 tanh(x) + 1)e3x sech6(x)− 0.0001263ex sech2(x)]
t2

(2)!
+ · · ·

Figure 5: Solution behaviour for α = 1 and time t = 0.1
Figure 6: In east-west component of wind solution behaviour
of m(x, t) for different times t in 2D

7 Results and Discussion

The graphical and numerical results obtained with ATHPM are discussed in this section.. Maple software is used
to generate numerical solutions and graphs.
The graphical solutions of η(x, t), p(x, t) and m(x, t) with α = 1, 0 ≤ x ≤ 2 and fixed t = 0.1 are shown in Figure-5.
For various time t and α = 1 figure-6 represented the solution behaviour of the east-west wind component m(x, t)
versus distance 0 ≤ x ≤ 2. Tables 2–4 demonstrates a numerical values of η(x, t), p(x, t) and m(x, t) for t = 0−0.1 and
x = 0.2 − 2. On the other hand tables 5-8 shows that the comparison of FRDTM, EADM , HAM, and q-HAShTM
with ATHPM for α = 1. m(x, t), p(x, t) and η(x, t) for different values of α are shown in table-9. The obtained
findings show that the ATHPM can quickly solve nonlinear time-fractional differential equations without finding
Adomian polynomials and without using shape parameters, discretization, transformation, restricted assumptions, or
linearization. ATHPM can also be applied to equations that emerge in real-life situations.

8 Conclusion

To study fractional order systems involving partial differential equations of atmospheric internal waves models, the
analytical approach known as ATHPM is applied which results in an accurate view of the phenomenon. To further
understand fractional behavior, a graphical and numerical simulation is shown. The EADM, HAM, FRDTM, and
q -HAShTM are compared to the ATHPM. The Aboodh transform provides a more quick fractional-order solution,
hence the ATHPM delivers a superior solution with faster convergence. All findings show the significance of applying
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Figure 7: Solution for α = 1 of m(x, t) Figure 8: Solution for α = 0.87 of m(x, t)

Figure 9: Solution for α = 0.75 of m(x, t)
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Figure 10: Solution for α = 1 of p(x, t) Figure 11: Solution for α = 0.87 of p(x, t)

Figure 12: Solution for α = 0.75 of p(x, t)
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Figure 13: Solution for α = 1 of η(x, t) Figure 14: Solution for α = 0.87 of η(x, t)

Figure 15: Solution for α = 0.75 of η(x, t)
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Table 2: m(x, t) for different times and spaces

x t=0 t=0.02 t=0.04 t=0.06 t=0.08 t=0.1
0.2 1.173820550 1.103172621 1.038358879 0.9793793252 0.9262339585 0.8789227794
0.4 1.276463074 1.221795678 1.155624440 1.077949358 0.9887704326 0.8880876644
0.6 1.296579219 1.293786401 1.280368008 1.256324040 1.221654496 1.176359377
0.8 1.244200157 1.275269388 1.303347263 1.328433782 1.350528944 1.369632750
1 1.141608621 1.181684582 1.223232313 1.266251819 1.310743094 1.356706143
1.2 1.012702051 1.048371315 1.086544320 1.127221067 1.170401555 1.216085785
1.4 0.8765414446 0.9037527431 0.9330246567 0.9643571852 0.9977503289 1.033204088
1.6 0.7455654871 0.7647116275 0.7852061297 0.8070489936 0.8302402192 0.8547798067
1.8 0.6264916546 0.6393585415 0.6530114265 0.6674503098 0.6826751912 0.6986860709
2 0.5220429082 0.5304667269 0.5393190947 0.5486000112 0.5583094769 0.5684474914

Table 3: p(x, t) for different times and spaces

x t=0 t=0.02 t=0.04 t=0.06 t=0.08 t=0.1
0.2 0.3422555144 0.3135100932 0.2831924086 0.2513024605 0.2178402488 0.1828057736
0.4 0.4472441342 0.4474319116 0.4444222236 0.4382150702 0.4288104515 0.4162083673
0.6 0.3660239954 0.3815899132 0.3966174619 0.4111066415 0.4250574519 0.4384698934
0.8 0.2408433212 0.2559374897 0.2720058396 0.2890483713 0.3070650843 0.3260559789
1 0.1413016497 0.1509766225 0.1615646546 0.1730657458 0.1854798961 0.1988071058
1.2 0.0777210584 0.0828614652 0.0885099221 0.0946664291 0.1013309861 0.1085035932
1.4 0.0411114623 0.0435768285 0.0462699408 0.0491907990 0.0523394032 0.0557157534
1.6 0.0211974330 0.0223104026 0.0235141643 0.0248087181 0.0261940639 0.0276702018
1.8 0.0107348007 0.0112194393 0.0117377811 0.0122898262 0.0128755746 0.0134950262
2 0.00536380273 0.00557119144 0.0057905238 0.00602179995 0.00626501974 0.00652018322

Table 4: η(x, t) for different times and spaces

x t=0 t=0.02 t=0.04 t=0.06 t=0.08 t=0.1
0.2 0.03422555144 0.02743869345 0.02167783781 0.01694298455 0.01323413363 0.01055128506
0.4 0.08944882683 0.08309263639 0.07582468284 0.06764496616 0.05855348637 0.04855024346
0.6 0.1098071986 0.1094337009 0.1078833848 0.1051562503 0.1012522974 0.09617152618
0.8 0.09633732851 0.09984669912 0.1031119894 0.1061331995 0.1089103292 0.1114433787
1 0.07065082484 0.07460828512 0.07880431829 0.08323892424 0.08791210301 0.09282385470
1.2 0.04663263506 0.04953865976 0.05271176788 0.05615195940 0.05985923436 0.06383359274
1.4 0.02877802360 0.03053330834 0.03245661574 0.03454794577 0.03680729845 0.03923467378
1.6 0.01695794646 0.01790538959 0.01893714073 0.02005319986 0.02125356701 0.02253824216
1.8 0.009661320681 0.01013715998 0.01065032848 0.01120082618 0.01178865308 0.01241380919
2 0.005363802732 0.005591277308 0.005834030580 0.006092062549 0.006365373213 0.006653962571

Table 5: Comparision of ATHPM with EADM for t = 0 and t = 0.02

x
t = 0 t = 0.02

ATHPM EADM ATHPM EADM
m(x, t) p(x, t) η(x, t) m(x, t) p(x, t) η(x, t) m(x, t) p(x, t) η(x, t) m(x, t) p(x, t) η(x, t)

0.2 1.173820550 0.3422555144 0.03422555144 1.17382 0.342256 0.0342256 1.103172621 0.3135100932 0.02743869345 1.10345 0.31351 0.0274387
0.4 1.276463074 0.4472441342 0.08944882683 1.27646 0.447244 0.0894488 1.221795678 0.4474319116 0.08309263639 1.22178 0.447431 0.0830926
0.6 1.296579219 0.3660239954 0.1098071986 1.29658 0.366024 0.109807 1.293786401 0.3815899132 0.1094337009 1.29363 0.381589 0.109434
0.8 1.244200157 0.2408433212 0.09633732851 1.2442 0.240843 0.0963373 1.275269388 0.2559374897 0.09984669912 1.27512 0.255937 0.0998467
1 1.141608621 0.1413016497 0.07065082484 1.14161 0.141302 0.0706508 1.181684582 0.1509766225 0.07460828512 1.18159 0.150976 0.0746083
1.2 1.012702051 0.0777210584 0.04663263506 1.0127 0.0777211 0.0466326 1.048371315 0.0828614652 0.04953865976 1.04832 0.0828609 0.0495387
1.4 0.8765414446 0.0411114623 0.02877802360 0.876541 0.0411115 0.028778 0.9037527431 0.0435768285 0.03053330834 0.903729 0.0435763 0.0305333
1.6 0.7455654871 0.0211974330 0.01695794646 0.745565 0.0211974 0.0169579 0.76471162756 0.0223104026 0.01790538959 0.764701 0.0223098 0.0179054
1.8 0.6264916546 0.0107348007 0.009661320681 0.626492 0.0107348 0.00966132 0.6393585415 0.0112194393 0.01013715998 0.639354 0.0112189 0.0101372
2 0.5220429082 0.00536380273 0.005363802732 0.522043 0.0053638 0.0053638 0.5304667269 0.00557119144 0.005591277308 0.530465 0.00557063 0.00559128

Table 6: Comparision of ATHPM with EADM for t = 0.04 and t = 0.06

x
t = 0.04 t = 0.06

ATHPM EADM ATHPM EADM
m(x, t) p(x, t) η(x, t) m(x, t) p(x, t) η(x, t) m(x, t) p(x, t) η(x, t) m(x, t) p(x, t) η(x, t)

0.2 1.038358879 0.2831924086 0.02167783781 1.03948 0.283191 0.0057894 0.9793793252 0.2513024605 0.01694298455 0.981895 0.251301 0.0169429
0.4 1.155624440 0.4444222236 0.07582468284 1.15555 0.444421 0.0758246 1.077949358 0.4382150702 0.06764496616 1.07779 0.438213 0.0676449
0.6 1.280368008 0.3966174619 0.1078833848 1.27973 0.396616 0.107883 1.256324040 0.4111066415 0.1051562503 1.2549 0.411105 0.105156
0.8 1.303347263 0.2720058396 0.1031119894 1.30276 0.272005 0.103112 1.328433782 0.2890483713 0.1061331995 1.32712 0.289047 0.106133
1 1.223232313 0.1615646546 0.07880431829 1.22286 0.161564 0.0788043 1.266251819 0.1730657458 0.08323892424 1.26542 0.173064 0.0832389
1.2 1.086544320 0.0885099221 0.05271176788 1.08635 0.0885088 0.0527118 1.127221067 0.0946664291 0.05615195940 1.12678 0.0946647 0.0561519
1.4 0.9330246567 0.0462699408 0.03245661574 0.932931 0.0462688 0.0324566 0.9643571852 0.0491907990 0.03454794577 0.964146 0.0946647 0.0345479
1.6 0.7852061297 0.0235141643 0.01893714073 0.785163 0.023513 0.0189371 0.8070489936 0.0248087181 0.02005319986 0.806953 0.024807 0.0200532
1.8 0.6530114265 0.0117377811 0.01065032848 0.652993 0.0117367 0.0106503 0.6674503098 0.0122898262 0.01120082618 0.667408 0.0122881 0.0112008
2 0.5393190947 0.0057905238 0.005834030580 0.539311 0.0057894 0.00583403 0.5486000112 0.00602179995 0.006092062549 0.548582 0.00602011 0.00609206
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Table 7: Comparision of ATHPM with EADM for t = 0.08 and t = 0.1

x
t = 0.08 t = 0.1

ATHPM EADM ATHPM EADM
m(x, t) p(x, t) η(x, t) m(x, t) p(x, t) η(x, t) m(x, t) p(x, t) η(x, t) m(x, t) p(x, t) η(x, t)

0.2 0.9262339585 0.2178402488 0.01323413363 0.930707 0.217838 0.0132341 0.8789227794 0.1828057736 0.01055128506 0.885912 0.182803 0.0105512
0.4 0.9887704326 0.4288104515 0.05855348637 0.988485 0.428808 0.0585534 0.8880876644 0.4162083673 0.04855024346 0.887641 0.416206 0.0485501
0.6 1.221654496 0.4250574519 0.1012522974 1.21912 0.425055 0.101252 1.176359377 0.4384698934 0.09617152618 1.1724 0.438467 0.0961714
0.8 1.350528944 0.3070650843 0.1089103292 1.34819 0.307063 0.10891 1.369632750 0.3260559789 0.1114433787 1.36598 0.326053 0.111443
1 1.310743094 0.1854798961 0.08791210301 1.30927 0.185478 0.0879121 1.356706143 0.1988071058 0.09282385470 1.3544 0.198804 0.0928238
1.2 1.170401555 0.1013309861 0.05985923436 1.16962 0.101329 0.0598592 1.216085785 0.1085035932 0.06383359274 1.21486 0.108501 0.0638336
1.4 0.9977503289 0.0523394032 0.03680729845 0.997374 0.0523372 0.0368073 1.033204088 0.0557157534 0.03923467378 1.03262 0.0557129 0.0392347
1.6 0.8302402192 0.0261940639 0.02125356701 0.830069 0.0261918 0.0212536 0.8547798067 0.0276702018 0.02253824216 0.854513 0.0276674 0.0225382
1.8 0.6826751912 0.0128755746 0.01178865308 0.6826 0.0128733 0.0117887 0.6986860709 0.0134950262 0.01241380919 0.698569 0.0134922 0.0124138
2 0.5583094769 0.00626501974 0.006365373213 0.558277 0.00626277 0.00636537 0.5684474914 0.00652018322 0.006653962571 0.568397 0.00651737 0.00665396

Table 8: Comparision of ATHPM with q-HAShTM and FRDTM
m(x, t) p(x, t) η(x, t)

t x ATHPM q-HAShTM FRDTM ATHPM q-HAShTM FRDTM ATHPM q-HAShTM FRDTM

0.02

0.2 1.103172621 1.10345 1.10403 0.3135100932 0.31350 0.31364 0.02743869345 0.02743 0.02745
0.4 1.221795678 1.12217 1.22231 0.4474319116 0.44743 0.44744 0.08309263639 0.083092 0.08317
0.6 1.293786401 1.29362 1.29335 0.3815899132 0.38158 0.38151 0.1094337009 0.10943 0.10940
0.8 1.275269388 1.27512 1.27483 0.2559374897 0.25593 0.25593 0.09984669912 0.099846 0.09981
1 1.181684582 1.18159 1.18152 0.1509766225 0.15097 0.15099 0.07460828512 0.07460 0.07460

0.04

0.2 1.038358879 1.03947 1.04412 0.2831924086 0.28319 0.28422 0.02167783781 0.02167 0.02180
0.4 1.155624440 1.15555 1.15984 0.4444222236 0.44442 0.44446 0.07582468284 0.07582 0.07642
0.6 1.280368008 1.27934 1.27748 0.3966174619 0.39661 0.39599 0.1078833848 0.10788 0.10764
0.8 1.303347263 1.30276 1.30042 0.2720058396 0.27200 0.27191 0.1031119894 0.10311 0.10285
1 1.223232313 1.22286 1.22226 0.1615646546 0.16156 0.16169 0.07880431829 0.07880 0.07877

Table 9: m(x, t), p(x, t) and η(x, t) for different values of α
x t α = 0.7 α = 0.8 α = 0.9

m p η m p η m(x, t) p(x, t) η(x, t)

0.2

0.02 0.9611309699 0.2295197932 0.01688377572 1.020616909 0.2713531978 0.02051851477 1.068320863 0.2972160908 0.02433995623
0.04 0.8781292798 0.1456886615 0.01481581576 0.9322570604 0.2120217399 0.01478829825 0.9892496458 0.2548946451 0.01794119246
0.06 0.8375803351 0.06594963945 0.01838115186 0.8710500172 0.1536723316 0.01285406039 0.9247746668 0.2118912000 0.01372572932
0.08 0.8249549153 -0.01250269780 0.02581756331 0.8295641884 0.09493503456 0.01380676792 0.8722248341 0.1676931900 0.01136921875
0.1 0.8335752126 -0.0906958639 0.03628421525 0.8041797316 0.03530762350 0.01718416892 0.8302331396 0.1221067403 0.01069759163

1

0.02 1.294000000 0.1817939521 0.08631826809 1.238894884 0.1659988930 0.08046014816 1.204015431 0.1566663603 0.07686336903
0.04 1.401738083 0.2148791161 0.09814007397 1.317345807 0.1882426846 0.08875949601 1.261166342 0.1718979432 0.08274675390
0.06 1.501365291 0.2478692445 0.1094723791 1.392590382 0.2111351588 0.09698005489 1.318059640 0.1880031554 0.08876113734
0.08 1.597359803 0.2814063943 0.1206840057 1.466840388 0.2349765153 0.1053011593 1.375514740 0.2050986502 0.09497386721
0.1 1.691462518 0.3156720389 0.1319069450 1.540973169 0.2598413684 0.1137865124 1.433868065 0.2232144324 0.1014096041

2

0.02 0.5548662379 0.006181138977 0.006274759222 0.5427508611 0.005876642750 0.005931040609 0.5352244229 0.005689068813 0.005721737855
0.04 0.5790243733 0.006793568518 0.006974136009 0.5599471060 0.006308256373 0.006417361970 0.5475438659 0.005995948013 0.006063940797
0.06 0.6018757573 0.007378480125 0.007650605727 0.5767734209 0.006734316195 0.006903148041 0.5600091392 0.006308754875 0.006416300267
0.08 0.6242678649 0.007955641450 0.008324135889 0.5936447607 0.007164454257 0.007398050824 0.5727751353 0.006631100028 0.006782459605
0.1 0.6465155957 0.008532208619 0.009001643064 0.6107162224 0.007602146292 0.007905346888 0.5859016265 0.006964327090 0.007163692548
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ATHPM to better understand the behavior of internal atmospheric waves. Finally, because internal waves have such
a large impact on climate change, the fractional solution offers a practical look into their physical behavior which can
help in the refinement of climate and weather models.
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