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Abstract

Let G be a finite group and ¢(G) = 3 . 0(g), where o(g) denotes the order of g € G. We give a criterion for
nilpotency of finite groups G based on the sum of element orders of G. We prove that if ¥(G) > % (C,) then G is a
nilpotent group.
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1 Introduction

In this article, all groups are finite. If G is a group of order n, then 1 (G) denotes the sum of orders of all elements
of G. More generally, if X is a subset of G, then ¥(X) denotes the sum of the orders of all elements of X. Moreover,
the cyclic group of order n is denoted by C,.

In 2009, Amiri, Jafarian and Isaacs proved that, If G is a non-cylcic group of order n, then ¥(G) < ¥(C,,) (see
[3]). Thus C,, can be characterized by the order n and the value 1. Following this publication, in several paper it is
proved that certain classes of finite groups G can be characterized using the ¥(G) (see [II 2] 7, [8, O] 12} 13| 14} 15]).

Second maximum value of ¢ for groups of order n was discussed in several papers, for example [10, 11] and [16].
In [5], an exact upper bound for the 4 value in non-cyclic finite groups is given.

Theorem 1.1. [5] If G is a non-cyclic group of order n, then

7

Moreover, the equality holds if n = 4k and (k,2) =1, and G = (Cs x C3) x Cs.

In [6], the authors give two new criteria for solvability of finite groups and put forward a conjecture.
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Theorem 1.2. [6] If G is a finite group of order n and

1
$(G) > (),

then G is solvable.

Conjecture 1.3. [0] If G is a group of order n, and

211

Y(G) > 617 (Cn),

then G is solvable.

In [4], the authors proved this conjecture. The aim of this paper is to prove the following criteria for nilpotency of
finite groups.

Theorem 1.4. If G is a finite group of order n and

13

W(G) > FTU(C),

then G is a nilpotent group.

2 Basic preliminary results

Lemma 2.1. [3] Let P € Syl,(G) and assume that P <G also P is cyclic. Then
Y(G) < Y(P)Y(G/P).
Moreover, ¥(G) = ¥(G/P)y(P) if and only if P is central in G.

Proposition 2.2. [I] If G and H are finite groups. then

(G x H) <(G)y(H),
with equality if and only if ged(|H|, |G]|) = 1.
Lemma 2.3. [4] Let G be a finite group of order n = Hle p;’, where p1, pa, ..., py are distinct primes. Let Z4(C,) <
(@), for some integers 7, s. Then there exists a cyclic subgroup (x) such that:

sp+l petl
ropt Dk

G (x)] <

Proposition 2.4. [5] Let p; < ps < ... < p; = p be prime divisors of n and denote the corresponding Sylow subgroups
of C, by P, P, ..., P.. Then
2

W(Cn) = [[w(P) > m”Q-

Proposition 2.5. Let G be a finite group and suppose that there exists € G such that [G : (x)] < p, where p is the
largest prime divisor of |G|. Then G has a normal cyclic Sylow p-subgroup.

Proof . Since [G : (z)] < p, thus (z) contains a cyclic Sylow p-subgroup P of G. Since (x) < Ng(P), we have
|G : Ng(P)| < p. It follows that Ng(P) = G. O

Lemma 2.6. [5] Let G be a finite group of order n satisfying G = P x F, where P is a cyclic p-group for some prime
p, |F| > 1 and ged(p, |F|) = 1. Then the following statements hold:
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Each element of F' acts on P trivially or fixed-point-freely.

If x € F, o(x) = m and u € P, then m is the least positive integer satisfying (uz)™ € P.
If u € P and © € Cp(P), then o(uzx) = o(u)o(z).

If ue P and z € F\ Cp(P), then o(uz) = o(x).

Let Z = Cr(P). Then

ARl i

P(G) = p(P)Y(Z) + [Pl (F\ Z) < (P)P(Z) + [Py (F).

Theorem 2.7. [5] If H < C,,, then ¢(H) < w(g"), if n is odd, then ¥(H) < w(g").

Lemma 2.8. Let G be a group of order n satisfying G = P x F, where P is a cyclic p-group, p > 3 is the largest
prime divisor of |G|, and F is a nilpotent subgroup of G. If G is not nilpotent, then

13
< — .
v(E) < S0 ()
Proof . Notice that n = |P||F| and ged(|P|, |F|) = 1. Hence ¢(C,,) = ¥ (P)y(Cp). If F' is a cyclic subgroup of G

then ¢(P)y(F) = 1(Cy), otherwise (P)Y(F) < ¢(P) (L (Cr))) < %=¢(Cr), by Theorem We suppose that
Cr(P) = Z. We have Z < F. First suppose that F is a cyclic subgroup of G, then by Lemma 5), we have

B(G) = B(PYE(Z) + |PE(F\ Z) < $(PY6(Z) + |PIe(F) = (P)(F) (jjjgf@ w'fp')) — (G (ZEQ n w'fp')) |

Notice that P is a cyclic p-subgroup and p > 5, hence

Pl _1Pllp+1) _pt+1 1 1
Y(P)  plPP+1 7 p? p p? T 25 4

If F is cyclic, then wgg < %, by Theorem Therefore

1 1 13

H(O) < UG (3 +7) £ 159(C) < UL

Now, we assume that F'is not cyclic. Then Lemma 5) implies that
Y(G) = V(P)p(Z) + [Pl(F\ Z) <p(P)y(Z) + [Py (F)
7
< U(PH(Ci) + 1P (oGl )

¢(Clz) | 7 |P|
P(P)Y(Cipy) <¢(C|F|) MY w(P))
- (Clz) , 7 |P|
=40 (e * i19r)
Similarly,
Y M < 1 and 1Pl < !
(Cipy) 3 )~ 4

which implies that
1 1 7 13
< | =4+ =- )
WO < (341 13) G < (C)

O
Theorem 2.9. [7] Let G be a finite group and p be the largest prime divisor of |G|. Suppose that G contains a cyclic

subgroup X of index p. Then G = P x K, where P is the Sylow p-subgroup of G and K < X. Moreover, one of the
following holds:
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1. G is nilpotent,

2. P is cyclic,

3. G = ({a) x (b)) x (y), where |a| = p"~! for some integer n > 2, |b| = p, (|y|,p) =1, a¥ = a and bY = b" for some
integer which is not congruent to 1 modulo p.

Theorem 2.10. [7] Let G be a non-cyclic group of order n = 2m, with m odd integer. Then

13
U(G) < F-u(C)
with equality if and only if G = S3 x C'z, where n = 6m1, with (m1,6) = 1 and S5 is the symmetric group on three
letters.

Theorem 2.11. [7] Let G = ((x) x (b)) x (y), where p is an odd prime number, K = (y), P = (z) x (b),|z| = p"~*
for some integer n > 2, |b| = p, (Jy|,p) = 1, 2¥ = = and b¥ = b" for some integer which is not congruent to 1 modulo
p. Then

Y(G) = (p = D)*(2) + pp((2)v((y)),
where Z = C(,y(b). In particular,
:p2n+p3_p2+1

vl((e) x @) '

3 Proof of the main Theorem

Proof of the Theorem . We know that G is a solvable group, by Theorem We prove by induction on |7(G)]
that if G is a group of order n = p{"'p5? ... pp* where p; are primes, p; < p2 < ... < pr = p such that o; > 0, for each
1 < i<k, and also ¢(G) > $34(C,), then G is nilpotent group. If |r(G)| = 1, then G is a p-group, therefore G is
nilpotent. Assume that |7(G)| > 2 and the theorem holds for each group H such that |7(H)| < |7(G)|. Let p be the

largest divisor of |G|, now we consider the two following cases:

Case 1. p > 5. By proposition 2.4, we have

2
Cp) > ——n?
9(C) >
and our assumption ¢(G) > $3¢(C,,), implies that
13 2
Hence there exists « € G such that
(@) > 2 1
R TR
and 21 21 6
G i =2
€ )] < mpr1) < oo
So that 63
G: < —
G (@) < e

Thus [G : (x)] < p and () contains a normal cyclic Sylow p-subgroup P of G, by Proposition By Lemma [2.1]
we have:

220 $(Ca) < 0(G) < B(P)U(G/P).

On the other hand ¢(C,,) = ¥(C|p|)¥(C|c/p|)- Since ¥(Cp|) = ¥(P) it follows that:

gw(cm/m) <Y(G/P)
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Now inductive hypotheses implies that G/P is a nilpotent group and G = P x F, where F' = G/P also P is a
cyclic normal Sylow p—group for some prime p, F' is a nilpotent subgroup, |F| > 1 and ged(p, |F|) = 1.

Suppose that Cp(P) = Z. If Z < F, then by Lemma ¥(G) < £24(Cy), which is a contradiction. Hence
Cr(P) = F and G = P x F so that G is nilpotent as required.

Case 2. p < 3. If p =2, then G is a 2-group and nilpotent. Hence we assume that p = 3. If G is a 3-group, then
G is nilpotent. So we may assume that n = 2%3° for some positive integers a and b. If @ = 1 then n = 2m with m
odd, thus by Theorem Y(G) < % (Ch), contrary to our assumption.

We assume that a > 2. Since ¢(G) > $3¢(C,,), there exists a cyclic subgroup (z) such that [G : (z)] < 12, by
Lemma [2.3] It follows that [G : (z)] < 3, which implies that [G : ()] = 2 or [G : (z)] = 3.

Suppose that [G : (x)] = 2. Then (z) contains a normal cyclic Sylow 3-subgroup P of G, by Proposition If
there exists y € G\ (x) with [G : (y)] = 2, then y € Cg(P) and hence P < Z(G), Thus G = P x F, where F'is a
non-cyclic Sylow 2-subgroup of G and it follows that G is nilpotent. If o(y) < % for all y € G \ (x), we have

We show that (G) < 134(C,,) as follows:

IN

n 13
YOy + 55 < (C)

2a93
& U(Co)0(Cop) + T < 0(ConJ(Cr)

22071 41 3%+ 41 13 (220F1 41 (3% 41
92a—192b—1 _ -2
» () () e en (50) (5

< 921 (22a71 + 1) (32b+1 4 1) 4 7.22a+132b+1 <13 (22a+1 + 1) (32b+1 + 1)
& 21.9%07132041 | g 32+l | g < 920+ 1g2b+1 | 37 92a—1 | g6 320+1
& 8.3%0F1 48 < 3.9207132b+1 4 3y 92a-1
ol 22a7432b+2 + 31.22(174 _ 32b+1
& 1< 3% (220713 — 1) 4 31.2207 %

S w3

For a > 2 is true which contradicts our assumption.

Finally, we suppose that [G : (x)] = 3. By Theorem G = P x F where P is Sylow 3-subgroup of G' and
F < (). Since |G| = 23, |P| = 3* and F < (z), we have F' = Csa, and one of the following holds:

1. G is nilpotent,

2. G = Cgb X OQ{L,

3. G= (Cgb—l X Cg) X Cga.

We show that, if G =2 Cgp x Caa or G =2 (Cgqp—1 x C3) x Caa, then (G) < 234(C,,). First, Suppose that G = P x F

= a1
where P = Cs, F = Coa. Let Z = Cp(P). Then Z < F and Lemma 5) implies that

(@) = (P)Y(Z) + |PlY(F\ Z).

If b =1, then G = C3 x F, |G| = 3.2%, and F = Cy.. Let Z = Cp(Cs), then 52 < 1. Since 9(C,) =
P(C3)(F) = T(F), we have

Y(G) = (C3)(Z) + |C3¢(F \ Z)
=TP(Z) + 3(Y(F) —(2))
= 4(Z) + 3Y(F)
< By
=3
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Now, we suppose that b > 1. Then |P| > p?. Hence

PL_IPlo+1) P+ _pr1_ 114
¢(P)  plPP+1 7 plP2 T pt p? o p? T 27
By Theorem % < % Therefore

Now, we assume that G = ((z) x (z)) % (y), where (z) = C3-1, (z) = C3, and (y) = Cae. Then Theorem [2.11]
implies that

W(G) = (p = 1)*0(2) + pp((2)v((y)),

where Z = C(,(z). Since p = 3, b> 1 and by Theorem d(’(Z)) < %, we have

YP(Caa) + 31h(Cgp-1)h(Caa )

Wl >

+ 39(Cyor >¢(cza)

g
3
(
_ (3 32b 1+1>w(02a)
>

32b+1 + 25)

q;

P(Cae)
32b+1 +1
< —| —— a
<5 ( 1 )1/1(02 )
13 13
< — a) = — .
< 21?/’(03b)7/1(02 ) 217/1(Cn)
It follows that G is a nilpotent group. Thus the proof is complete.

Remark 3.1. We note that if G = S5, then |G| = 6, and ¢(G) = 13. Since ¥(Cs) = 21, therefore

gl/}(cm) =Y(G).
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