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Abstract

In this paper, we give the existence results of nontrivial positive solution to the integral-infinite point Hilfer-fractional
boundary-value problem involving a generalized (p1(x), p2(z), ..., pn(2))-Laplacian operator.
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1 Introduction

In this article, we give the existence results of a nontrivial positive solution to the following integral and infinite point
Hilfer fractional boundary-value problem involving a weighted and generalized (p; (x),p2 (), ..., pn (2))-Laplacian
operator

HDS‘;“"’qﬁ(x,p(a;)D@u(m)) +q(x)f(z,u(z)) =0, z€(0,1),
u(0) =0, (1.1)
1 n=+oo
u(l) = fy g(t)u(t)dt + 3202 anu(n),
where D{*%is the o—Hilfer fractional derivative of order o and type 0 < w < 1, D§+ is the Riemann-Liouville
derivative of order 8, o is a function, 0 < a < 1 < < 2 and ay,n, € (0,1) for n > 1 such that

n=+oo

Z ay, < 00.
n=1

Throughout this paper, we assume that the following conditions are satisfied;

(A1) no =0 <y, < Npyr for n € N with
lim n, =7 < .

n—-+oo
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(A2) The functions f : [0,1] x RT — RT and p,0 : [0,1] — R are continuous such that o € C* ([0, 1]) is increasing
and for all z € [0,1]
p(z) # 0 and o'(z) # 0

and ¢, g : [0,1] — RT are measurable functions such that g is integrable and

Cy —a(s)* g(s)ds < oo.
o<£§héo@mw> ()" g(s)ds <

1 _ n=-4oo —
(A3) fo tB=1g(t)dt + Zn:f anPt < 1.
(A4) ¢ :[0,1] x R — R is continuous and for ¢ € [0,1], the function ¢(¢,.) is odd and increasing , ¢~*(¢,.) is the
inverse function of ¢(¢,.) denoted by ¥ (t,.) where ¢ : [0,1] x R — R is continuous.

(A5) There exist p™,p~ € R with p™ > p~ > 1 such that

6 (2) < 6., 3) < 67(2) for (t,2) € [0,1] x R, (1.2)
with
_ ) épr(x)ifz € [0,1]U (=00, —1]
¢ (@) = {¢,, () if z € [~1,0] U [1, +00) (1.3)
and
) ép-(z) if 2 € [0,1] U (—o00, —1]
@) = {¢p+(z) itz € [=1,0] U1, +00) (14)

Boundary value problems involving a p(t)-Laplacian operator have attracted a great deal of attention in the last
ten years (see [3, [ [6l T9] ). At the same time, boundary value problems with fractional order and Hilfer fractional
order differential equations involving p(t)- Laplacian are of great importance and are an interesting class of problems.
Such kind of BVPs in Banach space has been studied by many authors, see, [II, 8, [10, [IT], 12 13, [15] 16, 17] and
the references therein. Noting that the generalized ¢-Laplacian operator can turn into the well known p(t)-Laplacian
operator when we replace ¢ by ¢, (z) = |a:|p(t)_2x, so our results extend and enrich some existing papers.

The paper is organized as follows. In the first section, we recall some lemmas giving fxed point index calculations.
In second section, we present a lemma making use of homotopical arguments of fixed point index in the first existence
result ( superlinear case). In third section, we give the related lemmas and a fixed point formulation for bvp .
After that, we give our main results and their proofs. An example is given at the end of the paper to illustrate the
main results.

2 Preliminaries

For sake of completeness let us recall some basic facts needed in this paper. Let E be a real Banach spce
equipped with its norme noted ||.|, L(E) is the set of all linear continuous mapping from FE into E. For L € L(E),
r(L) = lim, 00 || L7 % denotes the spectral radius of L. A nonempty closed convex subset K of E is said to be a cone
it KN(—K)=0and (tK) C K for all t > 0.

Let K be a cone in E. A cone K induces a partial ordering 7 <” , defined so that x < y if and only if y — x € K.
K is said to be normal if there exists a positive constant N such that for all u,v € K,

u < v implies ||ul| < Nlv|.

L € L(F) is said to be positive in K if L(K) C K, it is said to be strongly positive in K if int(K) # () and
L(K \ {0}) C int(K), and it is said to be K - normal if for all u,v € K,

u < v implies ||Lu|| < ||Lv||.

Let E be a real Banach space and let K be a cone. Let R > 0, B(0, R) be the ball of radius Rin F and A: K — K
a completely continuous mapping, where Kr = B(0, R)NK. We will use the following lemmas concerning computations
of the fixed point index, 4, for a compact map A ( See [1]).
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Lemma 2.1. If ||Az|| < ||z|| for all z € 9B(0, R) N K, then i(4, Kr,K) =1.
Lemma 2.2. If |Az|| > ||z|| for all z € 9B(0, R) N K, then i(4, Kr,K) =0.
Lemma 2.3. If Az # z for all z € 9B(0, R) N K, then i(4, K, K) = 1.
Lemma 2.4. If Az £ z for all z € 9B(0, R) N K, then i(A, Kr,K) =0.

Lemma 2.5. If Az # Az for all z € 0B(0, R) N K and A > 1, then i(A, Kg, K) = 1.

3 Fixed point index Lemma

Let N : E — E be an operator and K be a cone of a real Banach space E, and consider the partial ordering 7 <”
in F, defined so that < y if and only if y — 2 € K. Let p € K*, and consider the following cone P = K(p) = {u €
K :u > ||u|]|p} and the positive value

M(K) =inf A7 (K)

where
A7(K)={XA>0: there exists u € K N9JB(0,1) such that Nu < Au}.

Remark 3.1. If N is completely continuous, then by Lemmas there exists A > 1 such that A € A~ (K).

Lemma 3.2. Assume that N : E — F is increasing, positively 1-homogeneous and completely continuous, such that
N(K\{0}) € K\ {0}.
If there exist p € K* such that NK C P = K(p), then Ag(K) = Ao(P) > 0.

Remark 3.3. Assume that N : E — Fis increasing, positively 1-homogeneous and completely continuous, such that
N(K\{0}) c K\ {0}. If there exist p € K such that NK C P = K(p) , then

Ao(K) = Ao(K) >0,

Because, for A > 0,4 € K N9B(0,1) such that Nu < Au. Since NK C P, N is strictly increasing and positively

1-homogeneous, we have
Nu Nu

A
[[Nu] || N

then A= (K) ¢ A~ (P) with P C K we deduce A= (P) = A~ (K) and so A\g(K) = Ag(P). Moreover, we have that
Xo(P) > 0. As, in the contrary, if we assume that there exist (\,) € R™ and u,, € PN dB(0,1), with lim, ,oc A\, =0
such that Nu,, < A\u,. Forn € N, Ayup, > Nuy, > N(||un|lp) = N(p) and so A\yu, — N(p) € K. Then lim,,—, 00 Aptiy, —
N(p) = —=N(p) € K, and we obtain N(p) = 0, which is a contradiction.

N () <

Remark 3.4. If K is a normal cone in a Banach space E, with the constant of normality n = 1 (i.e ||ju]| > ||v|] if
u > v > 0), then \g(K) > ||N(p)||. Since for A € A(P),u € PN B(0,1),

Au = Nu = N(l[ullp) = N(p).
In the following lemma, we assume that N, Ny : E — E are positively 1- homogeneous and completely continuous
operators, with IV is increasing such that N(K \ {0}) C P\ {0}, where P = K(p), p € K* and K is a normal cone in
a Banach space E, (for simplicity, we can assume that the constant of normality n = 1).

Lemma 3.5. Let Q,Qy, G2 : K — K be continuous mappings with
|Gaul|

1Qull _ ot i o< Qo]

[Ju|[=400 ||ull Jul[=400  ||u| [Jul[=400 ||ul|

< 400, (3.1)

such that
NQu — Gou < NoQou, for u e K (3.2)
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Suppose that there exist A\; € Rt and G; : K — K with
Glu

lim —— =0, 3.3
llull=+oo |[ul] (3.3)
such that
Qu > \u— Gy(u), for u € K. (3.4)
If
A > A\ LK), (3.5)

then there exist Ry > 0 such that for all R > Ry, i(NoQo, Kg, K) = i(NQ, Pg, P). Moreover, if
A > [IN(o)II 7, (3.6)
then there exist Ry > 0 such that for all R > R, {(NoQo, Kr, K) = 0.

Proof . First, we show that there exists R; > 0 such that for all R > Ry, i(NQ, Kgr,K) = i{(NoQo, Kr, K). We
consider the homotopy H(t,u) = tNoQou + (1 — t) NQu. We show that there exists Ry > 0 such that for all R > R;
the equation H (¢,u) = u has not solutions in [0,1] x (K N9B(0, R)). In the contrary, we assume that for all n € N,
there exist R,, > n and (t,,u,) € [0,1] x (K N9dB(0, R,)) such that

Up = H(tn,un) =t NoQotn + (1 — t,) NQuy,. (3.7)

By dividing the above equation by ||u,|| we obtain

vy = = tnNo( ) (- tn)N( ) (3.8)
|[wnl] || [[wnl|
From [3.1]
lim Qo] < oo and lim [1Qun] < 00,

oo ||un|| oo ||ug|

then the sequences (ﬁg—“ﬁ) , (I%LTIL\) are bounded, and we deduce from the compactness of N and Ny, that (vy,),
Al ) )

admits a convergent sub-sequence also denoted by (vy, ). Let v = lim, oo v, € K NOB(0,1) and t = lim,,_, t,,. By
using the conditions [3.2] and it follows from [3.§ that for all n € N

o, >N(Qun> _¢ G2un >N()\1’Un— Gl“n) _t G2un

lunll ) lunll [[een | “lunll”

With the fact that
Glun . G2un

im = lim =
b0 [Jun|| - n=eo |fug|
we have v > A\ Nv, and so A\]' € A~ (K) where

A (K) = {X > 0; there exists u € K N9B(0,1) such that Nu < Au}.

Then )\1_1 > Mo(K), which contradicts Then there exist Ry > 0 such that for all R > R; the equation
H(t,u) = u has not the solutions in [0, 1] x (K N9B(0, R)), and by invariance property of fixed point index we deduce
that for all R > Ry i(NQ,Kg,K) = i(NoQo, Kr, K). By the fact that NQ(K) C P, we have from the excision
property of the fixed point index that i(NQ, Kgr, K) = i(NQ, Pg, P). Then i(NoQo, Kr, K) = i(NQ, Pr, P). Now,
we assume that the condition [3.6] holds. By using Lemma [2.4] we prove that there exists Ry > 0 such that, for all
R > Ry, i(NQ, Pg, P) = 0. In the contrary, we assume that for all n € N, there exist R,, > nand w,, € PN9OB(0, R,,)
such that u,, > NQu,. By the condition we have

Up = Un Z N <)\1’Un - Glun) - nG2una (39)
[lun [[wn| [
with w, > pl|uy,||. Then
G G
UnZN()\lp— 1(u"))—tn 2un.
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Set A, = N ()\1/) — Gl(u")) —t,, G2l —N(A1p). Aslim, o0 Galun) _ lim,, oo Galun) _ 0, we have lim,, oo A, =0

[lunll " |unl [unl] [lunll

and v, — A,, > N(A1p) > 0. Since K is normal with the constant of normality N =1, for n € N,
an - An“ > ||N(/\1P))||a

and so
1= lim |[v,|| = lim |Jv, — An|| > M I[N ()],
n—oo n—oo

then
1> M|[N(p)l],

which contradicts 3.6 Consequently, for R > Ry = max{R;, Ry}, i(NoQo, Kr, K) = i(NQ, Pr, P) = 0. Thus, the
proof is completed. [J

4 Related lemmas

Definition 4.1. [11} [12] The Riemann-Liouville fractional integral of order p > 0 of f € L'([a,b],R¥), is defined by

1 x
1P x:—/ z —tPLf(t)dt, 4.1
o+ J () ) a( )PE() (4.1)
where I' is the gamma function.

Definition 4.2. [I1, 12] The Riemann-Liouville fractional derivative of order p > 0 of a function f is defined by
d’ﬂ
DP, f(a) = ~—I"7"f(a),n =[] +1 (4.2)

- dxm at

where [n] is the integer part of a.
Remark 4.3. If p € N, then D”, f = 2-f and for p =1, I, f(z) = [ f(t)dt.

Lemma 4.4. [9] Let p > 0, and let u(t) be an integrable function in [a, b].
IP. DP u(z) = u(x) + cr(w —a)’ ' + o — a)P 2 4 culz — a)P ", (4.3)

where ¢, € R, k € {1,2,...,n}, n = [a] + 1 and [«a] is the integer part of a.

Definition 4.5. [16] Let —0co < a < b < 400 and a > 0. Also, let o (z) be an increasing and positive function on
(a,b], having a continuous derivative o’ (x) on (a,b) . Then the left-sided fractional integral of a function u with respect
to another function o on [a, ] is defined by

2o = i | 0@ =0 ) uo

a
Definition 4.6. [16] Let a € (n — 1,n) with n € N, I = [a, ] is the interval such that (—oo < a < b < 4+00) and u,
o € C™(I,R) two functions such that o is increasing and o' (t) # 0, for all ¢ € I. The o-Hilfer fractional derivative
HD#7 of w of order n — 1 < a < n and type 0 < w < 1 is defined by

H no,w,o _ qw(n—a),0 1 0 " (1-w)(n—a),o
D% () = 1% (U’(x)(‘?x) I u(x).

Let’s also recall the following important result [16]:

Theorem 4.7. fu e C"(I),n—1<a<n,0<w<1, and £ = a4+ w(n — a) then

a,0 H no,w,o _ S (O'($) — U(a))g_k 1 ok (1-w)(n—a),o
Ia+ . Da+ u (1’) - U,(l') - — T (5 — k4 1) (O'/(.’L') (E) Ia+ u (Cl) .

Moreover, T D% 7 1%y = u.
a a
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Remark 4.8. In this paper, we assume that o (z) is increasing and positive on (0,1] with o (0)
(0,1) and ¢’ (z) # 0 for all z € [0,1] .

continuous derivative o’ (x) on

o(x €1
A DR ) = (o) — L)

NG

Lemma 4.9. Let h € L(0,1). The unique continuous solution of

Benkaci-Ali

= 0, having a

If « €(0,1), then n =1 and

(g 7u) (0).

DG (. pla) Df u(a) L =0 z€ 0. w
(0) =0, wu(l)= fo (t)u(t)dt + Zn e anu(nn),
is given by u = NoH, where
Nou(x / G(z,t)u
10 = St s [ 00 ot ))a-lhcs)ds)
p(t) "\ T(a) Jo ’
and
271G, (1) — (x —t)P~1 if 0 <t < min{z,n},
1 PG, () — (z—t)P ifn<t<z
G(z,t) = — K - =7 4.5
(1) L(B) | 271G (t) ifz<t<n, (4.5)
P=1G,(t) if ¢ > max{z,n}
with 1 = lim,, o s, and m € N* such that 0,1 <t < ny,, where
(1) = Xz O — )77 p(t)
Conlt) = o Gylt) = 7
and )
u(e) = (=07 = [ (s =07 g(s)ds
¢
with

L= Zannﬁ ! /1
0

n>1

s 1g(s)ds < 1.

Proof . Let u € C ([0, 1]). By Theorem equation HDS‘;“’”ng(&p(m)Déu(x)) + h(z) = 0 gives

¢z, p(x) D} u(x)) = =127 h(z) + lim

(o(z) —0(0))"

(1-w)(1—a),o

x—0
and from lim,_¢ [é}r_w)(l—a),ad)(

H(t) = L

And also from Lemma we have

T(E—k+1)

p(z )D0+u( x)) = 0, we have that D0+u( )=

Io+ e ¢($ap($)Dg+u(x))

—H (t) with

]%w(t, m /Ot o (s) (a(t) — J(S))ailh(s)ds),

u(z) = —IJ H(x) + dizP ' + doa®? if1< <2
O\ IS H(2) + die +dy +dgat i =2
As u is continuous at 0 and u(0) = 0, then dy = d} = d3 = 0, then
u(z) = 7I5+H(m) + dyzPL, for B e (1,2].

In addition, from equation

n>1

=3 anulnn) / g(s)u(s)ds
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we deduce that

Nn, 1 t 1
L(B)(1 Zan/ (1, — )P~V H (t)dt — / ()/0 (t—s)ﬁle(s)dsdH/o (1—t)P~LH(t)dt

n>1

with L = a,nB—1 + ! s%71g(s)ds. Then
n>1 n 0

u(z) = (15)[0135 - /Om(x —t)r@—lH(t)dt]

where

C= / DA~ H (1) dt — /OIH(t)/ (t — )P g(s)dsdl — Zan/ o — )P LH(1)dt.

n>1
1
- / Gla, ) H(t)dt
0

271G, () — (x — t)P71  if 0 <t < min{z,n}
1L Jaf G, — (e =) ifp<t<a
L(B) | 2% 1G(t) ifo<t<n
2P1G,(t) if t > max{z,n}

Consequently, the solution of [£:4] is

with
G(z,t) =

with 7 = lim,,_, o 7n, and m € N* such that 1,1 <t < n,,, where

u(t) — anm o (nn — )71
1—-L

Gn(t) =
Gn(t) = %

and

1
u() = (=07 = [ (=07 g(s)ds.
t
This finishes the proof. [

Lemma 4.10. G is continuous in [0,1]%, and for z,¢ € [0,1], we have h; (t)z® < G(z,t) < ho(t)z?~1, where

(1—1)f1 [ 9 1g(s)ds

MmO =m0 -1

and ho(t) =

with

L:/ d5+2ann3 L
0

n>1

Proof . It’s clear that G is continuous in [0, 1]27 and the right hand inequality G(x,t) < ha(t)z°~! is obvious. Now,
we show that G (x,t) > hy(t)z”, where

(1—¢)f-t fot sP=1g(s)ds
) -1L)

hi(t) =

with

1
L:/ ds+ZannB L
0

n>1
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Let z,t € [0,1]. For n € N*, as t > tn,, and t > tz, we have
A () L (R R L (BN
and t > ts gives

/t (s — )P 1g(s)ds < (1 — t)ﬂ_l/t s 1g(s)ds.

For ¢,z € [0,1], we have

2P=1(1 — )01 [1 = Ji P g(s)ds = Xy it 1}

S () T

and with 271 > 28 leads

2B(1— )=V [ P 1g(s)ds — ftl s9~1g(s)ds
Gl t) 2 —F [ ; 1- L }

then G (z,t) > 2°hy(t). O

Remark 4.11. According to Lemma 4.9} « is solution of if and only if w = Tu, where T = NyQ, with

[ _ L — ) Lq(s) f(s,u(s))ds
Noua) = [ Glatyu(tyde and Quut) = —s(t s [ (¢ =9 e u(s))ds).

Let £ = C([0,1]) be the Banach space equipped with the sup-norm ||u|| = sup,c[o,1)|u(x)|, and the cone
K=FE"={u€FE; u>0}
Lemma 4.12. T : EF — FE is completely continuous and TK C K.

Proof . T = Ny(Q)y is the composition of the compact operator Ny and the continuous operator (Qg, so, the Theorem
of Ascoli-Arzela garantees that T' is completely continuous. Moreover, since f, p and ¢ are positive, then TK C K. O

Remark 4.13. We have from of the condition (A5) that
Y (z) < (., z) <y~ (x) for t € [0,1], (4.7)

where 17, T are the inverse functions of ¢, ¢ respectively , defined by

_ oy () if 2 €[0,1] U (—o0, —1]
vo(@) = {wp(x) if 7 € [~1,0] U [1, +00) (4.8)
and
Y- (2) if 2 € [0,1] U (—o0, —1]
V@) = {wp+ (2) if & € [~1,0] U[L, +00) (4.9)
Then there exist ¢, e > 0 such that for all (¢,z) € [0,1] x RT
Yo (@) + 0 > plt,7) > e (2) — c. (4.10)

5 Main results
Let N : K — P = K (p) be an operator defined by

L hy(t) 1 t -
u(w) = a” + o(t) —a(s)* Lqo(s)ppr (uls))ds
Nl /0 b0 ¥ ¢ e /0( (1) = ()" qo(s)pr (u(s))ds ) dt

where p (x) = 7, qo(s) = o (s) .q(s) and set Qu(t) = v+ (f(t, u(t))), and

A= dp+ [/01 };2((:)) Vp+ (ﬁ /Ot(a(t) - U(s))o‘_lqo(s)ds)dt} 71.
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Theorem 5.1. Assume that there exist ro > 0,71 > 0 and v > ¢+ (|[N(p)|| "), such that
f(t,x) < App+ (x), for (t,2) € [0,1] x [0,70].
and
f(t,x) > v¢p+ (x), for (t,z) € [0,1] x [r1,+00)

with
sup;efo,1{f (¢, 2)}
T 400 ¢p- ()

< 00,
then problem has at least one nontrivial positive solution.

Proof . In first, we show that (T, K,, K) = 1 for some

r < minq rg, 1
s {0 7wp+ )\QOQ

We have

m L/0 (o(t) — a(s))o‘_lqo(s))\qbp+ (r)ds=0

i
0+ D(a)

uniformly in the compact [0, 1], and so, there exists r < min{rg, 1} such that for all ¢ € [0, 1]

1 t -
1“(04)/0 (o(t) —(5))* qo(s)Agp+(r)ds < 1.

From we have f(t,x) < Ap,+(x), (t,z) € [0,1] x [0,7]. For u € 0B(0,7) N K,

Tu(x) = /01 G(t7$)¢(t ! ) /Ot(a(t) - 0(5))a_1qo(s)f(s,u(s))ds)dt

p(t) T(a

S / o1 f;z(gw(t, o [ (ot) — o(5)"an() (5, ulo))ds )t
S/ol };Q(it))‘”(r(la) /Ot(a(t)—a(s))a1QO(S)f(57U(5))dS>dt

- /01 ]Z(Ef))qp—((z) /Ot(a(t)—o(s))“_l%(s))\ﬁbp*(U(S»ds)dt

3 / ;Z(§§>¢(F(1® /Ot(a(wg<s>>a1qo<s>x¢p+<r>ds)dt

T
_ 7‘/01 h2(t)¢p+( A /Ot(a(t) —a(s))aflqo(s)ds)dt.

19

(5.1)

(5.2)

Then ||Tu|| < |Ju||. By Lemma i(T, K,,K) = 1. Now,by using Lemma we show that there exists R > 0

such that ¢(T, Kg, K) = 0. In first, we have T = NyQo > NQ — G5 and
Ga(u)

llul[=+o0 |[ul]

1
hy (1)

Gou = c.xﬂ/ —Zdt.
’ 0

=0

where

Then the condition of Lemma is satisfied. Now, we have from for x > ri, Y+ (f(t,2)) > Az, with
A =Y+ (7) > [[N(p)||~". Then there exists d € R such that ¢+ (f(t,2)) > Mx —d, for x > 0. and set G (u) = d.

We have for v € K
Qu)(t) = Mu(t) — G1(u)(t),
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with
G1 (u) _

llul[—o0 |[u]]

Moreover, from Remark for u € K,

Qu(t) = Yp+ (f(t,ul(t))) < Pp-(F(t,ult))) + e +c, for t €[0,1],

and

then from [5.3] we have

li < oo and lim HQO(U)H
llul[=+oo  |[ul] llul[=+oo |[ul]

< 00.

By Lemma there exist R > ro such that i(NoQo, Kgr,K) = 0. Hence, T = NyQo has at least one fixed point
win KN (B(0,R)\ B(0,r)), which is a nontrivial positive solution for problem O

Set

et [ 5o (gt 0=t

and .
hi(t)

p(t)

. (%a) / (06) - o))" L an(5)ey- (uls))ds) .

No(u)(z) = x'B/O

Theorem 5.2. Assume that there exist ro > 0,73 > 0 and v > ¢, (|| N2(p)|| '), such that
f(t,x) < Aoy (), for (t,) € [0,1] x [ra, +00), (5.4)

and
f(t,x) > v, (), for (t,z) € [0,1] x [0,73], (5.5)

then problem [I.1] has at least one nontrivial positive solution.

Proof . In first, by using Lemma we show that ther exists R > ro such that i(T, Pg, P) = 1. In the contrary, we
assume that there exits a sequence (uy), in P with lim, . ||u,|| = oo, such that Tw, > u,. From there exist
€ >0 and b € R such that

f(t,z) < (A2 —€)¢,-(x) + b, for (t,x) € [0,1] x [0, 400).

Then for n € N

wn < Tunle) = [ E8 (10 [ (00 = o) an(o) 5 ()

1xﬁ71h2(t> L tO’ — () Lo (s) f(s,un(s))ds
S/o p<t>w<t’r<a)/0< () = () a0(5) (5, wn(s))ds ) dt

< /01 ha(t) - (L /Ot(a(t) - U(s))a—lqo(g)f(&un(s))ds)dt+ 6/01 hg(t)dt

p(?) T(a) p(t)
1 ha(t) L t (s L (s . w (s ) . 1 ha(t)
< [ 228 (g | 0 = o)™ 0(6)0a = 0y (wa(s) + Hs)ae + [ 22
<lluallty-a =0 [ 2200, (i [0 - o)™ o)1+ ra)ds)ae v [ 22 ar
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_ b
where r, = (T everE Then

1 t ! h2(t)
ha(t) 1 . ey Sy dt
U wpOe-9 [ 200 (o [ 00 - o) ans) 1+ r)ds)de + =5 2
e o pt) " <F(a) 0 ! ) ||Un\|
fl ha(t) 4
and with lim,,—yoo 7, = 0 = lim,,_,eo %(\tl)’ it follows the following contradiction 1 < ¢,- (A2 — €)1h,- (A3 ') < 1.

Then there exists R > ry such that i(T, Pg, P) = 1. Now, we prove that i(T, P,,, P) = 0. Let u € PNJB(0,rg), with

INa+1)

Sk

ro = min{1,r3, ¥, (

We have u > p||u||, and from [5.5]

70 > [ 280t [ (00 = o) ()00, (u))ds )

p(t) "\ Ta
b b (t) I a1
> [ 280 (g [ 00 =) an(s) 0y (o5l ds) .

Then ||Tu| > p- (V)| N2(p)||[|u]| > ||u||. From Lemma we have i(T, P,,, P) = 0. Consequently, T = NyQo
has at least one fixed point u in K N (B(0, R) \ B(0,70)), Wthh is a nontrivial positive solution for problem .

Example 5.3. We consider the following (p1(z), p2(z), ..., py (x))-Laplacian boundary value problem

o1 HDGE 6y () (@, (@ + 1) Dgu(x)) + 222 h(z,u(x)) =0, = € (0,1),
hmH I‘l‘“>“‘“>’”¢m>( ,(z +1)Dg,u(x)) = u(0) =0, (5.6)
fo t)dt+> "] +oo anu(nn),

where ¢, (+) is the py(t)-Laplacian operator defined in [0,1] x R as
Gty (L, 1) = lz[Pe®=2 ¢ for k € {1,2,..., N}, N € N*

with pyy € C*([0,1], (1, +oo)) We consider the problemwith f(t,x) = w and ¢(t,x) = + Zk 1 o) (L, 2),
p(z) = (z+ 1) and ¢g(x) = *2%. We assume that the conditions (A1), (A2) and (A3) are satisfied, and ¢ verifies (A4)
and (Ab5) with

p* = max{pi(t).t € 0,1,k € 1,2,.., N},

and
p~ = min{px(t),t € [0,1],k € 1,2,..,N}.

We deduce from theorems [5.1] and [5.2] that, if there exist Ry > 0, Ry > 0 and y > 7o such that h verifies one of the
following conditions;

(H1)
h(t,z) < NA¢y+(z), for (t,z) € [0,1] x [0, Ro]. (5.7)
h(t,x) > Nvygp+ (), for (t,z) € [0,1] x [Ry,+00) (5.8)

and

. SUPte[o,l]{h(tax)}
LBTOC 6 (@) < 00, (5.9)
or

(H2)
h(t,x) < NAyg,-(x), for (t,x) € [0,1] x [Ry, +00), (5.10)

and
h(t,x) > Nv¢,-(x), for (t,z) € [0,1] x [0, Ry, (5.11)

then problem has at least one nontrivial positive solution.
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