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Abstract

In this article, a new fixed point theory and generalized condensing operator have been established to prove the
existence of solutions for an infinite system of differential equations of n** order. Also, some interesting examples are
employed to support the findings. To validate our discussion the solutions of the examples are approximated by an
iterative algorithm with high accuracy. The algorithm is convergent and constructed based on the modified homotopy
perturbation method.
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In Banach spaces, the study of infinite system of ODE is one of the fundamental and widely studied. The theory of
infinite system of ODE describes many factual problems that are existing in mechanics, branching processes etc. The
MNC shows an imperative role in the theory of infinite system of ODE (see[3} [I7]). Some application of MNC in space
¢, (1 < p < 00) to solve infinite system of ODE can be seen in [I5]. Bana$ and Lecko [5] and Mursaleen et al. [16]
initiated the study of the existence of solutions of infinite system of ODE in the spaces ¢, c,¢1 and ¢,, respectively.
Mursaleen and Rizvi [I7] considered the same differential equations and solved it in spaces ¢p and ¢; MKC. In our
discussion, we aim to study an infinite system of ODE problem with order n in spaces ¢, I, (1 < p < co) and n (¢) by
using MKC operator and Green’s function (see [7]).
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1 Preliminaries

Let us consider a real Banach space C' with the norm || . || . Assume that B(xzg,r) ={zx € C:|| x — ¢ ||< 1o} . Let
Q C C is a nonempty, then Q and Conv Q are denoted closure and convex closure of , respectively. Further, M¢ is a
family of all nonempty and bounded subsets of C and by the notation N¢ we denotes its subfamily consisting of all
relatively compact sets.

Definition 1.1. Mapping A: M — [0,00) is called a MNC [5] if

(i) ker A={Q e M¢: A(Q) =0} be nonempty, ker A C N¢,
(i) QCR = A(Q) < A(R),
(iii) A(Conv Q) = A(Q),
(iv) A(/\Q+(1—)\) R) < AAQ) + (1 — ) A(R) for X € [0,1],
) AQ
)

i
(v) A@Q) =A4A(),
(vi) if Q, € Mg, Qn, = Qp, Qi1 C Q,, for n € N and hm A(Qp) =0 then ﬂ ~1Qn #0.

Definition 1.2. [I] Let M be a nonempty subset of a Banach space C and let A be an arbitrary MNC on C. Thus,
T:M — Mis a Meir-Keeler condensing operator if,

Ve>0,36>0;e<AQ)<e+d = A(T(Q) <e

for any bounded subset Q of M.

Theorem 1.3. [I] Let M be a nonempty, bounded, closed and convex subset of a Banach space C' and let A be an
arbitrary MNC on C. If T: M — M is a continuous and MKC operator, then T has at least one fixed point and the set
of all fixed points of T in M is compact.

Now, we must define a generalized version of operator MKC and also establish a new fixed point theorem by
employing this new condensing operator.

Definition 1.4. Let M C C be a nonempty of a Banach space C' and A be an arbitrary MNC on C. Also, let
¢ : Ry — R, be a nondecreasing mapping. The operator T : M — M is called a generalized operator MKC if,

Ve > 0,30 > 0je < BA(X)) [AX) + ¢(AX))] < e+ = a(A(TX)) [A(TX) + p(A(TX))] <€, (1.1)

for any bounded X C M where o : Ry — [1,00), 8: Ry — (0, 1] are mappings.

2 Main Results

Theorem 2.1. Let M be a nonempty, bounded, compact, closed subset of a Banach space C and let A be an arbitrary
MNC C. If T: M — M is continuous and generalized operator MKC then T admits fixed point in M.

Proof . Let {M,} -, be a sequence satisfying M; = M, M,,41 = Conv (TM,), n > 1. If A(My) = 0 for some integer
N > 1, then My is compact. Schauder’s theorem implies T has a fixed point.

If A(M,,) > 0 for any n > 1. Take ¢, = B(AM,,)) [A(Mn) + #(AM,,))] > 0 and consider d,, = §(e,,) such that
holds.

Therefore by we obtain
o(A(TM,)) [A(TM,) + G(A(TMR))] < B(AMn)) [A(My) + (AMn))]
for each n € N. By using we get,
ent1 = B(AMn+1)) [AMns1) + ¢(AMn41))]
< Altarn) + G(A( 1)
= A(Conv(TMy,)) + ¢(A(Conv(TM,,)))
< a(A(TMy)) [A(TMR) + ¢(A(TMy))]
< B(AM)) [AMn) + (AMn))]

= €n,
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which implies that {e,} is positive strictly decreasing sequence. Thus there exists r > 0 with lim €, = r. If r > 0
n—oo
then §(r) > 0 exists satisfying (1.1)) so Ny > 0 exists such that

r<en = BAM)) [AMn) + ¢(AMn))] < 7+ 6(r)

for n > Ny. By we get,
a(A(TM,)) [A(TM,) + ¢(A(TM,))] < r

for each n > Ny. Hence €,1 < r for any n > Ny which is contradiction so r = 0. From this we get

lim A(M,) = 0.

n—oo

Since M,, D M,,+1, from Definition concludes that My, = ﬂzo:l M,, € M is nonempty, closed and convex. Further-
more, M, and is invariant under T;. By Shauder theorem, T has at least a fixed point in M. J

Corollary 2.2. For ¢ =0, a =1 and = 1 the generalized operator MKC transforms into Meir-Keeler theorem so
this theorem is a extended of Theorem [[.3

In (€, || - |le,) for 1 < p < oo, Hausdorff MNC x is in the form(see [4]):

00 1/p
. P
X (V) = lim |sup <kz | ug | )
=n

ueV

where u(¢) = (4i(¢));2; € £p, ¢ € [0,T] and V € My, . Therefore, the most suitable MNC A in (c, | . ||c), is in the
form:

AWV) = lim [sup{sup{| w, — tum, |: n,m zp}}] = lim [sup {Sup {\ U — n}iinmum |}H ,

P00 | uev n=00 | uev (k>n

where u(¢) = (ui(¢));o; € ¢, ¢ € [0,¢] and V € M.. Note that, the measure A is regular. We use that standard symbol
w to denotes the set of all complex sequences x = (z). For any x € w, one writes Az = Az = ) — Tp—1. Assume
that space C is,

C = {c : ¢'s are finite sets of distinct positive integers},

Furthermore,

Cy = {( eC: ch(g) < S/} ien(s) =1, n€c¢and ¢,(s) =0, in otherwise.
n=1

Also,define
® = {¢ = (wk) Cw: O < wl S wn S ¢n+17(n+1)¢n Z nwn+1}~

For ¢y € @, the author named Sargent [20] introduced the sequence space n(v) which was also considered in
([I1L 12]), defined by

n(y) = {x = (z1) € w || T [|n)= su?) (Z | ug | A¢k> < oo} ,
) \k=1

ue
where S(z) is the space of all sequences that are rearrangements of z. In the Banach space (n(v), || . [|n(y)) , Hausdorff

MNC y is given as (see [12]):
x (V) = lim sup | sup | v | Ay, ,
k=00 uev \ ves(u) A

n=~k

where u(¢) = (u;(¢));=; € n(¢) for each ¢ € [0,T] and V € M,, (. In our paper, we study the following infinite system,

v = £ (G y(Q), n>1 (2.1)

where y(¢) = (4:(€))72,, i(0) = y;(0) = ; (0) = .. =" (0) =0, i € Nand ¢ € [0,T] = I.
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A function y € C™(1,R) is a solution of (2.1)) if and only if y € C'(I,R) is a solution of the following system:

¢
W@ = [ ot (=123, (2:2)
where f;(¢,y) € C(I,R) and ¢ € I, and Green’s function in is the following form (see [7])
96 = 5 C—m""0<n<(C<T. (2.3)
Thus . ¢ .
o 2 , -1y [ |
0O = [ Se0Ca sty .. v = [ oGty

In the next three sections, we will establish existence results for an infinite system (2.1 in £, (1 < p < 00), n(¥),

3 Solvability of (2.1) in £, (1 < p < c0)

Mursaleen at el. [14] established existence of solution of following systems,

{ D%+ p(Q% + (O = Fi(G (0 10(0), - ), 0<C<T, 51)
i=1,2,3,....

with p,q € C([0,T],R) and %;(0) = 4;(T) = 0 in ¢, by Meir-Keeler fixed point theorem. To formulate our result,
let us assume the following assumptions in a similar manner as done in [T4]:

(i) The mapping f; : I x ¢, = R, i =1,2,.... and consider the following mapping

(C?y) - (fy) (C) = (fl((ay)vf2(<ay)vf3(gvy)7 )

maps I x £, into £, and is such that ((fy) (¢)).c; is equicontinuous in £,.
(ii) For any i € N, there exist functions g;, h; : I — R satisfying:

| fi (G y1,92, 93, ) [P< gi(C) + hi(C) | wil(C) [P

for ¢ € I and y = (y;) in £,. Suppose also that the function series > gx({) converges uniformly on I and the
k>1

sequence (h;(¢)) is equibounded on I.

Consider
G = sup 9x(C)
RAPD
and
H= sup {hi({)}
iEN,CeT
with
THYT
O

Theorem 3.1. If conditions (i)-(ii) hold, the system (2.1) admits a solution y(¢) = (y;(¢)) in ¢, for all ¢ € I.
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Proof . With (2.2) and (ii), and for arbitrary fixed ¢ € I, one writes

p

¢
/0 G(Cm) i, y(n))dn

FGIEDS

0 ¢ 1/p ¢ 1/‘1 P
52{{/0 IQ(C,n)fi(n,y(n))lpdn} </0 dn> ] ,%Jré:l

o ¢
<y / G I {95 (m) + () lya() P

Since y(¢) € ¢, therefore we have

n—1
Z Iy (¢ |;D < M < oo (say) and |G(¢,n)| < (73‘— 1)!'

Hence

TP/a TP(n—1)

(< )|pp§{(n_1,}p/ lZgz +Zh ) yi(n ]dn
p/q Tp(n—1)
< T{(T:W/o <G+HZ|yi(77)|p> dn

=1
TP/q TP(n—1)

< W(G+HM)T
_(G+HM)TY
T oy e

Thus, || y(¢) |l,,< 7. Let 3°(¢) = (¥¥(¢)) where y?(¢) = 0, V¢ € I. Moreover, assume that V = V(y°,7) =
{y €ly:fly—9y° < r} , then V is a non-empty, closed, bounded and convex subset of £,. Let the operator F = (F;)
on C (I,V) defined by

¢
(Fy) () ={(Fiy) (O} = {/O G(C,n)fi(n,y(n))dn} (V¢ e,

where y(¢) = (yi(¢)) € V and y;(¢) € C(I,R). As (Fy) (¢) = ((Fiy) (¢)) € ¢, for every ¢ € I. Since (f; (¢,y(())) € £p

for each ¢ € I, we get
P

o0 o0 C
S IEDOF = 30| [ Scmfinumdn| < <o,
i=1 i=1
Clearly, (F;y) (¢) satisfies boundary conditions, that is,
(Fiy) (0) = (Fiy) (0) = .. = (Fay)" "V (0) = 0.

Since || (Fy) (¢) —4°(C) |l¢, < 7, F is self function on V. Consequently, F is continuous on C (1, V) by the hypothesis

For € > 0, we obtain d > 0 such that the following relation holds:

e<x(V)<e+d=x(FV)<e
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We can write for arbitrary fixed ¢ € I,

pY ¥
X (FV)= lim | sup Z

m— oo y(C)EV kzm

¢
/0 G(Cm) fu(, y(n))dn

Tl/qunfl

¢
m n}gnoo y?g}l)gv Z /0 (gk(n) + i |yk(77)\p) dn
k>m

Tl/qunfl

< dm s ST g+ Y )l ) an

(n =D m=oe lyoer | o \ 55 =

1
P

T
lim | sup / > lusm)” ) dn

(n=1)! m=oe | rev | Jo k>m

T1/a+n—1f1/p

Since for arbitrary fixed ¢ € [0,T] and y(¢) = (vi(¢))seq € V C £, we have as n — oo that

oo 1/p
X (V) > (Z | 4k (C) P) :
k=n

Thus, it hods for all ¢ € [0, T]. Hence as m — co and 1 € [0, T], y(n) = (y:(n));=; € V, we have

X > | ye(n) 17,

k>m

i.e.

LS | an< [y an=ey.

0

E>m
which yields ) N
s T = T ),
Lete>0and5:% >0; € < x(V) <e—+0. Then,
Y (FV) < T"H/P _T"HYP e(n—1)!

o T = o e

Therefore, F satisfies conditions of corollary on the set V C ¢, for arbitrary fixed ¢ € [0, T]. Thus F has a fixed
point in V. Hence, the proof is completed. [

4 Solvability of (2.1 in the space n ()

Alotaibi at el. [2] established solvability of following systems,

d2yi ;
i = fEn©pe(Q), ), Ce 0T, ieN, (4.1)

and y;(0) = y;(T) = 0 are the boundary conditions in n(¢) by Meir-Keeler fixed point theorem. To formulate our
result, let us assume the following assumptions in a similar manner as done in [2]:
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(i) The maps f; : I x R® = R (i € N) and f defined on I x n () as

(C7y) - (fy) (C) = (fl(g7y)>f2(<7y)7f3(€>y)7 )

transform I x n () into n (¢) and ((fy) (¢))¢¢; is equicontinuous at each point of n (¢)).
(ii) For any i € N| the following inequality holds true:

| £i Gy vz v, ) 1< i(C) + ha(Q) | wi(Q) |

for ¢ € I and y = (y;) in n(¥), and functions §;, h; : I — Ry which g; (i = 1,2,...) is continuous and the

mapping series . Gr(¢)Awy converges uniformly, while the sequence (iLl(C )) is equibounded on I.
E>1

Let us assume

o=y { s

cer k>1
and . .
= swp {0}
€N, (el
such that .
HT" <1
(n—1)!

Theorem 4.1. Under the conditions (i)-(ii), the system (2.1) admits a solution y(¢) = (v:(¢)) € n(¢) ie., y({) =

(yi(€)) in n (¥) for each ¢ € I.

Proof . Let S (y({)) be the space of all sequences that are rearrangements of y (¢). If v(¢) € S(y(¢)) then there
(&)

exists finite real M > 0 for all y(¢) = (y;(¢)) (¢ € I) in n (¢) such that > | v;(¢) | Ay < M < co. With the help of
i=1

(2.2) and (ii), and for arbitrary fixed ¢ € I, one obtains

St ¢
n = ; i\l dn| A 4
1 9() o) UGE?JZQ) > / G(C.m)f: (1, v(n))dn| A
<  sup {/ 1G(¢.n) fi(n,v(n ))Idn}Awi
veS(y(Q) | =1
1 (A A 1
SUGEEE’(O) ;{/ 1G(¢,m)| {g( )+ hi(n) | vi(n )I}dn} w]

Tn—l
S(nl)wes(y(())l/ {Zgz Awl}dHH/{ il |A¢Z} ]

_ G HMT"
S o e,

ie. tosay || ¥(¢) |lnw)< 1. Let Yy () = (y?(()) where yY(¢) = 0, V{ € I. Therefore, by V; = V; (yo,rl) =
{y en(¥) || y—y° < ri} it is clear that V; is an non-empty, closed, bounded and convex subset of n (). Assume
F = (F;) on C(I,Vy) given by

¢
(Fy) (Q) = {(Fiy) (O} = {/0 Q_(C,n)fi(nyy(n))dn} (VCel,

where y(¢) = (y:(€)) € V; and y;(¢) € C(I,R). Also (Fy) (¢) = ((Fiy) (¢)) € n () for each ¢ € I. Since (f; (¢,y(¢))) €
n (¢) for each ¢ € I, therefore

sup
veS(y(¢))

Z|}“v A¢l‘|§7"1<00.
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Also, (Fy) (¢) satisfies boundary conditions given by
(Fiy) (0) = (Fiy) (0) = ... = (Fiy) "~V (0) = 0.

Since || (Fy) () — 4°(C) |ln)< 7, therefore F is self function on Vy. It is clear by the assumption (i) that the
operator F is continuous on C (I,Vy). For € > 0, we find § > 0 such that the following implication holds:

e<x(V1)<e+d=x(FV) <e
One writes

X (FVy)

¢
/0 G(¢m) fi(n,v(n))dn

= lim sup
k=00 1 y(0)en

sup Z

veSy(Q) \ >k

A

k=00 | y(0O)evs | vesw(<) i>k

n ¢
sup (S0 /0 G(Cm)gi(m)Apidn + Y /O G(Cmha(n) | vi(n) | Apidy

veS(y(n)) i>k i>k

< lim sup
k=00 1 y(mev,

Tnfl
(n—1)! khﬁn;o

T R T
sup § s | [ S wmdv | dn+ i1 [ {30 o) | v an

y(Q)evy | veS(y(Q)) i>k i>k

I ¢
< lim | sup { sup Z/o |G(¢,m) fi(n,v(n))| dnA;

Analogous to Theorem it can be shown that as k — oo, we have

) = 3 ()] A,

i>k

i.e.

/O > wiQ) | Ay | d¢ < Tx(vy).

i>k

Again, since Y §;(¢)Aw; converges uniformly,therefore as k — oo, we get
i>1

> 3:(Q)AY; = 0.
i>k
Hence A
X (FV) < (nH_T;' X (V1)
Let ¢ > 0 and § = z& ((n = 1)! = HT") > 0 such that ¢ < x(V1) < ¢ + 6. Then,
KW < e 0 = i e

Therefore, F satisfies conditions of corollary onVy Cn(y), ¢ € 1. Thus F has a fixed point in V; for all { € I
and proof is complete. [J
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5 Solvability of (2.1)) in the space ¢
Mursaleen at el. [I3] established solvability of the following system,
d*yi(¢)
2

with the boundary conditions y;(0) = ;(T) = 0 in ¢ by Darbo’s theorem. To formulate our result, let us assume the
following assumptions in a similar manner as done in [I3]:

(i) The maps f; : I x R*® - R, i € N and f defined on I X ¢ by

(Cay) - (fy)(g) ::(fl(C7y)vjé(Cay>7jé(C>y)"“)

maps I x ¢ into ¢ and ((fy) (€)).¢;is equicontinuous for all y € c.
(ii) For any ¢ € N, the following formula holds true:

fi (G y(€) = pi(C,y(Q) +ai(Qui(¢) (€T andy = (y) € c),

where both the real maps p;(¢, y(¢)) and ¢;(¢) are continuous on I X ¢ and I, respectively. Moreover, there exist
a sequence {P;} converges to zero with | p;(¢,y(¢)) |< P; for any ¢ € I,y(¢) € ¢ and the function sequence
(¢:(¢)) is uniformly convergent on I.

=a;(Qyi(Q) + gi(¢,y1(0),92(¢),...), 0< (< T, i=1,2,3,... (5.1)

Consider,
P =sup{P;}
ieN
and

Q= sup {a(Q)}-

¢el,ieN

such that
QT"

mom <L

Theorem 5.1. If conditions(i)-(ii) hold, system (2.1]) admits a solution y(¢) = (:(¢)) in ¢ for every ¢ € I.

Proof . Let M > 0 with sup;cy | %:(¢) | M < oo for all y(¢) = (v:(¢)) € ¢ and ¢ € I. With the help of and
(ii), and for arbitrary fixed ¢ € I, one obtains

¢
1 5(0) |le = sup / G(Cm) fu(Coy(n))dn
k>1 0

¢
< sup/ G (S 1pk(n,y(n) + ar(n)yx(n)| dn
k>1J0

¢
< sup / 1G(C ) {lpw ()] + lax ()] | we(n) [} dn
k>1J0

n—1 T
7(3_ ] 2211) {/0 (Px + QM)ds}
(P +QM)T"
W =1y (say)

IA

IN

Let y°(¢) = (y?(()) where y?(¢) = 0, V¢ € I. According to Vo = Vy (yo,rg) = {y cc:lly—y°|I< 7"2} , then V5 is
an non-empty, bounded, closed and convex subset of ¢. Consider F = (F;) on C (I,V3) defined by:

¢
(Fy) (O ={(Fiy) (O} = {/O Q(C,n)fi(my(n))dn} (Cel,
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where y(¢) = (y:(¢)) € V2 and y;(¢) € C(I,R). Since (f; ({,y({))) € ¢ for each ¢ € I, thus

¢ ¢
lim (Fy) (¢) :}H?o/o Q(Cm)fi(n,y(n))dn:/o G(¢ym) Jin fi(n, y(n))dn

i—00

is unique and finite. It follows that (Fy) (¢) € c. Further on, (F;y) (¢) satisfies the following boundary conditions:
(Fiy) (0) = (Fiw) (0) = .. = (Fay)""V (0) =0.
Since || (Fy) (¢) —y°(¢) ||.< 72, the operator F is self function on V. Clearly, by (i) of this section, JF is continuous
on C (I,V3). For € > 0 we therefore write
. "
/“gg )finyn)dn = Yim_ [ G(C) (. y(m)an

< %plggo sup {sup / ‘pk(n,y(n)) +ar(myr(n) — T (pm(n,y(n)) + qm(n)ym(n))‘ dnH

Ly(Q)eve  k2p /0

T'rL—l i T
< @ lim sup {sup /

A(FV3) = lim l sup {sup

P00 | y(¢)evy | k>p

Tnfl
S D] lim sup « sup
(n— 1)l p=oo Lv©reva (k2

¢
/ fu(n,y(n n—n}grlw/() fm(nyy(n))dn

(n = Dlp=oe | yoper, | k2pJo

yr(n) — mlgnoo ym(n)‘ dnH .

Analogous to Theorem it can be shown that as p — oo, we have

AV2) = [ye(m) = lim_y ()],

m—r o0

i.e.
[ [ = v an < 20w,
Hence T"QA(V,)
2
A (]:Vz) < W

Let € >0 and 6 = ((n—1)!=T"Q) > 0, such that ¢ < A(V3) < € + 4. Then

T"Q

T"Q(e+6)  T'Q e(n—1)!
AV < T T ey g ©

It follows that F satisfies all conditions of corollary 2.2 on Vo C ¢ for arbitrary fixed ¢ € I. Thus F has a fixed
point in Vq for all ¢ € I. This is a required solution of (2.1)). O

6 Practical Examples

To justify of our results proved in previous sections, we present some examples.

Example 6.1. Consider the fifth-order differential equations system:

dyi(€)
cs

= fi (¢, y(C)) (6.1)

with »;(0) = 4;(0) =0 and y; (0) =1y, (0) = yi*(0) = 0, where

¢ e¢ cos(¢)yi(¢)
(141)* * i2

fi(Gy(Q) = (VieN,(el=][0,1)).
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Then, z 1fr (G y(O)P < 2@1# +2pepk§ k(O < oo if y(¢) = (i) € £y, where 1 < p < oo ie,
s (G y(O)) € 4. B B

Let € > 0 be given and z(¢) € £,. Considering z(¢) € ¢, with the strict inequality || y(¢) — 2(¢) [l,, < 6 = ( p)l/p,
then

LRG0 — i =0 = [l eonl@a(d

<e | y(Q) == 117, -

Consequently,
|fi(Cy(Q) = fil€, 2(Q))] < e

which gives the equicontinuity of ((fy)(¢)).c; on Banach space £,. Moreover, one writes

p_ 2P 2PePS p » ‘
GO < 2+ 2 QP =i + RO (O (Ve NceD),
where ¢;(¢) = 141; and h;(¢) = 2p " functions are real on I while the function series S g(€) = > i—i converges
E>1 k>1
uniformly on I and the function sequence {h;({)} are converges uniformly and equibounded, respectively, on I. We
also obtain H = 2PeP and % = 15 < 1. By taking Theorem into account, system ll has unique solution in
ly.
Example 6.2. Consider the fourth-order differential equations system in the form:
d*yi(C
W — et (62

with y(n)(()) =0,n=0,1,2,3 where

fi (¢ y(Q) CH Zyl , (VieN,¢el=]01]).

If y(¢) € c then

C+1 &m0
2 T Z m2
m=1
is unique and finite. Consequently, (f; (¢,y(¢))) € c. Let € > 0 be given, and also let z(¢) € ¢ be such that ||y(¢) —
2(¢)|le < 6 = & Therefore, one obtains

| i (G (<€) = fi (G, 2(

Zyz #i |§Zn}bgyz‘(ozi(o|§62n}t2

m=1 m=1 m=1
7.(.2
<d—<e

6

for any fixed i. Hence, (f; (¢, y({))) cer 1s equicontinuous on the space of convergent sequence c. Further on, one writes

FiGa@) = S5 4 30 w9

m=1
4

= C?;1+?Jz‘(C)Z:L

7

m=1
=pi(¢,y(Q)) + @ (Qyi(C),

where P; = %, pi(¢,y(¢)) = SEloand ¢;(¢) = 0 —3 defined, P; is convergent to zero, ¢;(¢) and (p;(¢,y(¢))) are

K3
m=1
continuous and {¢;(¢)} is uniformly Convergent on I. Moreover, we have Q) = 627 P =2 and T = 1. Consequently,
% = g—g < 1. Hence, by Theorem [5.1} we conclude that has unique solution in c.
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7 Constructing an iterative algorithm to approximate solution of Eq.(/6.2))

To obtain an approximation of solution of , we construct an iterative algorithm via a modified homotopy
perturbation method. Some improved and modified homotopy perturbation methods to solve non-linear integral
and differential equations were applied by Rabbani et al. in [I8, [19] respectively. Also coupled modified homotopy
perturbation and Adomian decomposition method to solve infinite system of nonlinear integral equations can be seen
in [6, 0]. Consider a general form of nonlinear system of equations

k=01, ,n—1, (7.1)

where A is a general nonlinear operator and f;’s are known analytic functions. We convert operator A to nonlinear
operators as N1 and N, which in special case N1 or Ns can be linear operator. Also f;’s can be converted to functions
fi1 and f; 2, thus a modified homotopy perturbation for the above infinite system of equations is defined to this form,

{ H(vi,p) = N1(vi(C)) — fi,1(C) +P(N2(Vi(C)) - fi,2(C)) =0,pe0,1] (7.2)
i=1,2,3,....

where v/s are approximations of y.s for i € N and p is an embedding parameter. By variations of p =0 to p =1 it

concludes that Ny (v;(¢)) = f1,:(¢) to A(v:(¢)) — fi(¢) = 0. In fact in (7.2)) for p = 1 we approach the solution of ([7.1).
Therefore the solution of (|7.1)) is approximated by the following series

w(O~ Q) = X phra(@)i €N

. (7.3)
yi(¢) = lim 1v4({).
p—1
The system of fourth-order differential equations(6.2) may be written in this form,
yi(O) = MO+ AL =0, (VieN,(el=0,1)
i 7.4
y M 0)=0,k=0,1,2,3, and A= (Y L) (7.4)
m=1
Let us to define operatorsN; and No and functions f’s for E.q.(7.4))
M) = (), Na(i(Q) = =2 (0)
¢+1
fi1(Q) + fi2(Q) = fi(() = =A 2 (7.5)
y™(0) =0,k =0,1,2,3.
Substituting (7.5) and (7.3)) in (7.2) yields
(D2 rwin(©) = £140) +p( =AY P VRO + A= + 1a(O)) = 0, (7.6)
k=0 k=0
Rearranging ([7.6)) respect to p powers, leads to an iterative algorithm.
Algorithm:
v;.0(¢) = f1,:(¢), subject to: Z/Z-(’]B) (0)=0,k=0,1,2,3.
+1
va (€)= W€ = A~ wiol0) (17)

Vi (Q) =M (Q), ieN, j=2,3,-
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Convergence of the above algorithm could be proved similar to [I0]. Now, we compute terms of sequence
{y1(),y2(¢), ..} to introduce the solution corresponding to(6.2) by the above algorithm. To choose a suitable start
point of the algorithm (7.7]), we solve the first equation of (7.4) for i = 1 analytically and the solution can be given

easily in the form, . .
y1(Q) = 5 + 5(cos(¢) +sin(()) = ¢~ 1. (78)

This solution is an effective start point in the above algorithm, because it satisfies in the initial conditions of the
above problem (7.4) and absolute error is zero. Therefore the solution of i-th (¢ = 1,5,25,50,100) equations of (7.4))
can be given as,

25

11 (Q) = > k() =—1+0.5e¢ — ¢+ 0.5(cos() +sin(()),
k2:50

ys(Q) = > vs.k(¢) = — 0.0273297 4 0.0000365871¢¢ — 0.0273297¢ + 0.0000365871(cos(¢) + sin(¢)),
k=0

25
y2s5(Q) = > vas.k(¢) = — 0.000996436 + 3.60746 x 10~ ¢ — 0.000996436¢
h=0 (7.9)
+3.60746 x 10~ %(cos(¢) + sin(¢)),

25
y50(Q) = > vs0.(C) = — 0.000246134 + 2.67146 x 10~ — 0.000246134¢ + 2.67146 x 10~ %(cos(¢) + sin(()),
k=0

25
Y100(C) ~ Z v100.5(€) = — 0.0000611627 + 2.29685 x 10~%eS — 0.0000611627¢
k=0

4 2.29685 x 1075(cos(¢) + sin(()).

According to (7.9), substituting i-th solution in i-th equation (i = 1, 5,25, 50, 100) of E.q.(7.4) and comparing both
sides of the equations, the absolute errors in some points are shown in the table.1.

Table 1: Absolute errors

y1(€) y5(C) Y25(C) Ys0(C) Y100(C)
¢ | for first E.q for 5-th E.q | for the 25-th E.q | for the 50-th E.q | for the 100-th E.q
0.0 0 2.3x107° 2.7x10°° 2.0 x107F 1.7 x107©
0.1 0 2.5%x107° 2.9%x1076 2.2 x1076 1.9 x10~6
0.2 0 2.7x107° 3.2x10~6 2.4 x106 2.1 x10~6
0.3 0 3.0x107° 3.5%x10~6 2.6 x1076 2.3 x10~6
0.4 0 3.2x107° 3.8x106 2.8 x1076 2.4 x1076
0.5 0 3.4x107° 4.0x10~6 3.0 x10~6 2.6 x1076
0.6 0 3.7x107° 4.3x1076 3.3 x10~¢ 2.8 x1076
0.7 0 3.9%x107° 4.6x106 3.5 x10~6 3.0 x106
0.8 0 4.2%x107° 4.9%x106 3.7 x106 3.2 x106
0.9 0 4.4x107° 5.2x106 3.9 x10°6 3.4 x1076
1.0 0 4.7x107° 5.5%10~6 4.2 x10°6 3.6 x1076

8 Conclusions

In this research work, existence of solution for infinite system of n'® order ODE is proved. Some examples are
presented to clarify the reliability of our results. Moreover, we constructed an iterative algorithm in order to find an
approximate solution of the examples with high accuracy.
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