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Abstract

In this paper, a common zero of a finite family of monotone operators on Hadamard spaces is approximated via
Mann-type proximal point algorithm. Some applications in convex minimization and fixed point theory are also
presented.
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1 Basic definitions and preliminaries

Let (X,d) be a metric space and z,y € X. A geodesic path joining z to y is an isometry ¢ : [0,d(z,y)] — X such
that ¢(0) = z, ¢(d(z,y)) = y. The image of a geodesic path joining = to y is called a geodesic segment between z and
y. The metric space (X, d) is said to be a geodesic space if every two points of X are joined by a geodesic, and X is
said to be uniquely geodesic if there is exactly one geodesic joining x and y for each z,y € X.

Definition 1.1. A geodesic space (X, d) is a CAT(0) space if satisfies the following inequality:
CN — inequality: If z,y9,y1,y2 € X such that d(yo,y1) = d(yo,y2) = %d(yl,yg), then

1 1 1
dQ(xayO) < §d2(.13,y1) + §d2($,’y2) - ZdQ(ylva)'

A complete CAT(0) space is called a Hadamard space.

It is known that a CAT(0) space is an uniquely geodesic space. For other equivalent definitions and basic properties,
we refer the reader to the standard texts such as [5, [8, 1], 16, 20]. Some examples of CAT(0) spaces are pre-Hilbert
spaces (see [§]), R-trees (see [25]), Euclidean buildings (see [9]), the complex Hilbert ball with a hyperbolic metric (see
[15]), Hadamard manifolds and many others.

For all  and y belongs to a CAT(0) space X, we write (1 —t)z @ty for the unique point z in the geodesic segment
joining from x to y such that d(z,z) = td(z,y)andd(z,y) = (1 — t)d(z,y). Set [z,y] = {(1 —t)x Dty : ¢t € [0,1]}, a
subset C' of X is called convex if [z,y] C C for all z,y € C.
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Lemma 1.2. [8] A geodesic space (X,d) is a CAT(0) space if and only if, for all z,y,z,w € X and all ¢t € [0, 1],
P(ta ® (1 — 1)y, 2) < 2w, 2) + (1 = )d(y, 2) — t(1 — 2w, p). (1.1)

In this case:
(1) d(tz ® (1 — t)y, 2z) < td(x,z) + (1 — t)d(y, z); and
(2) ditzd (1 —-1t)y,tzd (1 —t)w) < td(z,z) + (1 — t)d(y, w).

A Hadamard space X is called a flat Hadamard space if and only if the inequality in (1.1]) is an equality. Every
closed convex subset of a Hilbert space is a flat Hadamard space.

A notation of convergence in complete CAT(0) spaces was introduced by Lim [27] that is called A-convergence as
follows:

Let (x,,) be a bounded sequence in complete CAT(0) space (X, d) and z € X. Set r(z, (z,)) = limsup,,_, ., d(x, Tp).
The asymptotic radius of (x,,) is given by r((z,)) = inf{r(z, (z,)) : © € X} and the asymptotic center of (z,) is the
set A((zy)) = {z € X : r(x,(x,)) = r((zn))}. It is known that in the complete CAT(0) spaces, A((x,)) consists
exactly one point (see [26]). A sequence (z,) in the complete CAT(0) space (X,d) is said A-convergent to x € X if
A((xp,)) = {z} for every subsequence (z,, ) of (z,,). The concept of A-convergence has been studied by many authors
(e.g. [12,[14]).

Berg and Nikolaev [6] have introduced the concept of quasilinearization for CAT(0) space X. They denote a pair

(a,b) € X x X by ab and called it a vector. Then the quasilinearization map (.) : (X x X) x (X x X) — R is defined
by

(ab, cd) = 1(d(a,d) + d2(b, ) — d(a,c) — d2(b,d)),  (a,b,c,d € X).

— — — —
It can be easily verified that % ? = d*(a,b), (ba,cd) = <? cd) and (% cdy = ? are
satisfied for all a,b,c,d,e € X. Also, we can formally add compatible vectors, more precisely @ + Z ? for all
a,b,c € X. We say that X satisfies the Cauchy-Schwarz inequality if

(@b, cd) < d(a,b)d(c,d),  (a,b,c,d € X).

It is known [6, Corollary 3] that a geodesically connected metric space is a CAT(0) space if and only if it satisfies
the Cauchy-Schwarz inequality. Ahmadi Kakavandi and Amini [2] have introduced the concept of dual space of a
complete CAT(0) space X, based on a work of Berg and Nikolaev [6], as follows.

Consider the map © : R x X x X — C(X,R) defined by

O(t,a,b)(x) :t<%,(ﬁ>, (teR, a,b,z € X),

where C(X,R) is the space of all continuous real-valued functions on X. Then the Cauchy-Schwarz inequality implies
that ©(t,a,b) is a Lipschitz function with Lipschitz semi-norm L(O(t,a,b)) = |t|d(a,b) (t € R, a,b€ X), where
L(p) = sup{% c 2,y € X,z # y} is the Lipschitz semi-norm for any function ¢ : X — R. A pseudometric D
on R x X x X is defined by

D((t,a,b),(s,c,d)) = L(O(t,a,b) — O(s,¢,d)), (t,s €R, a,b,c,d e X).

For a Hadamard space (X,d), the pseudometric space (R x X x X, D) can be considered as a subspace of
the pseudometric space of all real-valued LlpSChltZ functions (Lip(X,R),L). It is obtained [2| Lemma 2.1], that

D((t,a,b),(s,c,d)) =0 if and only if #( i ) = s( cd ,z0), for all 2,y € X. Thus, D can impose an equivalent relation
on R x X x X, where the equlvalence class of (¢,a,b) is

[tab] = {sed : D((t,a,b), (s, c,d)) = O}.

The set X* = {[t%] : (t,a,b) € R x X x X} is a metric space with metric D([t%], [sc_(>i]) := D((t,a,b), (s,¢,d)),
which is called the dual space of (X,d). It is clear that [ad] = [%] for all a,b € X. Fix o € X, we write 0 = [08] as
the zero of the dual space. In [2], it is shown that the dual of a closed and convex subset of Hilbert space H with
nonempty interior is H and ¢(b —a) = [t%] for all t € R, a,b € H. Note that X* acts on X x X by
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(@* ) = t{ab, 7)), (¢* = [tab] € X, z,y € X).
Also, we use the following notation:

(az* + By*, 7)) = alz*, T0) + Bly*, 7)), (,BER, z,ye X, a*,y* € X*).

Ahmadi Kakavandi [I] proved that (z,,) A-converges to = € X if and only if limsup,,_, . (Zz,, z{) <0, Vy e X.

Definition 1.3. [19] Let X be a Hadamard space with dual space X*. The multi-valued operator A : X — 2X" with
domain D(A) := {z € X : A(z) # 0}, is monotone iff for all x,y € D(A),z #y, z* € Ax,y* € Ay,

<I* - y*7ﬁ> > 0.

In the following, we present some properties of resolvent operator of a monotone operator in CAT(0) spaces which
verified in [24].

Definition 1.4. [24] Let A > 0 and A : X — 2% be a set-valued operator. The resolvent of A of order \ is the
set-valued mapping Jy : X — 2% defined by  Jy(z) :={z € X | [%ﬁ] € Az},

Definition 1.5. [24] Let T : C C X — X be a mapping. We say that T is firmly nonexpansive if — d?(Tz, Ty) <
—
(TxTy,@), for any z,y € C.

By the definition and Cauchy-Schwarz inequality, it is clear that any firmly nonexpansive mapping 7" is nonexpan-
sive.

Theorem 1.6. [24] Let X be a CAT(0) space and J) is resolvent of the operator A of order A. We have;
(i) For any A > 0, R(J)) C D(A), F(J)) = A71(0).

(ii) If A is monotone then Jy is a single-valued and firmly nonexpansive mapping.

(iii) If A is monotone and A < p then d(z, Jrx) < 2d(z, J,x).

Remark 1.7. [24] Remark 3.10] It is well-known that if 7" is a nonexpansive mapping on subset C' of CAT(0) space
X then F(T') is closed and convex. Thus, if A is a monotone operator on CAT(0) space X then, by parts (i) and (i7)
of Theorem A~Y(0) is closed and convex.

The following lemma is generalization of Opial lemma in CAT(0) space.

Lemma 1.8. [3I, Lemma 2.1] Let (X, d) be a CAT(0) space and (x,,) a sequence in X. If there exists a nonempty
subset F' of X verifying:

(i) For every z € F, lim,, d(zy, 2) exists.
(i) If a subsequence () of (z,) is A-convergent to x € X, then z € F.
Then, there exists p € F such that (z,) A-converges to p in X.

2 The direction of the research

Monotone operator theory is an area of research in nonlinear and convex analysis that has continued to attract
the interest of many researchers due to the role it plays in mathematical problems such as optimization, equilibrium
problems, variational inequality, evolution equations and semigroup theory. Approximation of a common zero of a
finite family of monotone operators is one of the most important parts in monotone operator theory.

Martinet [28] and, systematically, Rockafellar [33] introduced the proximal point algorithm for approximation of a
zero of a monotone operator which is one of the most popular methods in this field. This algorithm is defined by:

Tn_1 — Tn € AMA(Tp), xo € H, (2.1)

where (),,) is a sequence of positive real numbers and A is a monotone operator. In fact, Rockafellar [33] showed
the weak convergence of the sequence generated (2.1]) to a zero of the maximal monotone operator in Hilbert spaces
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provided A, > A >0, Vn > 1. Another algorithm for approximation a zero of the monotone operator A, is proposed
by Kamimura and Takahashi [2I] that is Mann-type proximal point algorithm

o€ H (2.2)

{an = any + (1 — an)J3 zy,
where (o) C [0,1]. They proved weak convergence of (2.2) in Hilbert space with the conditions a,, < o < 1 and
lim A, = oo on the control sequences (a;,) and (\,). For some generalization of (2.1) in Hilbert spaces the reader
can consult [10) 13 17, 22 29]. In the last decade, the development and generalization of the results from the Hilbert
spaces to the Hadamard spaces has attracted the attention of many researchers.

Bacdk [4] proved the A-convergence of proximal point algorithm in CAT(0) spaces when the operator A is the
subdifferential of a convex, proper, and lower semicontinuous function. Khatbzaedeh and author [24] considered some
properties of a monotone operator and its resolvent operator in CAT(0) spaces and extended the proximal point
algorithm in general case to Hadamrd spaces, as:

{ [%ﬂxnxn—l] S Al‘n;

€ X (2.3)

They proved A-convergence of to a zero of monotone operator A in Hadamard spaces. Also, w-convergence
(in the sense of Ahmadi Kakavandi and Amini [2]) of to a zero of monotone operator A is considered in [30].
Recently, the author and Khatibzadeh [32] improved and generalized the result of Kamimura and Takahashi [21] to
Hadamard spaces. In fact, they proved A-convergence of

Tntl = QpXp D (1 - O‘n)J,I\Anxna
T € X,

to a zero of the monotone operator A on Hadamard space X. Very recently, Heydari, Khadem and the author [I§]

considered the modified proximal point algorithm

_ 17" A; _ 1A Az Ay

Tnt1 = [, J/\(n’i)xn = J>\<V,L,1)0J/\(n,z>0"‘0J/\<n,k)x"’ (2.4)
T € X,

where {A;}%_| is a finite family of monotone operators on the Hadamard space X with dual X* and (A(n,i)) for
1 =1,2,...,k are some sequences of nonnegative real numbers. They established A-convergence of (2.4)) to a common
zero of finite family {A;}¥_, of monotone operators in Hadamard spaces. Motivated and inspired by the research going
on in this direction, our purpose in this paper is to consider the modified Mann-type proximal point algorithm
k )
{xw = apn & (1= an) [Ty I3 @,

2.5
T € X, ( )

where {A4;}F_ is a finite family of monotone operators on the Hadamard space X with dual X*, (a,) C [0,1] and
(A(n,iy) for i = 1,2,..., k are some sequences of nonnegative real numbers. We prove A-convergence of the sequence
generated by to a common zero of finite family {A;}¥_; of monotone operators in Hadamard spaces under
conditions limsup,, a, < 1 and A(,, ;) > A > 0. Some applications in convex minimization and fixed point theory are
also peresented to support our results. Our results improved and extended some results in [7, 12, 18] 2T] 24] B2] and
many others in the literatures.

3 A-convergence to a common zero of monotone operators

Let X be a Hadamard space with dual X*. We say that the operator A : X — 2% satisfies the range condition
if for every A > 0, D(J )‘\4) = X. It is known that if A is a maximal monotone operator on the Hilbert space H then
R(I+XA)=H, VA> 0, where [ is the identity operator. Thus, every maximal monotone operator A on a Hilbert
space satisfies the range condition. Also as it has shown in [3], if A is a maximal monotone operator on a Hadamard
manifold, then A satisfies the range condition. For presenting some examples of monotone operators that satisfy the
range condition in CAT(0) spaces, refer to [24] Sections 5 and 6].
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Let Ay, Ag, ..., A : X — 2% be a multi-valued monotone operators on the Hadamard space X with dual X*
that satisfy the range condition and (X, ;) for i = 1,2,..., k be some sequences of nonnegative real numbers. In this
section, for approximate a common zero of a finite family of monotone operators in Hadamard spaces, we propose
Mann-type proximal point algorithm

Tpi1 = Qpy ® (1 —ay)zt, (3.1)

where g € X
’ Zi J Zl ! f()l"iE{l 2 ki}
A,y )yt ’

and z5+! =z, for all n € N. In following theorem, A-convergence of the sequence generated by (3.1)) to a common

zero of a finite family of monotone operators in Hadamard spaces is established.

Theorem 3.1. Let X be a Hadamard space with dual X* and A;, As, ..., Ay : X — 2% be multi-valued monotone
operators that satisfy the range condition and ﬂle Ai_l(O) # 0. If (A\(n,s)) for i = 1,2,...,k are some sequences of
nonnegative real numbers such that for each (n,i), A, > A for some A > 0, and (ay,) is a sequence in [0, 1] such
that lim sup,, ou, < 1 then the sequence generated by the Mann-type proximal point algorithm is A-converges to
a point p € A~1(0).

Proof . Let p € ﬂle A;l(O). Then 0 € A;p for i € {1,2,...,k}. By the definition of the resolvent operator, we get

1 3 )
[ 2h 2 € Ay(2h), for i€ {1,2, ...k},
Alnsi)

hence by the monotonicity of 4;, for i € {1,2,...,k} one has

(2201 — 0, pet) > 0,
A(m)

or equivalently, ‘ ‘ ‘ ‘
d? (2 p) — d? (2L, p) > d? (2, 2E), fori€ {1,2,...,k}. (3.2)

By summing the inequality (3.2)) from i =1 to i = k, we get
k . .
d*(p,zn) — d*(p, 2}) > Zdz(zﬁl, zy) > 0. (3.3)
i=1

This follows that
d(p, Z}L) < d(p, ). (3.4)

Thus,

A(Tpy1,p) < and(n,p) + (1 — an)d(z},p) < d(zn, p).
Therefore, there exists lim,, d(z,,p) and the sequence (z,,) is bounded. Hence,
0= li}ln(d(asnﬂ,p) — d(zn,p))
)+ (1 —an)d(z),p) — d(zn,p))
= liminf(1 — oy, )(d(z}, p) — d(zn,p))

n

< limsup(l — a,)(d(2},p) — d(zn, p))

n

< limsup(l — ap)(d(2n,p) — d(xm,p)) =0,

n

< lim inf(apd(zpn, p

which implies lim,, (1 — «,,)(d(2L,p) — d(xn,p)) = 0. By the assumptions, we get

lim(d(z},p) — d(zn,p)) = 0. (3.5)
n
which by (3.3)) implies
lim d(z,2.t1) =0, forie{1,2, .., k}. (3.6)

n—oo
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This, together with the convexity of the metric d, follows

lim d(z,,2%) =0, foric{1,2,..,k}. (3.7)

n—oo

Moreover, by the assumptions and part (ii7) of the Theorem we have

d(J 28 2 < 2d(20, 2 for i€ {1,2, ..., K}, (3.8)
which, by (3.6), implies ‘ 4
lim d(J 200 250 =0, forie {1,2,..,k}. (3.9)
n—oo

Now if (x,,) is a subsequence of (x,) which is A-convergent to the point ¢ then for i € {1,2,...,k}, by , we
get

— —_—
limsup(z,, ¢, 74) = limsup((z), @, T4) + (Tn, G, 7G))

j j
—_
< lim sup(z;j Tp;, ﬁ) + lim sup(z,,, ¢, ﬁ)
J J

< limsup d(2,;, z,ibj )d(z,q) + limsup(x,;q, 2q)
J J

<0

b

which implies the subsequence (2! ) is A-convergent to ¢ for i € {1,2,...,k}. Hence by (8.9) and A-demicloseness of

7lj
nonexpansive mapping J;, we obtain ¢ € A7 *(0), for i € {1,2,...,k} which follows ¢ € ﬂle A;1(0). Therefore, we
proved that

(1) for every p € ﬂle A;H0), limy, d(2,, p) exists,

. . k —
(2) if subsequence (z,,,) of (z,) is A-convergent to g € X, then g € (;_; 4;'(0).
Hence, Lemma [I.8] completes the proof. [J

Remark 3.2. If for every n € N, a,, = 0 in theorem then the result [I8, Theorem 3.1] is obtaind. Therefore
Theorem improved and extended several results in [I8] 21, 24 32] and many others in the literatures.

4 Application in convex minimization

Approximation of a common minimizer of a finite family of the proper, convex and lower semicontinuous functions
is one of the most important applications of Theorem Let (X,d) be a Hadamard space. In [2], the subdifferential
of a proper function on a Hadamard space X was defined, as follows.

Definition 4.1. [2] Let X be a Hadamard space with dual X* and f : X —] — 0o, +o0] be a proper function with
efficient domain D(f) := {z : f(z) < +oc}, then the subdifferential of f is the multi-valued function of : X — 2%
defined by

Of(@) ={a" € X*: f(2) = f(2) > (", 72) (2 € X)},
when x € D(f) and 9f(z) = 0, otherwise.

Theorem 4.2. [2 Theorem 4.2] and [24, Proposition 5.2] Let f : X —] — 0o, +00] be a proper, lower semicontinuous
and convex function on a Hadamard space X with dual X*, then

(i) f attains its minimum at x € X if and only if 0 € 9f(z).
(i) Of : X — 2% is a monotone operator.
(

iii) for any y € X and a > 0, there exists a unique point # € X such that [aZj] € df(z). (i.e. D(Jff) = X, for
all A > 0).
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Note that part (iii) of Theoremshows that subdifferential of a convex, proper and lower semicontinuous function
satisfies the range condition. Let f : X —] — 0o, +00] be a proper, lower semicontinuous and convex function on a
Hadamard space X with dual X*. By [24], Proposition 5.3], for all A > 0 and z € X, we have

1
J gy = i —
x @ = argmin{f(z) + 5d”(z,2)},
In the following theorem, A-convergence of Mann type proximal point algorithm to a common minimizer of a finite
family of the proper, convex and lower semicontinuous functions is established.

Theorem 4.3. Let (X,d) be a Hadamard space with dual X* and fi, fo, ..., fx be proper, convex and lower semi-
continuous functions from Hadamard space X to ] — 0o, +00] such that ﬂi;l Argminf; # 0. If (A ) fori =1,2,...,k
are some sequences of nonnegative real numbers such that for each (n,i), A,y > A for some A > 0 and (o) is a
sequence in [0, 1] such that limsup,, o, < 1 then the sequence generated by

Tpi1 = Qny ® (1 — ay)zk, (4.1)

where zg € X, . o i
i i i+
Zn = J)\(nyi)zn ’

fori € {1,2,...,k},

k+1

and z,

= x,, for all n € N is A-convergent to the point p € ﬂle arg min f; that is a common minimum of f;.

Proof . Define A; := df;, for i = 1,2, ..., k, then each operator A; = Jf; is a monotone operator that satisfies the
range condition. Therefore we can use Theorem [3.I] to get the desired result. [

Example 4.4. Let (X, d) be a Hadamard space. Given a finite number of points ay, as, ..., a, and (wy, wa, ... w,) € S
where S is the convex hull of the canonical basis ey, €2, ..., e, € R™. Define f: X — R with f(z) = >}_, wid?(z, ax).
The function f is convex and continuous which has a unique minimizer (see [5, Proposition 2.2.17]) that is called the
mean of the points aq,as,...,a,. Employing the the Theorems for this function, then the sequences generated
by is A-convergent to the mean of the points aq, as, ..., a,. For some applications of this function, we refer the
reader to the book by Baé¢’ak [5].

5 Application in fixed point theory

Let I be the identity mapping and 7" be a nonexpansive selfmapping on Hilbert space H, then I — T is maximal
monotone and hence it satisfies the range condition. Suppose (X, d) is a Hadamard space with dual X* and T': X — X
is a nonexpansive mapping. Define A : X — 2% with Az = [m], then F(T) = A='(0) and Proposition 4.2 of [23]
shows the operator Az = [T'zz] is a monotone operator. We refer the reader to [24, Section 6], to consider the range
condition for the operator Az = [Tzz].

In the following theorem, we approximate a common fixed point of a finite family of nonexpansive mappings by
a modified version of Mann iteration with condition limsup,, ,, < 1 on the control sequence (o). This condition
is better than the condition Y «, = oo and limsup,, &, < 1 and is different from the condition > ay, (1 — o) = 00
which are used in literatures.

Theorem 5.1. Let (X,d) be a Hadamard space and 71,75, ..., T be nonexpansive selfmappings on X such that
ﬂle F(T;) # 0 and the operators A;z = [Tz—zg], for i = 1,2, ..., k, satisfy the range condition. If (X(,,)) is a sequence
of nonnegative real numbers such that for each (n,i), A,y > A for some A > 0 and (o) is a sequence in [0, 1] such
that limsup,, a,, < 1 then the sequence generated by

Tpy1 = apty ® (1 —ay)zt, (5.1)

where g € X, ‘ _
2o=Jd 2 forie{1,2,..,k},

n An,a) T

n

and zF+tl =z, for all n € N is A-convergent to the point p € ﬂle F(T;).

Proof . The proof is deducted from Theorem taking into account that the fixed points of the operators T; are
the zeroes of the operators A4; for all i € {1,2,...,n}. O
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Example 5.2. Let (X, d) be a flat Hadamard space and y € X. For i =1,2,3,...,k, set T,z = H_%m@ H%y Then
T; is a nonexpansive mapping for every i € {1,2,...,k}. Therefore, by [24, Proposition 6.4.], the monotone operators
Az = [mL for i =1,2,..., k, satisfy the range condition. Set A,,; = n+14, for all n,7 € N and a,, = %4_2 for all
n € N. Then the conditions of Theorem are satisfied. Hence the sequence generated by A-converges to the
point y € ﬂle F(Ty).
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