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Abstract

In this research work, we demonstrate the Hyers-Ulam stability for functions that are homogeneous of degree k, in
multi-Banach lattice by fixed point method.
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1 Introduction

The stability problem of functional equations originated from a question of Ulam [22] in 1940. Hyers is the first
mathematician who answered the question of Ulam [12] in 1941. The Hyers stability theorem was developed by
other mathematicians Hyers theorem was generalized by Aoki [8] for additive mappings and by Rassias [19] for linear
mappings by considering an unbounded Cauchy difference. The paper [I9] of Rassias has significantly influenced
the development of what we now call the Hyers-Ulam Rassias stability of functional equations. During the past
decades,Several stability problems of functional equations have been extensively investigated by a number of authors(
see [9, 13| 14, 211 [15])

H. G. Dales and M. E. Polyakov [I0] introduced the concept of multi-normed space in their article. Multi normed
space has a relation with ordered vector spaces and operator spaces. Furthermore, this concept is somewhat similar
to that of the operator sequence space. We have collected some properties of multi-normed spaces which will be used
in this article. We refer readers to [I1], [16], 1’7, 0] for more details.

Agbeko has studied the stability of maximum preserving functional equations motivated by the optimal average
(see [11, 2, B, BL [7, 6} 4]). He has replaced addition operation with the maximum operation on a given Banach lattice.
This new approach can be extended to other branches of mathematics for example see [18].

In [23] the maximum preserving functional equation for cauchy functional equation has been proved by replacing
addition with supremum. In [20] this property has been proved for quadratic functional equation in Banach lattice.
In this paper, we generalized them for homogeneous function of degree m (m € N) in multi-Banach lattice by fixed
point method.
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Definition 1.1. A Banach lattice (E, || - ||) is a partially ordered real Banach space for which
(i) f z,y € E such that t <y thenz+ 2 <y+ z for all z € E,

(ii) If 2,y € F such that <y then az < ay for all o > 0,

(iii) the least upper bound x V y and the greatest lower bound z A y exist for every z,y € E,
(iv) [lzll < l[lyll whenever |z| <[y| (where |z] = 2V (—z)).

Definition 1.2. Let X be a set. A function d : X2 — [0,00] is called a generalized metric on X if and only if d
satisfies

(M1) d(z,y) = 0 if and only if x = y;

(M2) d(z,y) = d(y,x), for all z,y € X;

(M3) d(z,z) < d(z,y) +d(y, z) for all z,y,z € X.

We remark that the only difference between the generalized metric and the usual metric is that the range of the
former is permitted to include the infinity. We now introduce one of the fundamental results of the fixed point theory.

Theorem 1.3. Let (X,d) be a generalized complete metric space. Assume that A : X — X is a strictly contractive
operator with the Lipschitz constant L < 1. If there exists a nonnegative integer ng such that d(A" 1z, A™x) < oo
for some x € X, then the following statements are true:

(i) The sequence {A™z} converges to a fixed point z* of A;
(ii) #* is the unique fixed point of A in X* = {y € X|d(A™x,y) < oo};
(iii) If y € X™*, then

d(y,z*) <

< 7 dAy.y)

Now, recalling the notion of a multi-normed space from [II, 10]. In this paper, (E,| - ||) denotes a complex
normed space and let & € N. We denote by E* the linear space E @ --- @ E consisting of k-tuples (z1,. .., ), where
x1,...,2r € E the linear operations E* are defined coordinatewise. The zero element of either E or E* is denoted by
0. We denote by Ny, the set {1,2,...,k} and by & the group of permutations on k symbols.

Definition 1.4. A multi-norm on {E* : k € N} is a sequence (|| - [|x) = (|| - ||) : ¥ € N) such that || - || is a norm on
E* for each k € N, such that ||z|; = ||z| for each z € E , and such that the following axioms are satisfied for each
k € N with £ > 2:

N1 H('ra(l)a"'vxa(k))llk = |lz1, .., 26)|lk (0 € Gp;a1,...,25 € E);

N2 |[(a1zq1,...,cpzk)|e < (?el%xmil)”(xl’""xk)”k (a1y...,a € Cizq,...21 € E);
k

N3 [[(z1,.. ., 2k-1,0) || = [[(x1, ..., 2h—1) k=1 (21,..., 201 € E);
N4 |[(z1,...,2p—1,T6—1) ||t = [[(@1, -, Zo—1) k=1 (@1,..., 281 € E).

In this case, we say that ((E*,||-||) : k € N) is a multi-normed space. The motivation for the study of multi-normed
spaces (and multi-normed algebras) and many examples are detailed in the earlier investigation [IT]. Suppose that
((E*,|| - |lx) : k € N) is a multi-normed space, and take k € N. The following properties are almost immediate
consequences of the axioms.

@) ool = ol € B),
k
(b) max [la;f| < [|(z1, ... @)l < ; losll < kmaxlzil| (21, 2 € B).

It follows from the item (b) above that, if (E, | -||) is a Banach space, then (E*, || - ||) is a Banach space for each

k € N; in this case, ((E¥, || - ||x) : k € N) is a multi-Banach space.

Example 1.5. Let (E, || -||) be Banach lattice and define

l@rs el = Ml Vo Vgl (2. ) € E

Then ((E*,| - ||x) : & € N) is a multi-Banach space(see [L1]). We say it multi-Banach lattice.
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2 Main Results

Throughout this section, let (EY, | - ||x) : k& € N) be a multi-Banach lattice and p : [0,00) — [0,00) be continuous
function, fixed m > 1 and 7,7 € RT . For convenience, we use the following abbreviation for a given mapping

f By — By
(rp(r) f(lz]) vV 0" p(n) f(y])
p(T) V p(n) '

Df(z,y) = f(rl|z| Vnly|) -

Let us recall some necessary definitions. If B is a Banach lattice, then B stands for its positive cone, i.e.

Bt ={zxeB:x>0}={]z|:z € B}.

Definition 2.1. Let X and Y be Banach lattices, a mapping f : X — Y is called cone-related if f(X*) = {f(|z|) :
x € B} C YT (see [3]).
Let X and Y be two Banach lattices and f : X — Y be a cone-related functional, with following properties:
I) Minimum Preserving Functional Equation: f(|z|V |y|) = f(|z|) V f(Jy|) for all members z,y € X (see [3]).
IT) Homogeneity of degree m: f(a|z|) = o™ f(|z|) for all x € X and every number « € [0, c0).

We shall use the technics in [3] to prove the following two theorems.

Theorem 2.2. Let £ and E, be two Banach lattices and ((E¥, || - ||x) : ¥ € N) be a multi-Banach lattice . Suppose
¢ : E?* — [0,00) is a given function and there exist constants m > 1 and L, 0 < L < 1, such that

¢(2x17 2y17 sy 2(Ek, 2yk> S 2mL¢({E1, Y1, .- 7xk37yk) (21)

for all x1,..., 2k, y1,...,yx € E1. Furthermore, let f : E; — E3 be a cone-related function with f(0) = 0 which
satisfies

HDf($17y1)> LR Df(xk7yk)||k S ¢(T$1, nyi,--- 77—$k,77yk) (22)
for all z1,...,2k,91,...,yx € E1, then there is a unique cone-related mapping 71" : E; — Es which satisfies properties
I, IT and the inequality.

L
1T (aal) = Flaal)s - Tllzl) = f2rDlle < =7 Sar, 21, 20, 2k) (2.3)

Proof . If we define

and introduce a generalized metric on X as follows:

d(g,h) = inf{c € [0,00] :[|g(z1) — h(z1), ..., g(zK) — h(z))||K
<cop(x1,x1,...,28,x), forallzy,...,z € B}

then (X, d) is complete. We define an operator A : X — X by

9(27)
2m

(Ag)(x) =

for all z € Ey. First, we assert that A is strictly contractive on X. Given g,h € X, let ¢ € [0,00) be an arbitrary
constant with d(g,h) < ¢, i.e.,

Hg(xl) - h(xl)a cee ,g(l'k) - h(l'k)Hk < C¢($1,.’E1, vy Ty xk)a
for all xq,...,z; € Eq. If we replace x in the last inequality with 2z and make use of (2.1)), then we have

[Ag(21) — Ah(z1), ..., Ag(ak) — Ah(@e) |l =27 [|g(221) — h(221), - . ., 9(22k) — h(22k)]k
<27 ¢d(2x1, 221, . . ., 2@, 22))
<Lep(zy, w1, .., 2k, )
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for every x1,...,xx € Fy, i.e., d(Ag, Ah) < Lc. Hence, we conclude that d(Ag, Ah) < Ld(g, h) for any g, h € X. Next,
we assert that d(Af, f) < oco. If we substitute z for y in (2.2]) and 7 = n = 2, then (2.1) establishes

1 2laa]) =27 f(aal), - f2lag]) = 27 f(ler Dk < (221,221, - ., 228, 22k)

then
Hf%'jncl') _ f(\x1|),,.,,%j’“|) — f(lzx)) ) <27 $(2wy, 211, . .., 2w, 22)
< Lo(x1,x1, ..., Tk, Tk)
and so,
[Af(za]) = f(zal), - Af(a]) = fllzeDI| < Loy, 21,0 p, 1)
for any z1,...,z € Fy, ie.,

d(Af, f) < L < oo. (2.4)

Now, it follows from Theorem [1.3| (i) that there exists a function T : E; — FEy with T(0) = 0, which is a fixed
point of A, such that A" f — T, i.e.,
271
T(xz) = lim [(2"x)

n—oo 2NM

for all z € E;. Since the integer ng of Theorem [I.3]is 0 then f € X* which

X*={yeX: dA™fy) < oo}

By Theorem (iii) and (2.4) we obtain

1 L

A T) < oA ) < T

i.e., the inequality (2.3)) is true for all € E. Clearly, T is a cone-related operator. Let us show that 7' is maximum
preserving. Let 7 =71 = 2" in (2.2)) we have

IF @™ (za |V [yil)) = 2" (f(ea )V f(al))s o F27 (el V Tyrl))
- 2nm(f(“rk|) \ f(|yk|>)||k < ¢(2nx17 2ny17 R 2nxka 2nyk)

Substituting x1, ...,z with 22y, ...,2"z; and y1, ..., yx with 2"y;, ..., 2"y, in the last inequality:
1@ (Ja |V lya D)) = 27 (F @7 ) V F 2% gn])s - F@P (el V Jyel)) — 27 (F (27 k) Vv 2" ysl)) I
< ¢<227Lm1, 22ny17 RN 22"1}1@7 22nyk)
Thus

47 £V ) — 27 (2 )V F@ ) A7 ]V i) — 27 (@ )V £ D)l
<ATG(2%wy, 2%y, 2 g, 22 ).

with use of
477 £ (| V 3 ]) = 27 () ¥ FE D) A7 FEE ] ) - 27 ) v S )
<272 e, 2"y, 2" g, 2" ).

By inequality (2.1)) , we have
Hm 27" $(2" 21,2 y1, ..., 2" 2k, 2"yr) =0 (2.5)
n

By letting n — oo and considering (2.2)), replace z1,...,x, with & and y1,...,yx with y in the last inequality
conclude

[47 (4" (] V [y[)) — 27" (f (2" a]) v £ D) = 0

lim
n—o0
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we get for all x,y € X the equality
IT(lz| v |yl) = T (<)) vV T(Jy)] = 0

or equivalently
T (|| v lyl) = T(|=[) v T(ly]),
because,
lim 47"™f(4"|z|) = pli_}rglo 27 f(2P|2]) =T (|2]), ze€X

n—oo

Now, we must show T'(r|z|) = r™T(|z|) for all z € X and r € [0,00). Using the inequality (2.2) with n = 7,
Y1,-..,Yx = 0 and substituting 7 with 2"7:

[f 2 (e ) = 2777 (f(l2a])), - s FRU T (an]) = 277" (F(lze D)k < @221, 2" 720, 0, 2 Ty, 2" Ty

If we replace x1, ...,z with 2™z, ..., 2"z respectively, then:

1727 (fal)) = 272 (F@ o l)) -, F@ (i) = 2722 D) < G rn, 220, 220, ),

Divide by 4™" both side of above inequality and use the inequality (2.1) :
47" 2207 (Jaa])) = 27" (F (27 |2 ])), o, AT F 27 ([ak]) — 277 (F (27 |])
<A4ATG(22 Ty, 22 Ty, L, 22 Ty, 2% Ty,

<27 LG(2%rwy, 2" Ta, . ., 20 Ty, 27 TXy).
By letting n — oo and considering , replace x1, ...,z with x in the last inequality conclude
i [[47 F(4" () — 27 (£ )] = 0
we get for all z € X the equality
T 47" f(A ) = 77 lim 27 (" a]) = 7T (a),
by taking z = 7|z|, we have
() = lim 47" f(A"rla]) = lim 47" (4" [2]) = T(J2]) = T(lal).

For uniqueness of T: Assume that the inequality (2.3)) is also satisfied with another homogeneous function of degree
two S : Ey — E5 besides T. (As S is a homogeneous function of degree two, S satisfies that

S(z) = Séff) — AS(2)

for all z € Ey. That is, S is a fixed point of A.) In view of (2.3)) and the definition of d, we know that

L
<
d(f,8) < 77 < oo

ie, S e X*. (Inview of (2.4), the integer ng of Theorem is 0.) Thus, Theorem (ii) implies that S = T. This

proves the uniqueness of T'. [

Theorem 2.3. Let E; and Ey be two Banach lattices and ((EY, | - ||x) : & € N) be a multi-Banach lattice . Suppose
¢ : E?* — [0,00) is a given function and there exist constants m > 1 and L, 0 < L < 1, such that

¢($1, Yi, .-, Tk, yk:) S 2_THL¢(2:U17 22/17 CE) 2mka 2yk) (26)

for all 1,...,2k,y1,...,yx € F1. Furthermore, let f : E; — FE3 be a cone-related function with f(0) = 0 which
satisfies

IDf(@1,91),- - Df (@i, yn)ll, < o(Tza,myn, - T2k, k) (2.7)
for all x1,...,2k,y1,...,yx € E1, then there is a unique cone-related mapping 7' : E; — E5 which satisfies properties
I, IT and the inequality.

L
1T(|z1]) = fzal), - Tlzwl) = f(zeDllk € 7= 0 @1, 21, 8, 21) (2.8)

1-L
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Proof . We use the definitions for X and d, the generalized metric on X, as in the proof of Theorem 2.2 Then,
(X, d) is complete. We define an operator A : X — X by

T

(Ag)(x) = 2"g(3)

for all x € Ey. We apply the same argument as in the proof of Theorem [2.2] and prove that A is a strictly contractive
operator. Moreover, we prove that
dAf, f) <L (2.9)

instead of (2.4) in the proof of Theorem According to Theorem (i) there exists a function T : By — F5 with
T(0) = 0, which is a fixed point of A, such that

T(z) = lim 2" f(27"x)

n—oo

for each = € F;. Since the integer ng of theorem is 0 and f € X* (see Theorem for the definition of X*), using

theorem [1.3] (iii) and (2.9) yields

1 L
T) < ——d(A < —.
AST) < A ) < 7o
By inequality (2.6) , we have

Hm 2" (27 21,27 "Y1, ..., 27 ", 27 My ) = 0 (2.10)
which implies the validity of the inequality (2.8). In the last part of the proof of Theorem if we replace

2%xq, ..., 2"k, 2™y1,..., 2"y, and 4™ with 27"xq,...,27 "2k, 27 "y1,..., 27"y, and 47" | respectively, then
we can prove that 7' is a unique homogeneous function of degree two satisfying inequality (2.8]) for all z € E;. O

Theorem 2.4. Let E; and E; be two Banach lattices and ((EF,| - |lx) : ¥ € N) be a multi-Banach lattice and
f: E1 — E5 be a cone-related functional for which there are numbers # > 0 and m > 1 and 0 < r < m such that

k
IDf(1,51)s - Df (o ye) e < 0> (lzall” + lyill”) (2.11)
i=1
for all x1,...,%k,y1,--.,Yx € F1; then there is a unique cone-related mapping T : F; — Fs such that
2mtlg ,
1T (2l = flal), - Tllzal) = flaeDlle < o7 Z (e (212)

and satisfies properties I, IT .

Proof . It follows for theorem 2.2 by putting

k
¢(x1ayl7" xknyk) Z ||xl||2+HylH2)7

for all x1,..., 2k, Yy1,-..,yx € E1, L=2""".[1

Corollary 2.5. Let F; and E» be two Banach lattices and ((EF,| - ||x) : ¥ € N) be a multi-Banach lattice and
p : [0,00) = [0,00) be a continuous function f : E; — FE3 be a cone-related functional for which there are numbers
0 >0and m>1and 0 <r < m such that

k

f(rlaal v alyal) = 7™ F () Vo™ f (D)oo (sl Voalyel) = 7™ Fal) v f gDl < 6 (laill™ + llyl7)
i=1

for all z1,...,Zk,Y1,...,yx € E1 and 7,7 € RT ; then there is a unique cone-related mapping 7" : E; — E» such that

0 k
I al) = Fanl), o Tel) — Fel)le < gge S el
i=1

and satisfies properties I, IT .
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Proof . Enough, we put p(t) = 1 in above theorem for ¢ € [0, 00). In this case, the sense of stability in multi-Banach
lattice is similarity with stability of quadratic functional equation in Banach space. [J

Corollary 2.6. Let E; and E» be two Banach lattices and ((Ef,|| - ||x) : ¥ € N) be a multi-Banach lattice and
p : [0,00) — [0,00) be a continuous function f : Ey — E3 be a cone-related functional for which there are numbers
6 >0 and m > 1 and 0 <r < m such that

T () VT () T (k) Vo ()

e (Tl vV onlye]) —

Hf(Tlxll Vill) -

TVn TV k
k
<0 (lzill” + llwal™).
i=1
for all z1,...,Zk,91,...,yx € E1 and 7,7 € RT ; then there is a unique cone-related mapping 7" : E; — E» such that

0 k
ITnl) = f(nl)s o Terl) = Fzal)lle < gmse 3 il
i=1

and satisfies properties I, IT .

Proof . Enough, we put P(t) =t in above theorem. O

Theorem 2.7. Let E; and E; be two Banach lattices and ((EF,| - |lx) : ¥ € N) be a multi-Banach lattice and
f: E1 — Es be a cone-related functional for which there are numbers # > 0 and m > 1 and 0 < r < m such that

E k
i=1j=1
for all z1,..., 2k, y1,...,yx € F1; then there is a unique cone-related mapping 7' : F1 — FE5 such that

470 b ’
T (aal) = fQzal)s - Tllzwl) = fzellle < 57 <Z II:Ez'IIT) (2.14)

and satisfies properties I, II .
Proof . It follows for theorem 2.2 by putting
E ok
¢(x17 Y1y s Tk, yk) =0 Z Z HxlyJ”Ta
i=1 j=1

for all L1y Lk Y1y -+ -5 Yk EE17 L:22r—m. U

Corollary 2.8. Let E be Banach algebra and ((E*, |- ||x) : ¥ € N) be a multi-Banach algebra . Suppose 7 € (0,1)
and 0 € [0,00) and f : E — E with f(1) = 1, such that

E
1D f (x1,91); -+, Do f (s yie) e < 0 (lil” + llwal")
i=1
k
1f (ryn) = Fly) (@), farye) = o) Fall, <0 el + llyl7)
i=1
ligln 27mf(2m lign 27" f(2"z)) = x
for all x1,...,2k,Y1,...,yx € E and 7,1 € T, , then there is a unique involution mapping I : E — E which satisfies

0

(1) = f(@1), o (k) = fan) |k <

— Z il
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moreover if

k
z1f (@), i f (@n)lle — [z, - 7$k||i) <20 fla”
i=1
for all z1,...,z € E, then F is a C*-algebra with involution «* = I(z), for all x € E.

Proof . We put

k
¢($17 Yty oo 5 Tk, Zlk) = HZ(”J;ZHT + ||y1||r)7

i=1

for all x1,y1,...,2%,yr € F and L = 27! in theorem (2.2, then as a result, the sentence is obtained. [

Corollary 2.9. Let E be Banach algebra and ((E*,| - |[x) : ¥ € N) be a multi-Banach algebra . Suppose r € (0, 1)
and 6 € [0,00) and f: E — E with f(1) = 1, such that

Kok
1Dz f(21,51)s -, Denf @iyl < 0> [l |I”

i=1 j=1

k k
£ (@ryn) = Fn) f(@1)s oo Faryn) = F) Fa)ll, 0> iy

i=1 j=1
HIm27 ™ f(2™lim 27" f(2"x)) =«

for all x1,...,2%,Y1,...,yx € E and 7, € TY, , then f is unique involution on E, moreover if
70

2

k
Hxlf(xl)a v 7xkf(xk)Hk - Hxl?' e axk”i’ < 0 <Z |x1||r>

i=1

for all x1,...,2 € E, then F is a C*-algebra with involution z* = f(z), for all z € E.

Proof . We put

k k
¢($17y17 sy mkayk) = 922 HmlyJHT7

i=1 j=1

for all x1,y1,...,28,yr € F and L = 22"~! in theorem ({2.2)), then as a result, the sentence is obtained. [
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