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Abstract

The purpose of studying the discipline of nonlinear wave processes is to knowledge of the current state of nonlinear
wave problems in mechanics and an understanding of its main problems, as well as to develop general skills for solving
these problems using new methods of mathematical. We consider a class of initial boundary value problems for one-
dimensional nonlinear wave processes. A new topological approach is applied to prove the existence of at least two
nonnegative classical solutions. The arguments are based on a recent theoretical result.
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1 Introduction

The wave equations arise in mathematical models which describe the wave phenomena in fields like fluid dynamics
and electromagnetics. Many authors such as H. Brésiz, J. Mawhin, K. C. Chang etc. have developed topological tools,
index theory, and variational methods to get some existence results for the one-dimensional problem with various
nonlinearities. The related results are [2], [3], [4], [5], [6], [I2] and the references therein. Nonlinear wave processes are
usually modeled using nonlinear partial differential equations. For nonlinear analogs of the wave equation, let f be a
nonlinear function, the structure of which is determined by the geometric and (or) physical features of the problem,
where non-linear ripple effects are many and varied. A very important model of nonlinear waves is the nonlinear
Klein-Gordon equation [13]

Utt — Uga = ¢(u)a

where ¢(u) is some smooth or discontinuous function that describes distributed nonlinear restoring forces. In the
linear approximation ¢(u) = —ku(x > 0), we have the well-known string model on an elastic bed.

Restricting ourselves to considering sufficiently long waves, one can obtain additional terms of the equation of motion
that depend only on the deformation u,, but not on its derivatives. The equation of a nonlinear string or the equation
of longitudinal vibrations of a nonlinear rod, can be reduced to the form [10]

2
Utt — Uy +1 Ugzzer — buwuza: = 0>
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here [ is a scale, considered small, b is also a small parameter characterizing the intensity of nonlinear forces.
One of a very interesting basic model is given by the so-called Korteweg-de Vries equation the KdV equation, which
turns out to be fundamental when considering models of nonlinear waves

Up — Uy + QUgge — buu, = 0,a,b > 0,

By differentiating with respect to ¢ and by performing fundamental calculations, we obtain

1
Upt — Ugy — 20Uggzq + 2b(Uly), + ab(2uty, + Qui)m B TP —— b2(u2uw)x =0,

The main aim of this paper is to investigate for multiple nontrivial nonnegative solutions of the following IBVP

Ut — Ugy :f(t7$7u7ut7uz)7 t207 U [07 1]7

u=up(x), x€]l0,1],t=0,

where
(H1) o, u1 € C*([0,1]),

O < xT b) T < 9
< max uo(), ) max, oz ()| max, U0z ()| < 00

0 < ) x 9 xx < )
S Jmax |u1 ()] max [u1z ()| Jmax |[U1za ()| < 00

r = max{ Jmax uo(x )’J?[%,’i] oz ()], ax, |Uoza (2)],

x ) xrx >O'
i o (@), mae s ()] e o (1))

(H2) f € C([0,00) x [0,1] x R?) satisfies the condition
0 S ‘f(t7I7w17w2ﬂw3)|
1
< > (ai(t @) wi P+ bt @) wa P + cj(t x)|ws]),

Jj=1

(t,x) € [0,00) x [0,1], where | € N, a;,b;,c; € C([0,00) x [0,1]) such that there exist

0<A4,= sup a;(t,z) <oco, 0<Bj= sup b(t,z) < oo,
te[0,00),x€[0,1] te[0,00),2€[0,1]
0<C; = sup c;(t,x) < oo,

te[0,00),2€[0,1]
(Ay,..., A, By,...,B;,Cy,...,C) #(0,...,0,0,...,0,0,...,0),
;> 0,5 €{1,...,1}, (p1,...,m) # (0,...,0).

In addition, we suppose
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(H3) Suppose that m, A, A;, B;, C;, j € {1,...,1}, r1, L1 and Ry are positive constants such that

Ly
0<r1<%<L1<R1, m e (0,1), e>1, R1<e%,

l

j Ly

A<2R1 +2?"+Z:1(Aj +Bj —‘r‘CJ)R;i) > < %,
j=

l
. 4
A(2L1 + 2r + Z(A] + Bj + CJ)LZ;J) < (5 - m) Ll,
j=1
l
0<r< Ly, 0<T<Z(Aj+Bj+Cj)L€j,
j=1
r Z sup |f(t,x,w1,w2,w3)|.

te0,00), xe€]l0,1],
r < wi, lwel, lws| < Ly

(H4) There exists a nonnegative function g € C([0,00) x [0, 1]) such that
9(0,z) =g(t,0) =0, t>0, z€[0,1], g(tz)>0, t>0, ze€(0,1],

t T
2/ / (1 + tl + t%)(l +1t— tl + (t — t1)2)(1 + |.’E — {E1| + (.’E — 1’1)2)g(t1,$1)d$1dt1 S A,
0 JO
t>0,z€[0,1].

In the last section, we will give an example for constants m, A, 4;, B;, C;, j € {1,...,1}, r1, L1, Ry and a function
g that satisfy (H3) and (H4). In Remark 3.1, we will give motivation for the last two conditions of (H3) and using
them we remove the case when

!
ft, z,w,wa, wg) = Z(aj(t,x)wfj + bt )wh’ +cj(t,x)ws?), t>0, z,wp,wo,ws € [0,1],

j=1

as well as the cases when f is a linear function or a constant. Our main result is as follows.
Theorem 1.1. Suppose (H1)-(H4). Then the IBVP (1.1 has at least two non trivial nonnegative classical solutions.

To prove our main result we use a new topological approach. So far, for the authors they are not known investigations
for existence of multiple solutions for the IBVP (L.1)).

The paper is organized as follows, In the next section, we give some auxiliary results. In Section 3, we prove our
main result. In Section 4, we give an example.

2 Auxiliary Results
Let X be a real Banach space.

Definition 2.1. A mapping K : X — X is said to be completely continuous if it is continuous and maps bounded
sets into relatively compact sets.

The concept for k-set contraction is related to that of the Kuratowski measure of noncompactness which we recall for
completeness.

Definition 2.2. Let Qx be the class of all bounded sets of X. The Kuratowski measure of noncompactness « :
Qx — [0,00) is defined by

a(Y) = inf 6>0:Y:UYj and diam(Y;) <6, je{l,...,m},,

=1

where diam(Y;) = sup{||z — y||x : =,y € Y;} is the diameter of Y;, j € {1,...,m}.
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For the main properties of measure of noncompactness we refer the reader to [7], Chapter 7, Section 7.3.

Definition 2.3. A mapping K : X — X is said to be k-set contraction if there exists a constant k£ > 0 such that
a(K(Y)) < ka(Y)

for any bounded set Y C X.

Obviously, if K : X — X is a completely continuous mapping, then K is O-set contraction(see [8], Chapter 5, Section
5.1).

Definition 2.4. Let X and Y be real Banach spaces. A mapping K : X — Y is said to be expansive if there exists
a constant h > 1 such that
Kz — Kylly > hllz - yllx

for any z,y € X.

Definition 2.5. A closed, convex set P in X is said to be cone if

1. ax € P for any a > 0 and for any = € P,
2. x,—x € P implies = = 0.

Denote P* = P\{0},

Pr, = {ueP:|ull <rm},

Prir = fueP:r <|luf <rs}

for positive constants r1,r, such that 0 < r; < ry. The following result will be used to prove our main result. We
refer the reader to [9] for more details.

Theorem 2.6. Let 2 be a subset of P, 0 € Q and 0 < r < L < R are real constants. Let also, T':  — FE
is an expansive operator with a constant h > 1, F : Pgp — E is a k-set contraction with 0 < k < h — 1 and
F(Pr) C (I —T)(). Assume that P, Q2 #0, Prr(Q # 0 and there exist an ug € P* such that T(z — Aug) € P
for all A > 0 and x € 9P, (2 + Aug) and the following conditions hold.

(a) Fx #x — Aug, x € IP,, A >0,
(b) [[Fx+T0|| < (h—1)||z|| and Tz + Fx # x, x € OPL (),
(¢) Fz # x — Aug, © € Pr, A > 0.
Then T + F has at least two fixed points z1 € P, (2, 22 € Pr.r() 9, ie.,
r < |lzi]| < L < |jzz2]| < R.
In [], it is proved that the function G(¢,s) = min{t, s}, t,s € [0, 1], is the Green function for the BVP
y'+9(t) = 0, tel01],

y(0)=0 = y'(1).

We have 0 < G(t,s) <1, t,s € [0,1]. Let E = C?([0,00) x [0,1]) be endowed with the norm

= max{nunw leloor  Turelloos  Iletaloos umnm}

provided it exists, where

[vllee = sup lv(t, )]
(t,z)€[0,00)x[0,1]
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For v € F, define the operator
1 t
Fru(t,z) = / / (t —t1)G(x,x1) f(tr, w1, ulty, x1), ue(ty, ©1), ue (1, 1)) dt1day
o Jo
1
—/ Gz, 1) (u(t,r1) — uo(r1) — tug (x1))dxy
0

t
—/(t—tl)u(tl,as)dtl, £>0, el
0

Lemma 2.7. Suppose (H1) and (H2). If u € E satisfies the integral equation
Fiu(t,z) =0, ¢t>0, x€]0,1],
then u is a solution to the IBVP .
Proof . We differentiate with respect to ¢ the equation and we find
0 = fol fot G(x,m1) f(t1, w1, u(ty, x1), ue(ts, 21), ue (t1, x1))dt1day
— [ Gla, 1) (ug(t, 1) — wr (a1))dy
— [Ju(ti,x)dt, t>0, xel0,1].

Now, we put t =0 in (2.2) and (2.3) and we get
1
/ G(z,z1)(u(0,z1) — up(z1))dz, =0, =z €][0,1],
0

and )
/O G, 21) (w0, 21) — us (w1))das = 0, x € [0, 1],

respectively. We differentiate twice with respect to = the equation (2.4 and the equation (2.5)) and we obtain

u(0,2) = up(z) and u(0,2) =wui(z), =z €]0,1],

respectively. We differentiate with respect to ¢ the equation (2.3) and we arrive at
1
0 = / Gz, x) f(t, z1,u(t, 1), ue(t, 1), uz (t, 21))d2y
0

— /01 G(z, 1 )up(t, z1)dx; —u(t,x), t>0, x€]0,1],
or 1
u(t,z) = /0 G(z,x1) (f(t,x1,u(t, x1),ur(t, 1), ug (t, 1)) — uge (¢, 1)) dq,
t >0, x € [0,1]. Using that G(-,) is the Green function for the BVP (2.1, we get
g (t, ) + f(&, z,u(t, 2), ue(t, ), us (t,2)) —up(t,z) =0, t>0, x€][0,1],

and
u(t,0) = uy(t,1) =0, ¢>0.

This completes the proof. [J

1151

(2.2)



1152 Georgiev, Zennir

Lemma 2.8. Suppose (H1) and (H2). If u € E and ||u|| < b for some positive constant b, then

l
[Fru(t, o) < [ > (A 4+ Bj + C)bP + (b+7) | 24 (b+r)t, >0, z€l0,1].

j=1

Proof . We have

1 t
Fru(t,z)] < /O/O(t—tl)G(m,x1)|f(t1,x1,u(tl,:1:1),ut(tl,xl),uw(tl,ml)ﬂdtldazl
1
+ [ ) (utt )] + wofen) + ths (o)
0

+/t(t — tl)\u(tl,x)|dt1

IN

0
1t l
/o / (t— u); (%@’w)lu(tl,m)w by (t, @) g (b1, 20) P9

+cj(t17m1)|um(t1,x1)|pﬂ'>dt1dm1

+(b+r+rt)t

(Aj + B + C)WPit* + (b+ 1)t + (b +1)t?

MN

1

<.
Il

(Aj +Bj +C)bP + (b+7) | 2+ (b+7)t, t>0, z€]0,1].
1

l
Jj=

This completes the proof. [0 For v € E, define the operator

t x
Fu(t,x) = / / (t— t1)2(x - x1)2g(t1,xl)Flu(thxl)dxldtl, t>0, x€]0,1].
0o Jo

Lemma 2.9. Suppose (H1) and (H2). If u € FE is a solution to the integral equation

L
Fu(t,x)—k?l =0, t>0, zel0,1],

then w is a solution to the IBVP (L.1)).

Proof . We differentiate trice with respect to ¢ and trice with respect to x the equation (2.6) and we find
g(t,z)Fiu(t,x) =0, t>0, =ze€]l0,1],

whereupon

Fiu(t,z) =0, t>0, z¢€(0,1].

Now, using that Fyu(-,-) is a continuous function on [0, 00) x [0,1], we get

0 = }g}% Fiu(t,z) = Fiu(0,x)
= lim Fyu(t,z) = Fiu(t,0)
z—0

lim Fu(t,z) = F1u(0,0), t>0, ze€(0,1].

t—0,2—0

(2.6)
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Consequently
Fu(t,z) =0, t>0, ze€]l0,1].

Then, the assertion follows from Lemma[2.7] This completes the proof. OJ
Lemma 2.10. Suppose (H1), (H2) and (H4). If u € E and ||u|| < b for some positive constant b, then

l
[Full < A{2b+2r+) (A; + Bj + C;)b™
j=1

Proof . Applying Lemma and (H3), we get

l

|Fu(t,z)] < // t—t1)* (@ — x1)%g(t1, z1) <(Z +Bj+0j)bpj+(b+’l")>t%

j=1
—l—(b—i—?“)tl)dl‘ldtl
l
< A|2042r+) (Aj+ B+ C |, >0, zel01],
j=1
and
9 l
‘&Fu(t7:r) < // (t —t1)(z — 21)*g(tr, 21) ((Z +Bj+Cj)pr'+(b+r))t%
j=1
+(b+7")t1)dl’1dt1
l t T
= 2(Z(AJ+BJ+CJ)Z)Z)J +(b+7’))/ / t%(t7tl)(l’f‘Tl)Q‘g(tl,l’l)d’Ildtl
j=1 0 Jo
t T
2(b+r)/ / tl(tftl)(lli7l‘1)zg(t1,$1)d$1dt1
0 Jo
l
< Af20+20+) (A + B+ O |, t>0, ze[0,1],
j=1
and
2 l
’é)t?F“(t,I) < / / z—11)%g(t1, 71) <(Z +Bj+Cj)bp"+(b+7“))t§

J=1

+(b + ’f’)tl) dl’ldtl

- (21:(,4 + B; + C;)bP +(b—|—7">/ / tl m—xl) g(t1,x1)dz1dty

j=1

t x
2(b+7")/ / tl(x—x1)2g(t1,x1)dx1dt1
0 JO

l
< A|20+204) (A + B+ 0 |, >0, z€[0,1],
j=1

1153
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and

0
‘%Fu(t, x)

l
§ / / t—tl LL‘—IL‘l t1,$1 ((Z A+BJ+C])bp’+(b+7’))t%
j=1

+(b+ T)t1> dzqdty
= (i(A + Bj + C;)b" + (b+r>/ / t2(t — 1) (x — x1)g(t1, x1)dr dt;

t x
+2(b+7’)/ / tl(t7t1)2(1‘7I1)g(t1,I1)d£C1dt1
0 0

IN

l
A <2b+2r+Z(Aj + B, +Cj)bpi) , t>0, ze]0,1],

j=1

and

Fu(t,x)

IN

82
‘axz

2/Ot /Ow(t—tl)Qg(tl,xl)«Zi:(Aj+Bj+Cj)bpf +(b+r)>t§

+(b + T)tl) d.fCldtl

l t x
= 2(2(14] +Bj —|—Cj)bpj —|—(b+7")> / / t%(t—tl)%g(tl,iﬁl)diﬁldtl
0 0

Jj=1

t x
2(b+7’)/ / t1(f—t1)29(t1,1‘1)d$1dt1
0 JO

IN

j=1

l
A(2b+2r+Z(Aj+Bj+cj)ij), t>0, zel01].

Consequently
l
[Full < A(20+2r+) (A;+ B; + Cyb™ | .
j=1

This completes the proof. [

3 Proof of the Main Result

Let _
P={ueE:u>0 on [0,00)x[0,1]}.

With P we will denote the set of all equi-continuous families in P. For v € E, define the operators

L
To(t,z) = (1+mev(t,z)— 61—8,
Ly
Sv(t,z) = —eFvu(t,xz)—mev(t,z) —

61707
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(t,x) € [0,00) x [0,1]. Note that any fixed point v € E of the operator T'+ S is a solution to the IBVP ([L.1)). Define

P, = {veP:|v|| <r},
P, = {veP:|v|<Li},
Pr, = {veP:|v| <R},
Prp, = {veP:rm <|v| <L},
Prir, = {veP:L<|u| <R},
A l L
Ry, = R1—|—m<2R1+2T+Z(Aj+Bj+Cj)R11) ) +%,

j=1
Q = Pgr,={veP:|v| <R}
1. For vy,vy € 2, we have

[Tvr = Twal| = (1 + me)[or — vall,

whereupon T : Q — FE is an expansive operator with a constant 1 4+ me > 1.
2. For v € Pg,, we get

L
ISl < el Foll +meflv]l + e

- 10
l
< G(A 2Ry + 2r + Z(A] + Bj + CJ)Rzlj]
j=1
Ly
+mRy + 10)

Therefore S(Pg,) is uniformly bounded. Since S : Pr, — E is continuous, we have that S(Pg,) is equi-
continuous. Consequently S : Pr, — E is a 0-set contraction.

3. Let v; € Pg,. Set

1 L
vy = v + —Fuyp + —.
m om

Note that by the second inequality of (H3) and by Lemma it follows that eF'v + e% >0 on [0,00) x [0, 1].
We have vy > 0 on [0,00) x [0,1] and

1 L
loall < lorll + P 4+ 22
< R +é 2R +2r+§l:(A-+B-+C-)R”J' o
= 1 m 1 = J J Jjliu 5m
= Rs.
Therefore vy € Q) and
—emuy = —emuy — eFv, — eg — eﬂ
10 10
or
Ly
I-T = — —
( Yoo €My —i—elo

= S’Ul.
Consequently S(Pg,) C (I —T)(Q).
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4. Suppose that there exists an vy € P* such that T'(v—Avg) € P, v € Py, v € 0P, (24 Aup) and Sv = v— Ay
for some A\ > 0. Then

ro= [lv—=Aull = [|Sv]|
L
> —Sv(t,x) = eFu(t,z) + emv(t,x) + 61—(1)
> egpe (L) €[0,00) x [0,1],

because by the second inequality of (3) and by Lemma [2.10] it follows that eF'v 4+ €Z > 0 on [0, 00) x [0, 1].
5. Let v € OPr,. Then

L
MMNH:kMMMH?H

IN

L,
e(lFv]l +mvl + =)

IN

l
) 1
€<A <2L1 + 2r 4 Z(AJ + Bj + CJ)LZ;J) (m + 5)L1>

Jj=1

IN

el = €|y

Note that in the last inequality we have used the third inequality of (H3).
6. Now, assume that v € 9P, () is such that

v="Tv+ Sv,

whereupon

L
Fv—i-?lzo on [0,00) x [0,1].

Since v € 9Py, , we have that v # 0 on [0,00) x [0,1] and by the second inequality of (H3) and by Lemma [2.10]
it follows that F'v + £t > Fv 4+ £1 >0 on [0,00) x [0,1]. This is a contradiction.

7. Suppose that there exists an vy € P* such that T'(v—Avg) € P, v € OPrg,, v € IPg, [1(2+Aup) and Sv = v—Avg
for some A\ > 0. Then

Ry = |lv—= 2wl = [|Sv]|
L
> —Svu(t,x) =eFv(t,z) + emv(t,x) + 61—8
L
Zeﬁ(MKM@MML

which is a contradiction.
Therefore all conditions of Theorem hold. Hence, the IBVP has at least two solutions v; and v so that
r1 < ||lv1]] < Ly < ||vz]| < Rs. (3.1)
This completes the proof.

Remark 3.1. 1. For any solution u of the IBVP (l1.1f), we have

lul| > max{ max

z€[0,1]

Hence, using (3.1]), we conclude that 0 < r < Ly and ||vg|| > r. If ||v1|| = r, since v; is a nontrivial nonnegative
solution of (1.1)), then r > 0.

2. If r = ||v1|| = |v1e(t1, 21)| and v142(t1,21) = 0 for some ¢; € [0,00), 21 € [0, 1], then

uo (), Jmax, [uoz ()], max, U0z ()], Jmax, luz ()], max U1z ()], max, [Urzs ()|} = 7.

r S 'U]_(t,l‘), |U1t(t,.’1})|, |’U1tt(tax)|7 |’U1w(ta'r)|7 |U1ww(t7x)| < Lla (32)
t €10,00), x € [0,1]. Hence,

ro= |vi(ts, z1)| = |vie(ts, ©1) — Vigz (1, z1)|

= [f(t1,z1,01(t1, 21), vie(tr, 21), v1g(t, 1)),
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which is true because the last condition of (H3) holds. Moreover,
1
ro= |f(t v (b, @), on(ty, @), vt 21))] < Y (A + By + G LY.
j=1

3. If r = ||v1|| = |viza(t2, 2)| and vig(t2, z2) = 0 for some t3 € [0,00), z2 € [0, 1], then we have (3.2)). Hence,

ro= |viza(te, x2)| = |Vise(te, X2) — Viga(ta, 22)|
= |f(t2, w2, v1(t2, w2), v1¢(t2, X2), V12 (L2, 22))],

which is true because the last condition of (H3) holds. Moreover,

ro o= |f(t25x?aUl(tQ"rQ)aUlt(t27x2)7vlar(t2axQ))l

l
< Z(AJ + Bj + CJ>L11)]
j=1

4. If l
(@, wi,wa,wg) = (ay()wh” + by (E)wh’ + b (Hwy’)
=1
t €[0,00), &, wy,wq, ws € [0,1], then
1
sup |f (¢, z, w1, wa,ws3)| = Z(Aj + B + C;) LY.
te0,00), xe€]l0,1], j=1

r < wi, |wal, jws| < Ly

Hence and by the last two conditions of (H3), we get

l l
Z(Aj + B; + Cj)LZ{j <r< Z(AJ +B; + Cj)Lf‘j,

Jj=1 j=1
which is impossible.
4 An Example
Let
3 3 4 2 1
=2 m=g m=0 Ri=gg r=ggn Do T o
1 1 2 4 5
m = 57 € = 50, A= 71010, A1 = 71010, A2 = (3 - 1010) 5 B1 = BQ = Ol = 02 =0.
Then 5 . . . )
LT 00 S qom T fgp0 PSS TS 50 T g0
Also,
: 1 (6 8 9 /3 \% 4 \Z
D; _
Al 2R, +2T+;(Aj + B; + C;)Ry’ = 1w (1010 + 31010 + 1010 <1010) + <3.1010> >
L L

101 20°
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Next,

l 3 3
. 1 [ 4 8 2 [ 2 \° 4 \°
pj —
Af2Li+ 204 (A + B+ CHLY | = 155 (1010 + 3700 + o1 (1010) + <3.1010> )

J=1
6 4

O (L ).

< Tou (5 m) !

Consequently (H3) holds. Now, we will construct the function g in (H4). Let

1+ s11y/2 4 522 s11,/2

h(LU) = log m, Z(S) = arctan 1— 822, s € [0, 1]
Then
, 221/2510(1 — 522)
h (S) == )
(1— s114/2 + 522)(1 4 s114/2 + 522)
11v/2510(1 4 s%0)
I
U'(s) 15 510 , s€][0,1].
Therefore
—00 < lim (1+s+s*)h(s) < oo,
s—+oo
—o00 < lim (14 s+ s?)i(s) < oc.
s—too
Hence, there exists a positive constant C; so that
1 1+811\/§+822 1 811\/§
1+ s+ 82 lo + arctan < (4,
( )<44\/§ 1 2182 | 222 1— 522 '
1 1+ s11y/2 4 522 1 s11y/2
1+ s+ s> lo + arctan Cy,
( )<44\/§ Bl ot 52 | 222 1-s2) = 7
t €[0,00), s € [0,1]. Note that by [II](pp. 707, Integral 79), we have
/ dz 1 o 14 2v2+ 22 L 1 arctan 22
1+24 42 gl—z\/i—l—,?ﬂ 2v/2 1— 2%
Let
510 o1
Q(S)* (1+S44>(1+S+82>2(1+82)27 SG[ ’ ]a
and

g(t,z) =Q)Q(x), te€[0,00), x€][0,1].

Then there exists a constant Cy > 0 so that
t x
Cy > / / gi(t1,s1) (L+ |z = s1|+ (. —51)%) x (L4 (t —t1) + (t — t1)?) t1sTds1dty, (t,2) € [0,00) x [0, 1].
0o Jo

Now, we take

g(t,x) = 1027%)0291@@), (t,x) € [0,00) x [0,1].
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Then
1 tore 2
A = —52 g(t,s1) (1+ |21 — s1] + (z1 — 51)%)
X (1+(t—t)+ (t—t)%) L+t + )1+ [s1| + sT)dsidtr, (t,z) € [0,00) x [0,1].

Now, consider the IBVP

oo

Ut — Uge = w() (u - ﬁf , (t,z) € (0,00) x [0,1]
U(O,I) = ﬁa ut(oax) =0, ze€ [Ov 1]7 (41)
u(t,0) = u,(t,1)=0, ¢t>0,
where
o (92 =9t +2), te0,1],
w(t) =
102107 t > 1
Next,
3 3
4 2 2 5 4 5
_ _ p
0<r<ly, T—3.1010<1010'<1010) +(31010> —A1L11+A2
and
4 S ) 4 2 2
=9 700 2 sup w W1— 5 a0 )| = 70102, 1010°
3-10 ‘e [0700) 3-10 1019 3-10
310w < w1 < g

We have that (H1)-(H4) hold. The IBVP (4.1 has two nontrivial nonnegative solutions.
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