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Abstract

Our main purpose of this paper is to study the relationship between multiplicative maps and almost multiplicative
maps between probabilistic normed algebras. We first derive some properties of invertible elements and their relation
with multiplicative maps. Then we show that every complex homomorphism on elements whose probabilistic norm
is equal to 1, is bounded. In the following, we give an open problem about the functionally continuous of unital
commutative probabilistic Banach algebra. Finally, we prove that every almost multiplicative map that is not a
multiplicative map is continuous.
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1 Introduction and preliminaries

Suppose that A and B are two complex algebras and ¢ : A — B is a mapping. Then ¢ is multiplicative mapping if

p(zy) = o(x)e(y),

for all z,y € A. Also, ¢ is said to be homomorphism, if ¢ is a linear mapping and if B = C, then homomorphism ¢ is
called complex homomorphism or character. Many properties of homomorphisms between topological algebras such
as Banach algebras, Fréchet algebras,... (one of them properties, is automatic continuity of homomorphisms), have
been studied by many authors, for example see the monographs [6, 11l 21], 24] [25] 26], 27, 29]. In 2005 Hejazian et
al [I6] developed the concept of homomorphism and introduced the concept of n-homomorphism. After that, many
authors studied many properties of n-homomorphism, see for example [1I, [3] [0} 1’7, [I8] [19] [33] [40].

Jarosz in 1985 [24], initiated a class of mappings between normed algebras called almost multiplicative mapping
and proved every almost multiplicative mapping on a Banach algebra is bounded.

Suppose that A and B are two normed algebras, ¢ : A — B is a mapping and § > 0. Then ¢ is J-multiplicative
mapping if
I o(zy) —p@)e@) <ol =l vl

for all x,y € A. In addition, a mapping ¢ is almost multiplicative mapping if there exists a constant > 0 such that
 is é-multiplicative mapping.
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Later, many authors investigated the properties of almost multiplicative mappings, for example, see, [20] 23] 25|
26, 37, 38].

In the following years, many researchers have given many generalizations of the concept of almost multiplicative
mappings, for example, one can see, [2 [15] [39].

Menger in 1942 [2§] introduced probabilistic metric space. He used distribution functions instead of nonnegative
real numbers as values of the metric. Probabilistic metric spaces are widely used in probabilistic functional analysis,
€% theory, quantum particle physics, nonlinear analysis and applications, for example see [4, [5l [7, [8 [0]. Following
that, many researchers like Schweizer and Sklar [36] became interested in studying probabilistic metric spaces.

The concept of probabilistic or fuzzy normed algebras has been introduced by a number of authors, for example
see, [12] B0} [34] A1) 42]. Since then, some researchers have introduced the concept of almost multiplicative mapping
on probabilistic or fuzzy normed algebras in various ways and studied some of their properties, for example, one can
refer to [22, 311, [32).

In the following, we bring some basic definitions and lemmas which we will need in our main result.

Definition 1.1. A distribution function is a function F' : [—o0, 00] — [0, 1], that is left continuous on R and nonde-
creasing, moreover, F'(—oo0) = 0 and F(c0) = 1.

The set of all the distribution functions that F'(0) = 0 and tlim F(t) = 1 is denoted by D*. The space DV is
—00

partially ordered by the usual pointwise ordering of functions, and has a maximal element ¢, defined by

0 =<0,
co() = 1 z>0.

Definition 1.2. A mapping 7T : [0,1] x [0,1] — [0, 1] is called a triangular norm (abbreviated, t-norm) if the following
conditions are satisfied:

for every a,b,c,d € [0,1].

Some typical examples of continuous t-norm are T, (a,b) = ab, T,,,(a,b) = min{a, b} and Tj(a,b) = max{a +b—1,0}.
It is evident that, as regards the pointwise ordering, T' < T,,,, for each t-norm 7.

For (ai,---,a,) € [0,1]" (n € N), the value T" (a1, ,ay) is defined by T'(a1) = a1 and T"(ay, - ,a,) =
T(T" *ay, -+ ,an—1),a,). For each a € [0, 1], the sequence (T"(a)) is defined by T"(a) = T"(a,- - - ,a).

Definition 1.3. A t-norm 7 is said to be of Hadzi¢ type (abbreviated, H-type) if the sequence of functions (7" (a))
is equicontinuous at a = 1, that is

Vee(0,1), 36€(0,1): a>1-6=T"(a)>1—¢ (neN).

The t-norm Ty, is a trivial example of a t-norm of H-type, but there are t-norms T of H-type with T' # T,,, see [14].
It is easy to see that if T' is of H-type, then T satisfies sup,¢(o,1) T'(a,a) = 1.

Definition 1.4. A probabilistic normed space (abbreviated, PN-space) over K (where K = R or C) is a triplet
(A,v,T), where A is a vector space over K, T is a continuous t-norm and v is a mapping from A into DT (v, denoted
the value of v at x) such that the following conditions are satisfied:

(i) vy = € iff z = 0, 0 being the null vector in A,

(ii) vae(t) = vy (ﬁ) for all A € K \ {0} and ¢ > 0,
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(iil) Vgty(t+8) > T(vy(t), vy(s)) for all ¢, s > 0.

Example 1.5. [35] Let (4, || . ||) be a real normed space. If v : A — D7V is defined by

_§ I )
va(t) {0 t<0.

Then (A, v,T) is a PN-space where T is any ¢t-norm.

Definition 1.6. Let (A,v,T) be a PN-space and x € A. An open ball with center  and radius A (0 < A <1)in A
is the set By(e,\) ={y € A:vy_y(e) > 1 — A}, for all € > 0. It is easy to see that B = {B,(e,\): z € A, e >0, A €
(0,1)} determines a Hausdorff topology for A [36].

Definition 1.7. A sequence (z,) in a PN-space (A,v,T) is said to be convergent to a point = € A if and only if for
every ¢ > 0 and A € (0,1), there exists ng(e, A) € N such that v, _,(¢) > 1 — X for all n > ng(e, \). In this case we
say that the limit of the sequence (z,,) is .

Definition 1.8. A sequence (z,,) in a PN-space (A, v, T) is said to be Cauchy sequence if and only if for every € > 0
and A € (0,1), there exists ng(e,A\) € N such that v, ., () > 1 — X for all n > ng(e,A) and every p € N, or
limy, o0 Ve, p—a, (t) = 1, for all £ > 0 and p € N.

Also, a PN-space (A, v, T) is said to be complete if and only if every Cauchy sequence in A converges to an element
of A.

The concept of the Cauchy sequence is inspired from that of the G-Cauchy sequence (it belongs to Grabiec [13]). It
is easy to see that the limit of a convergent sequence in a PN-space is unique.

Definition 1.9. Every complete PN-space is called a probabilistic Banach space (abbreviated, PB-space).

Definition 1.10. Let (A,v,T) and (B, u, S) be two PN-spaces, ¢ : A — B be a mapping. Then the mapping ¢ is
said to be continuous at a point = € A if for every sequence (z,) in A, which converges to z, the sequence (¢(z,)) in
B converges to ¢(x).

A mapping ¢ is said to be continuous on A if ¢ is continuous at every point in A.

Definition 1.11. A probabilistic normed algebra (abbreviated, PN-algebra) over K (where K = R or C) is a
quadruplet (A,v, Ty, T»), where A is an algebra over K, 77 and T5 are two continuous t-norms such that (A,v,T7) is
PN-space and for all z,y € A and for all ¢,s > 0,

Vay(ts) 2 To(va(t), vy(s)).
Example 1.12. [30] Let (A, ] . ||) be a real normed algebra. If v : A — D7 is defined by

—t . ¢t>0
_ | ;
va(?) {0 t<0.

Then (A, v, T,,,Tp) is a PN-algebra if and only if for all 2,y € A and for all ¢,s > 0,
Fey <l llyl+tlzl+slyl-
Example 1.13. [30] If || . ||, denote supnorm on [—n,n], then (C(R),v, T,,,T;) is a PN-algebra where

sup{ ¢ || f .St} t>0,
= { 1SS

Definition 1.14. A PN-algebra (A, v, Ty, Ts) is called a probabilistic Banach algebra (abbreviated, PB-algebra), if
(A,v,Ty) is a PB-space.



102 Shayanpour

Lemma 1.15. [30] If (A, v, Ty, Ts) is a PN-algebra, then the algebraic operations are continuous.

Definition 1.16. Let (A4,v,7Ty,T%) and (B, i, S1,S2) be two PN-algebras, ¢ : A — B be a map and § > 0. If

Po(zy)—p(x)e(y) ((%) > TQ(VOC (t)v Vy(t))v

for all z,y € A and for all t > 0, then the map ¢ is called a d-multiplicative map. Furthermore, a map ¢ is said to be
a d-homomorphism, if ¢ is linear and §-multiplicative map.

Also we say that ¢ is almost multiplicative map (almost homomorphism) if there exists a constant ¢ > 0 such that ¢
is 0-multiplicative map (4-homomorphism).

Definition 1.17. A PN-algebra (A, v, T1,T») is said to be functionally continuous, if every complex homomorphism
(or character) on (A, v, Ty, Ts) is continuous.

Let (A, v, T1,Tz) be a unital PB-algebra, in this paper we show that if x € A, v,(A\) =1and ¢ : A — C is a complex
homomorphism, then Ae4 — z is invertible and | ¢(z) |< A. In the following, we give an open problem that if A is a
unital commutative PB-algebra such that T and 73 are two t-norms of H-type. Is A functionally continuous? Finally,
we prove that if (A,v,T,,,T,,) is a PN-algebra and ¢ : A — C is a d-multiplicative map, then ¢ is a multiplicative
map or Eg(,)((1+0)t) > v,(t) for all 2 € A and for all £ > 0.

2 Main results

In this section, we present our main results. Let (A, v, T7,7T») be a unital PN-algebra, with the unit e4. The set
invertible elements of A is denoted by InvA.

Theorem 2.1. Suppose that (A, v, T1,T5) is a unital PB-algebra with the unit e4 such that T; is a t-norm of H-type,
r € A and lim,,_yoo ™ = 0. Then e4 — x € InvA and

(ea —x)~ g "

Proof . Suppose that ¢ > 0 and A € (0,1), since T} is a t-norm of H-type, so there exists n € (0,1) such that
for all @ > 1 — n and for all p € N we conclude that Tp( ) > 1 — A, also since lim,,_,o, 2™ = 0, then there exists
ng = no(s 1) € N such that vyn(55) > 1 — 2 for all n > ng. Let S, = > _ 2", clearly, for every n,p € N, we have

Sntp — Sn = Z:+Z+1 z%. Therefore for all n > ng and for every p € N, we obtain

£ € £
VS, 4 p—5n (€) :VZrL+P+lxk( e) > T(v z"+1(2) T (v m’t+2(1)7"' ’Tl(l/z"+r1(2?1)aVac"ﬂ)(ﬁ))))
€ £ £
ZTI( ﬂc”+1(2 ) Tl( m”*z(ﬁ)a"' aTl(Vz"JrP*l(ZD) Vz'L+P(2p>)))
2177 (11— 3)
>1— A,

so the sequence (S,,) is a Cauchy sequence converges to some element a € A. It is easy to check that, (e4 — x)S,, =
Sn(ea —x) =ea —a" L now letting n — oo, we get (ea — z)a = a(ea — x) = ea, hence the result follows. [J

In the following proposition, we present a sufficient condition for lim,,_,, ™ = 0.

Proposition 2.2. Let (A, v, Ty, T3) be a PN-algebra such that T5 is a t-norm of H-type and € A. If v, (1) = 1, then
lim,,_yso 2™ = 0.

Proof . Let € > 0 and A € (0,1) be arbitrary. Since T5 is a t-norm of H-type, so there exists € (0,1) such that for
all a > 1 —n and for all n € N we conclude that T5'(a) > 1 — A. Also, since lim; ,;- v, (¢) = v,(1) = 1, so there exists
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d > 0 such that for every ¢ > 1—§ we conclude that v, (t) > 1 — 3. Whereas lim,, ew = 1, there exists ng € N such
that for every n > ng we have em >1— g. So for every n > ng we get

3=

von (€) 2Ta(vy(e7), TM(en) o Ta(va(e™), va(e7))))
1

13 s ()
>y <uw<1—§>>
>T3 71—
>1— A

This shows that lim,,_,.c 2™ = 0. O
Now we can ask the following significant question.

Question. Let (A4, v,T1,T3) be a PN-algebra and « € A. Under what other conditions the sequence (z™) converges
to zero?

The following corollary is a direct consequence of Theorem and Proposition

Corollary 2.3. Suppose that (A4,v,T1,T3) is a unital PB-algebra with the unit e4 such that T} and T, are two
t-norms of H-type, z € A and v, (1) = 1. Then e4 —x € InvA and

(ea —x)~ g "

Theorem 2.4. Let (A,v,T1,T2) be a unital PB-algebra with the unit e4 such that T} and T» are two t-norms of
H-type, € A and v,(1) = 1. If ¢ : A — C is a homomorphism, then | p(z) |< 1.

Proof . If | p(x) |> 1, then we replace x by & and by hypotheses,

1>v_e (1) =v(l p(z) [) > ve(1) = 1.

Therefore we assume that ¢(x) = 1. By Corollary there exists y € A such that y = > > 2™ Clearly z + 2y =y
and so

L+ ¢(y) = (@) + p(@)p(y) = ¢l +2y) = ¢(y),
which is absurd, thus | ¢(z) |< 1, as desired. O

Corollary 2.5. Let (A,v,T1,T») be a unital PB-algebra with the unit e4 such that 77 and T are two t-norms of
H-type, z € A, vz(A) =1 (A > 0) and ¢ : A — C be a complex homomorphism. Then Ae4 —x € InvA and | p(x) |< A.

Proof . In Corollary [2.3] and Theorem replace x by §. O
Example 2.6. It is easy to check that, C([0,1]) (the space of continuous functions on [0,1]) with the L'-norm || . ||;

and the usual pointwise operations of functions, is a unital commutative normed algebra. Now it is again easy to see
that, (C([0,1)),v, Ty, Tp) is a unital commutative PN-algebra where

—t— >0,
vi(t) = { L
Define ¢ : C([0,1]) — C with ¢(f) = f(0). Obviously, ¢ is a complex homomorphism on C([0,1]). If f,(z) = (1+1$ =,

then clearly f, € C([0,1], f — 0 and ¢(f,) - 0 as n tends infinity so ¢ is not continues, hence (C([0,1]),v, Ty, T})
is not functionally continuous.

The above example show that every PN-algebras may not be functionally continuous. So we ask the following signifi-
cant question.
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Question. Let (A4,v,T1,T>) be a unital commutative PB-algebra such that 77 and T, are two t-norms of H-type.
Is A functionally continuous?
Let (A,v,T1,Ts) be a PN-algebra. For each o € (0,1), define the function p, : A — R, by

pa(x) =sup{t eR : v,(t) <1-—a},
teR

since v, € DT, p,(x) is finite.

Proposition 2.7. Let (4,v,T,,,T,,) be a PN-algebra over K (where K = R or C). Then every p, (a € (0,1)) is a
multiplicative seminorm (m-seminorm). Furthermore p,(z) = 0 for all a € (0, 1) if and only if = 0.

Proof . Clearly p,(z) > 0 (since v, € DT). Assume that A € K, then for all « € (0,1) and for all z € A we have

t
Pa(Ax) =sup{t € R : vy () <1—a}l=sup{teR : v,(——)<1—a}
teR teRr [ A
=sup{|A|[t€R : v,({) <1—a}=|A|sup{teR : v, (t) <1—a}
teR teR
= | Al pa(@).

Now we show that pa(2y) < po(x)pa(y), for all o € (0,1) and for all x,y € A. To this end, suppose that for some
z,Y € A, pa(zy) > pa(x)pa(y), we can choose t > po(x), s > pa(y) and ts < pa(xy), thus vy (t) > 1—a, vy(s) > 1 -«
and vy (ts) <1— . If 8 = min{v,(t),vy(s)}, then we have

L= > wgy(ts) > Ton(va(t), vy(s)) = Tin(8, 8) = B,

hence v, (t) <1—a or vy(s) < 1—a, which is a contradiction. Finally, by using a similar argument, we can show that
Pa(T+Y) < pa(x) +paly), for all & € (0,1) and for all z,y € A. If z = 0, then v, = €y and for all « € (0,1) obviously
{teR : v, (t) <1—a} =(—00,0], s0 pa(x) =0 for all « € (0,1). Conversely, if p,(z) = 0 for all a € (0, 1), then for
s>0wehaves ¢ {t e R : v,(t) <1—a},s01l—a<y(s) <1forall ac(0,1), thus v, = €, as desired. O

Theorem 2.8. Let (A, v,T,,,T,,) be a PN-algebra. Then the topology on A generated by the family of m-seminorms
{pa : @ € (0,1)} is the same as the topology generated by the system of («, )-neighborhoods.

Proof . It is easy to check that (for all x € A and for all a € (0,1)) po(z) < € if and only if v,(e) > 1 — «, so
Bo(aye)={z € A: vy(e) >1—a}={z € A: po(r) <e} = Bo(pa,€).

Therefore the topology generated by the system of («, €)-neighborhoods coincides with the topology generated by the
family of m-seminorms {p, : « € (0,1)}. O

Lemma 2.9. Let A=Ror C. If Z: A — DT is defined by

L t>0
= = t+z] ’
() { 0 t<0.

Then the quadruple (A4,Z,T,,,T,) is PN-algebra and & (z) = (2 — 1) | « |, for all @ € (0,1), where &, is the
m-seminorm associated with the probabilistic norm Z.

Proof . By Example (A,E, T, Tp) is PN-algebra and it is easy to see that &, (z) = (é — 1) |z |. O

Remark 2.10. Throughout this paper, we denote the usual probabilistic norm on R (or C) by = and the m-seminorms
associated with the probabilistic norm = by &,, which is defined in the above lemma, also we consider R or C with
quadruplet (R (or C),E,T,,T,) as a PN-algebra.

Proposition 2.11. Let (A, v, T, T,) be a PN-algebra and (p,,) be the m-seminorms associated with the probabilistic
norm v. If ¢ : A — C is a J-multiplicative map, then

Ealp(ry) — @(2)0(y)) < 0pa()pal(y),

for all « € (0,1) and for all z,y € A.
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Proof . Assume towards a contradiction that there exist o € (0,1) and x,y € A such that

0Pa(2)Pa(y) < Ealp(zy) — p(2)0(y)).

So there exist ¢, s > 0 such that ¢ > po(z), s > pa(y) and 6ts < &q(@(zy) —p(2)e(y)), thus v (t) > 1—a, vy(s) > 1—a
and Z,(zy)—p(2)p(y) (018) < 1 —a. If B = min{v,(t),vy(s)}, then we have

l—a> Eup(my)—ga(x)ap(y) ((5758) ( (t)’ l/y(s)) > Tm(ﬁa 5) = 6,

hence v, (t) <1—a or vy(s) <1— a, which is a contradiction. [

Lemma 2.12. Let (A, v, T, ) be a PN-algebra and (p,) be the m-seminorms associated with the probabilistic
norm v. If x € A and ¢ : A — C is a map such that for all a € (0, 1),

(2 ~1) | (&) 1< kpa(a).

Then

for all ¢ > 0.
Proof . Assume towards a contradiction that there exists ¢ > 0 such that

ELP(JC) (kt) < Vg (t)

Choose a € (0,1) such that Z,,)(kt) < 1 —a < v,(t), since v, is left continuous at ¢, there exists s < ¢ such that
1 —a < v(s). Now it is easy to see that

pa(z) < s <t < &a
which is a contradiction. [

Theorem 2.13. Let (A,v,T,,,T,n) be a PN-algebra and ¢ : A — C be a d-multiplicative map. Then ¢ is a
multiplicative map or for all « € (0,1) there exists a constant k, > 0 such that &,(p(x)) < kapa(x) for all € A,
where (pq) (a € (0,1)) is the m-seminorms associated with the probabilistic norm v.

Proof . Suppose that ¢ is not multiplicative thus there exist a,b € A such that ¢(ab) # ¢(a)e(b). By Proposition
and Lemma [2.9] for all a € (0,1) and for all z,y € A, we have

(1) | plew) — ol2)p0) 1< pal@)palv).
Note that for all @ € (0,1) pa(a) # 0 # po(b). Now for all « € (0,1) and for all x € A, we get
(é —1) | ¢(2) | ¢(ab) — w(a)p(b) |=($ — 1) [p(@)p(ab) — p(z)p(a)p(d) |
:(é —1) | p(2)p(ab) — p(x)p(a)p(b) + p(zab) £ p(za)p(b) |
1

<(— = 1) (| pl@)pab) - p(zab) | + | plaab) - p(za)p() |

+ | plza)e(b) - ple)pla)p(d) | )
<0pa()pa(aB) + 6pa(20)pa(b) + pa(2)pa(a) | $(0) |
<2090 (2)Pa(@)pa(b) + 0pa(2)pala) | $(0) |

=pa(@) (20Pa(@)pa(v) + 3pa(a) | 2(b) | ).

If

) 20Pa(@)pa(b) +pa(a) | (b) |
: |

(
p(ab) —p(a)p(b) |
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then for all a € (0,1) and for all z € A we obtain

Ealo(@)) = (-~ 1) | 9(2) < kapa(e),
as desired. [

Now, we state the most important theorem of this paper as follows.

Theorem 2.14. Let (A,v,T,,,T,,) be a PN-algebra and ¢ : A — C be a §-multiplicative map. Then ¢ is a
multiplicative map or Z,(,)((1 +6)t) > v,(t) for all z € A and for all ¢ > 0.

Proof . Suppose that ¢ is not multiplicative, we show that =) ((1+0)t) > v,(t) for all x € A and for all £ > 0. To
this end, assume towards a contradiction that there exist zo € A and tg > 0 such that Z,(,,)((1+0)to) < vz, (to). By
Theorem for all o € (0,1) there exists ko > 0 such that

1
(2~ 1) | 9(&) 1< Fapa(a), (2.1)
for all x € A. It is easy to check that there exists ag € (0, 1) such that
1
(CTO —1) [ (o) [> (1 + 8)pay (z0), (2.2)

by Lemma By (2.1) and (2.2)) we get pa,(x0) # 0. Also, there exists ¢ > 0 such that ( —1) | p(zo) |=
Zo)- 2.11]

(14 6+ @Q)pag By Propos1t10n 2.11) and Lemma [2.9] for all a € (0,1) and for all z,y € A, we have

(2 ~1) | plew) — ol2)p0) 1< pal@)pa(v).

Now we show by induction that
1 om
(070 —1) | @ag" ) |2 (1+ 6 +mq)(pay(z0))*" - (2.3)
for every m € N. Using the above results, we have

(o =) 1) 12(5 = 1) | p(eo)? | ~(o = 1) | (o) = olan)®|

o
>(14 8 + q)*(Pay (€0))* = §(Pag (x0))?
>(14 6+ ) (Pao (70))?,

thus (2.3)) is true for m = 1. Now suppose that (2.3]) for m holds, so we obtain

(o =D 1™ 120 = 1) [ olad™ 1 =(o = 1) 1oad™) = o(ad")?

Qo
>(1+ 6+ mq)?(Pag (20))2" " — 8(pay (23™))?

>(1+ 8+ m9)* (pag (20))*" = 6(pag ()"
>(1+ 8+ (m + 1)q) (Pay (20)) "
Hence (2.3) holds for all m € N. Now for each z,y € A, we have
m, 1 1 2 m
(1464 mq)(Pay (0))? (070 —1) | p(zy) — p(x)p(y) |§(CTO 1) (@3 ) [l plzy) — e@)e(y) |
<k Pag ()Pag ()Pao (25 )

m

Skao 6pao (x)pao (y) (pao (1’0))2 s

o) 00k ap0Pao () Pag (V)
leley) = e(@)eW) 1= =, 50 6+ ma)

We let m go to infinity, we obtain ¢ is multiplicative, which is a contradiction, therefore

Z ) (14 0)) > v (1),

forallz € A and for all t > 0. O

Corollary 2.15. Let (A,v, T,,, T;n) be a functionally continuous PN-algebra and ¢ : A — C be a almost homomor-
phism. Then ¢ is automatically continuous.
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