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Abstract

We introduce the notion of left (right) ¢-Connes biprojective for a dual Banach algebra A, where ¢ is a non-zero
wk*-continuous multiplicative linear functional on 4. We discuss the relationship of left ¢-Connes biprojectivity with
¢-Connes amenability and Connes biprojectivity. For a unital weakly cancellative semigroup S, we show that ¢(.9) is
left ¢s-Connes biprojective if and only if S is a finite group, where ¢g € Ay (£1(S)). We prove that for a non-empty
totally ordered set I with the smallest element, the upper triangular I x I-matrix algebra UP(I, A) is right 14-Connes
biprojective if and only if A is right ¢-Connes biprojective and I is a singleton, provided that A has a right identity
and ¢ € Ay« (A). Also for a finite set I, if Z(A) N (A — ker¢) # ), then the dual Banach algebra UP(I, A) under
this new notion forced to have a singleton index.
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1 Introduction and Preliminaries

Johnson introduced and studied the class of amenable Banach algebras. Let A be a Banach algebra and let E be
a Banach A-bimodule. A bounded linear map D : A — F is called a bounded derivation if D(ab) = a- D(b) + D(a)-b
for every a,b € A. A bounded derivation D : A — F is called inner if there exists an element x in E such that
D(a) = a-x—x-a for every a € A. A Banach algebra A is amenable if for every Banach A-bimodule E, every
bounded derivation D : A — E* is inner. Johnson also showed that a Banach algebra A is amenable if and only
if there exists an element M € (A ®, A)** such that a - M = M - a and 7'(M)a = a, for each a € A, where
At A®p A— Ais defined by m4(a ® b) = ab for every a,b € A. For more information about amenability, see [I1].

The category of dual Banach algebras defined by Runde [9]. For a given Banach algebra 4, a Banach A-bimodule
E is called dual if there is a closed submodule E, of E* such that F = (F,)*. The Banach algebra A is called dual if
it is dual as a Banach A-bimodule. Equivalently a Banach algebra A is called dual, if it is a dual Banach space with
predual A, such that the multiplication in A is separately wk*-continuous. A dual Banach A-bimodule E is normal,
if for every x € FE the module maps A — E; a+— a -z and a — x - a are wk*-wk* continuous. The suitable concept
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of amenability for the class of dual Banach algebras is Connes amenability. A dual Banach algebra A is called Connes
amenable if for every normal dual Banach A-bimodule F, every wk*-continuous derivation D : 4 — F is inner. For
a given dual Banach algebra A and a Banach A-bimodule E, cwc(E) denote the set of all elements = € E such that
the module maps A — E; a — a-x and a — x - a are wk*-wk-continuous, one can see that, it is a closed submodule
of E, see [9] and [10] for more details. Since cwe(A,) = A, the adjoint of 74 maps A, into cwe(A®,A)*. Therefore,
% drops to an A-bimodule morphism 7,y : (cwc(A®pA)*)* — A. An element M € (cwc(A®,A)*)* satisfying

a-M=M-a and amsucM =a (a€A),

is called a cwc-virtual diagonal for 4. Runde showed that a dual Banach algebra A is Connes amenable if and only
if there exists a cwe-virtual diagonal for A [10, Theorem 4.8].

The notion of left ¢p-Connes amenability for a dual Banach algebra A introduced by Mahmoodi and some char-
acterizations were given [5] and [7], where ¢ is a wk™-continuous character on A. We say that A is left ¢-Connes
amenable if there exists a bounded linear functional m on cwc(A*) satisfying m(¢) = 1 and m(f - a) = ¢(a)m(f)
for every a € A and f € ocwe(A*). The set of all non-zero wk*-continuous characters on A is denoted by Ay« (A).
We recall that a Banach algebra A is left ¢-contractible, where ¢ is a linear multiplication functional on A, if there
exists m € A such that am = ¢(a)m and ¢(m) = 1, for every a € A, see [4] and [6]. Ramezanpour showed that the
concept of left -Connes amenability is equivalent with left ¢-contractible for a dual Banach algebra, where ¢ is a
wk™-continuous character [T, Proposition 2.3].

Helemskii introduced some important homological notions such as biflatness and biprojectivity for Banach algebras
[3]. Indeed a Banach algebra A is called biprojective (biflat), if there exists a bounded A-bimodule p: A - A®, A
(p: A= (A®, A)**) such that p is a right inverse for 74 (7% o p(a) = i(a) for every a € A, where i : A — A** is the
canonical embedding). In fact a Banach algebra A is amenable if and only if A is biflat and has a bounded approximate
identity [I1]. Helemskii also showed that L'(G) is biflat if and only if G is amenable. It is well-known that the measure
algebra M (G) on a locally compact group G is biprojective if and only if G is finite, for more discussions refer to [I1].
Ramsden characterized the biflatness of semigroup algebras associated to a locally finite inverse semigroup [8]. He
showed that for a locally finite inverse semigroup S, ¢1(S) is biflat if and only if each G,, is an amenable group, where
p is an idempotent element of S and G, is a maximal subgroup of S.

The second author with A. Pourabbas introduced some generalizations of Helemskii’s concepts like ¢-biflatness
and ¢-biprojectivity, where ¢ is a character on A. Indeed a Banach algebra A is called ¢-biflat (¢-biprojective) if
there exists a bounded A-bimodule morphism p : A = (A®, A)** (p: A= A®, A) such that ¢ o 7% o p(a) = ¢(a)
(pomaopla) = ¢(a)) for every a € A. They showed for a locally compact group G, L!(G) is ¢-biflat if and only if
G is amenable. Furthermore they proved that A(G) is ¢-biprojective if and only if G is a discrete group. For more
details see [14].

A dual Banach algebra A is called Connes-biprojective if there exists a bounded A-bimodule morphism p: A —
(cwe(A®,A)*)* such that Ty © p = id4 . Shirinkalam and Pourabbas showed that a dual Banach algebra A is
Connes amenable if and only if A is Connes-biprojective and it has an identity [I7]. Motivated by the definitions of
¢-biprojectivity and Connes-biprojectivity, we introduce a new notion for a class of dual Banach algebras.

Definition 1.1. Let A be a dual Banach algebra and let ¢ € Ay«(A). Then A is called left (right) ¢-Connes
biprojective if there exists a bounded linear map p : A — (cwe(A ®, A)*)* such that

plab) = ¢(b)p(a) = a- p(b), (p(ab) = ¢(a)p(b) = p(a) - b)
and
¢ 0 Touwe © pla) = ¢(a)
for all a,b € A, respectively.

In this paper, we study the relationship between this new notion with ¢-Connes amenability and Connes biprojectivity.
In section 2, we investigate that under certain conditions like approximate identity for the dual Banach algebras or
the existence of an element in Z(A), left ¢-Connes biprojectivity implies left ¢-Connes amenability. In section 3, as
an application we characterize the left ¢-Connes biprojectivity of the dual Banach algebras ¢!(S) with finiteness of
the semigroup S, where S is a unital weakly cancellative semigroup. We show that for a given dual Banach algebra
A with a right identity, the I x I-upper triangular matrices Banach algebra with the usual matrix operations and
the finite ¢!-norm, under the right 14-Connes biprojectivity is forced to have a singleton index. Also, we show in the
case that if I is a finite set and Z(A) N (A — ker¢) # 0, then the dual Banach algebra UP(I,.A) is left 1)4-Connes
biprojective if and only if [I| =1 and A is left ¢-Connes biprojective.
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2 Left ¢-Connes biprojectivity

We recall some basic notions. For a Banach algebra A, the projective tensor product A®,.A4 is a Banach .A-bimodule
via the following actions
a-(b®c)=ab®ec, (a®b)-c=a®bc (a,b,ce A).

If X is a Banach A-bimodule, then X* is also a Banach A-bimodule via the following actions

(@ @) =flx-a), (f-a)(x)=fla-z) (acAreX, feX)

By inspiration of methods that used in [I2] Theorem 2.6], we state the following Proposition.

Proposition 2.1. Let A be a Connes biprojective dual Banach algebra and let ¢ € Ay« (A). Then A is left ¢-Connes
biprojective.

Proof . Suppose that A is Connes biprojective. Then there exists a bounded A-bimodule morphism p : A —
(cwe(A ®, A)*)* such that mee 0 p =ids. We complete the proof in three steps:

Step one: There exist a bounded linear map I' : (cwe(A ®, A)*)* — (cwec(A ®, A)*)* such that a - T'(m) =
I'(a-m) and ¢é(a)l(m)=T(m-a), for every m € (cwc(A®.A)*)* and a € A. To see this, choose ag in A such that
¢(ap) = 1. Define 6 : A@, A — A®, Aby 0(a®b) =¢(b)(a® ag) for every a,b € A. It is clear that # is a bounded
linear map. One can see that

O(c-(a®b))=dd(b)ca®ag=c-0(a®b) (a,bceA)

and
0((a®b)-c) =0(a®bc) = ¢(be)a® ag = ¢(c)p(b)a ® ag = ¢(c)f(a®@b) (a,b,c € A).
So we have
a-0(u)=0(a-u) and ¢(a)f(u)=0(u-a) (a€ AuecAR,A) (2.1)
and also

a-0°(f) = ¢(a)0"(f) and 0°(f)-a=0"(f-a) (acA fe (A, A))
It follows that §*(cwc(A ®, A)*) C owe(A ®p A)*. Then define
I = (0" owe(am,4))" 1 (cwe(A®, A)*)" = (cwe(A @, A))"

Then T is a bounded linear map. We know that there exists a continuous .A-bimodule map i : A®A — (cwc(ARA)*)*
which has a wk*-dense range. We write @ instead of i(u) = [, ,caga)- for every u € A®A. For every m €

(cwe(A®A)*)*, there exists a net (u,) in A®A such that m = wk*-lim 4,. Since I'(@) = 9/(\u)|gwc(A®pA)* for every
u € AR®A and T is wk*-continuous, (2.1)) implies that
a-T(m)=T(a-m) and ¢(a)l'(m)=T(m-a), (2.2)
for every m € (owe(A®A)*)* and a € A.
Step two: We show that ¢ o Ty 0 I' = ¢ 0 Tyye. For every a,b € A

pomacbla®b) =doma(¢(b)a®ar) = p(b)d(a) = pomala®b).
So pomgo080 =¢pomy. Forevery m € (cwe(ARA)*)*, there exists a net (u,) in A®A such that m = wk*—liénaa.
Since e and I' are wk*-continuous map,
6 Toue 0 D(m) = 1M 6 © Toe 0 [ () = i 6 © Ty 0 0(t10) lowe( A, A)*
= li;ngb omy0b(uy) = liéngb omg(tg) = liénqﬁ 0 Towe(la)

= ¢ 0 Tgue(Wk™lima) = ¢ © Toue(m).

Step three: We show that A is left ¢-Connes biprojective. To see this, define n:=Top: A — (cwe(A®.A)*)*. Clearly
71 is a bounded linear map. (2.2)) implies that

a-n(b) =n(ab) and ¢(b)n(a) =n(ab) (a,be A).
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According to step two,

¢ O Towe © U(a) = (b O TTgwe © I'o P(a) = ¢ O TTgwe © P(a> = ¢((L) (a’ € A)
O

Example 2.2. Let A be a dual Banach space and dim .4 > 2. Suppose that ¢ is a non-zero wk*-continuous functional
on A with ||¢]| < 1. Define a product on A with ab = ¢(b)a, for all a,b € A. Since ¢ is wk*-continuous, the
multiplication in A is separately wk*-continuous. Then A be a dual Banach algebra [9, Exercise 4.4.1]. Pick zg in A
such that ¢(zg) = 1. Define p : A — (cwc(A®.A)*)* by p(a) = @J|UWC(A®A)* for every a € A. Tt is clear that p is
a bounded A-bimodule morphism such that 7. 0 p = id4. So A is Connes biprojective. Apply Proposition A
is left ¢-Connes biprojective.

Proposition 2.3. Suppose that A is a dual Banach algebra and ¢ € A« (A). Then the left ¢-Connes amenability of
A implies that A is left ¢-Connes biprojective.

Proof . Let A be left ¢-Connes amenable. Then using [7, Proposition 2.3], there exists mg € A such that amg =
#(a)ymo and ¢(mg) = 1 for all a € A. Define M := mg ® mg and we have a - M = ¢(a)M and ¢ o w4(M) = ¢(m3) =
#(mp)? = 1. Since A®, A embeds in (cwc(A®, A)*)*, consider M as an element in (cwc(A®, .A)*)*. The mapping
p: A— (cwe(A®, A)*)* defined by p(a) = a- M. It is clear that p(ab) = a - p(b) = ¢(b)p(a) for all a,b € A. Also,
we have

¢O7To'wcop(a> = ¢O7To'wc(a/'m0 ®m0>
= ¢(amp)

= ¢(a)

0 In the following example, we show that there exists a dual Banach algebra which is left ¢-Connes biprojective but
it is not left ¢-Connes amenable.

Example 2.4. Let A = (0 C) be an upper triangular Banach algebra on C. Then it is clear that the map

0 C
. 0 a2 0 1
¢ : A — C defined by (b((o g 0 1

p: A— (cwc(A®, A)*)* by p(a) =a® ag for each a € A. It is easy to see that
plab) = ¢(b)p(a) = a- p(b), ¢ o mguwe o pla) = d(a),  (a,b € A).

So A is left ¢-Connes biprojective. Now we claim that A is not left ¢-Connes amenable. We assume in contradiction

0 m12> € A such that
0 ma2

)) = agy 1s a wk*-continuous character. Put a9 = ( ) So ¢(ag) = 1. Define

that A is left ¢-Connes amenable. So by [7, Proposition 2.3] which result, there exists m = <
am = ¢(a)m, ¢(m) = maos =1, (a € A).

0 . .
Let a = (O 212> be an arbitrary element of A. Put a at above equation, we have ajamos = asemys for all aqa, ass € A.
22

Suppose that a1 = 1 and age = 0. It implies that mos = 0 and it is a contradiction.

We show that under certain conditions the left ¢-Connes biprojectivity of A implies that A is left ¢-Connes
amenable:

Theorem 2.5. Let A be a dual Banach algebra and let ¢ € A+ (A) such that A has left approximate identity. If .4
is left ¢-Connes biprojective, then A is left ¢-Connes amenable.

Proof . Let A be left ¢-Connes biprojective. Then there exists a bounded linear map p : A — (cwc(A ®, A)*)*
such that p(ab) = ¢(b)p(a) = a- p(b) and ¢ o Tyye © p(a) = ¢(a) for every a,b € A. By using the main ideas in [12]
Proposition 2.4], we complete the proof in three steps:

Step one: There exists a bounded left A-bimodule morphism ¢ : A — (cwc( AR, ké?d))*)* which ¢(I) = 0, for every

[ € ker¢. To see this, put 7 := id4 ® ¢ : AQpA — A(}%ﬁ , where ¢ : A — ﬁ is a quotient map. Since T is
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a bounded A-bimodule morphism, T*(awc(A®p%;¢)*) C owc(A®pA)*. Now set ¢ = (77|, yeap, 4-))" © p- SO

ker &
¢: A= (owe(A®, k£¢)*)* is a bounded left A-module morphism such that {(ab) = ¢(b)a for every a,b € A. We
have

¢() =lim((eal) = (1) lim((ea) =0 (I € ker §),
where (e,) is a left approximate identity for A.

Step two: There exists a bounded left .A-module morphism 6 : ﬁ — A such that ¢ o 8(a + ker ¢) = ¢(a) for

every a € A. To see this, in the previous step we showed that (|ierg = 0. Thus there exists a well-defined map

¢: k;l(ﬁ — (cwc(A®, k£¢)*)* which is defined by ((a + ker ¢) = ((a) for every a € A. Consider a left A-module

morphism id4 ® ¢ : A(X@ﬁ — A defined by id4 ® ¢~>(a ® (b + ker ¢)) = ¢(b)a, where 6 is a character on ﬁ given

by QNS(a + ker ¢) = ¢(a) for every a € A. Respect with dual module action we have
(ida ® §)"(f) -a = (ida® §)*(f-a), a-(ida® )" (f) = d(a)ida®P)*(f) (a€A[eA).  (23)

Since ¢ is wk*-continuous, 1' implies that (idg ® ¢)*(A,) = (idg ® ¢)*(cwe(A,)) C O'UIC(.A@pﬁ)*. Set 6 =
((id4 ® ¢)*|a,)* o C. Then 6 : ﬁ — A is a bounded left A-module morphism. We have

¢ (ida®d) o (ida ® Q)b ) = do (ida® P)(b® ¢+ ker p)
= @(bo(c)) = p(b)p(c) = p(bc) = poma(b@c) (bce A).
Therefore ¢ o (idg ® ¢) o (ida ® q) = pom4.
Now for every a € A, there exists a net (u,) in A®.A such that p(a) = wk*—li;n Galyye(aga)-- Since ¢ is wk*-
continuous,
pob(a+kerg)=do ((ids® d)*|a.)* ol(a+kerep)
= ¢ 0 ((ida ® 9)*4.)" © (T gwe(as, gas)- ) © p(a)
— Glwklim((ida © §)"
= lién(b oidy ® ¢oida @ q(ug) = 1131(;5 oma(ug) (in (cwc(ARA)*)).

(2.4)

A ) o (T*|awc(A®pﬁ)*)*(aa|awc(A®A)*))

Since for every u € AXA, Towe(lalpwe(aga)-) = Ta(w), by 1'

¢ o0(a+ker¢) = li£n¢ ° Towe(lalgye(ag.a)) = P(WE™- lién Towe(lalgwe(ag.a)-))

= ¢ o 71-(mt)c('wk;*' hén ualgwc(A®A)*) = ¢ O Mowe © p(a) = d)(a’) (CL € 'A)

Step three: We prove that A is left ¢-Connes amenable. Choose zy € A such that ¢(z¢) = 1. Let m = 0(xg + ker ¢).
Then
am = af(xg + ker ¢) = 0(axg + ker ¢) = 0(¢(a)xo + ker ) = ¢p(a)m (a € A).

According to step two,
¢(m) = ¢ o 0(zo + ker ¢) = P(xo) = 1.
Using [7, Proposition 2.3], A is left ¢-Connes amenable. O

Example 2.6. Let A be a dual Banach space. Suppose that ¢ is a non-zero wk*-continuous functional on A with
ll¢|| < 1. Define a product on A with ab = ¢(b)a, for all a,b € A as the same in Example Then A be a dual Banach
algebra. It is known that its unitization A#* = A @ C is a dual Banach algebra with respect to A, @ C. Consider
the character ¢ : A% — C defined by 1(a, \) = ¢(a) + . Since ¢ is wk*-continuous, 1 is wk*-continuous. We claim
that A% is left 1)-Connes biprojective if and only if dimA = 1. Let A% be a left 1)-Connes biprojective dual Banach
algebra. Since A# is unital, the argument as in Theorem implies that A# is left ¢)-contractible. Then there exists
an element m = (a, \) in A% such that zm = ¢(z)m and ¥(m) = 1 for every z € A¥. So z = 1(m)x = ¥(x)m. For
every b € A, let x = (b,0). It is easy to see that b = ¢(b)a. Thus dim(A) = 1.

Conversely if dim(A) = 1, then A = C as a Banach algebra. It is obvious that A* is left 1)-Connes biprojective.

We denote Z(A) = {ap € Alaag = apa,Va € A}.
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Lemma 2.7. Let A be a dual Banach algebra with ¢ € A,«(A) and also let ag be an element of Z(A) such that
@(ag) # 0. If A is left ¢-Connes biprojective, then A is left ¢-Connes amenable.

Proof . Suppose that p: A — (cwe(A®, A)*)* is a bounded linear map, p(ab) = ¢(b)p(a) = ap(b) and ¢ o Ty ©
pla) = ¢(a) for all a,b € A. Without loss of generality we may assume that ¢(ag) = 1. Since ag € Z(.A), we have

a- plag) = plaao) = plaga) = #(a)p(a).

Define M := m,yc(p(ag)) € A. The map sy is an A-bimodule morphism, so we have

aM = aﬂ-crwc(p(ao)) = ’/Tawc(a . P(CLO)) = QS(G)M?

and
¢(M) = @ O Towe © P(ao) = ¢(a0) =1.
Apply [7, Proposition 2.3] follows that A is left ¢-Connes amenable. O

3 Applications

Recall that a discrete semigroup S is weakly left (respectively, right) cancellative if s™'F = {z € S : sv € F}
(respectively, Fs~! = {x € S : xs € F'}) is finite for each s € S and each finite subset F of S. Also S is called weakly
cancellative if it is both weakly left cancellative and weakly right cancellative [I, Definition 3.14]. Note that ¢!(S) is
a dual Banach algebra if and only if S is weakly cancelative [I, Theorem 4.6].

For the semigroup algebra ¢1(S) related to any discrete semigroup S, there exists a multiplicative linear functional
(character) on £1(S). In fact the augmentation character on ¢1(S) defined by

Zas5s = Zasa

seS seS

and it is denoted by ¢, or ¢g.

Proposition 3.1. Let S be a unital weakly cancellative semigroup and let ¢g € Ay (£1(S)). Then £1(9) is left
¢s-Connes biprojective if and only if S is a finite group.

Proof . Suppose that e € S is unit. Then &, is a unit for £1(S). If £1(.9) is left ¢s-Connes biprojective, then Theorem
implies that ¢1(9) is left ¢pg-contractible. Thus there exists m € ¢1(S) such that am = ¢s(a)m and ¢g(m) = 1 for
every a € A. By [2, Theorem 4.3], S is a group. Also [0, Theorem 6.1] implies that S is compact. Since S is discrete,
S must be finite.

Conversely is clear. [J

Remark 3.2. Consider S = N with the binary operation (m,n) — max{m,n}, where m and n are in N and it is
denoted by Ny. Then Ny, is a weakly cancellative semigroup [I, Example 3.36]. The augmentation character on ¢!(N,)
is not wk*-continuous; to see this, by contrary suppose that the augmentation character is wk*-continuous. Using [14]
Example 5.5; Proposition 2.2], follows that ¢1(N, ) is left ¢o-amenable. So £}(Ny) is left ¢o.-Connes amenable [7}
Proposition 2.3]. Hence similar to the proof of previous Proposition Ny, is finite, which is a contradiction.

Let A be a dual Banach algebra and let I be a totally ordered set. Then the set of all I x [-upper triangular

matrices with the usual matrix operations and the finite ¢!-norm || [a; ;]; jer [|= Y. | ai; [|[< oo becomes a dual
ijel
Banach algebra [15] and it is denoted by

UP(I,A) = { [ ai; ]i,jel;ai’j € Aand a;; =0 for every i > j}.
Let A be a dual Banach algebra and let ¢ € Ayi+(A). Then define vy : UP(I, A) — C by ¥4((aij)) = &(Gigi,),
where I be a totally ordered set which has a smallest element. One can see that 14 is a wk*-continuous character on

UP(I,A). Suppose that (a,) is a net in UP(I,.A) such that a, “ES b. Consider F € UP(I,A), which all of entries

are zero except (io,%0)-th. It follows that af ; (Fiy.iy) — big.io(Fi i), Where Fi, ;, is an arbitrary element in A.. So

ag i wh biy.io- Since ¢ is wk*-continuous, Yy (aq) — Yy (b).

0,%0
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Theorem 3.3. Let A be a dual Banach algebra with a right identity and ¢ € A+ (A) and also let I be a totally
ordered set which has a smallest element. Then UP(I, A) is right 14-Connes biprojective if and only if |[I| =1 and A
is right ¢-Connes biprojective.

Proof . Suppose that UP(I,.A) is right ¢4-Connes biprojective. Since A has a right identity, UP(I, A) has a right
approximate identity [I3, Lemma 5.1]. Similar with Theorem UP(I,A) is right 1¢-contractible. So there exist m
in UP(I,.A) such that ma = 9(a)m and y(m) = ¢p(m;y,) = 1 for every a € UP(I, A). Suppose that I has at least
two elements. Let a be a matrix in UP(I,.A) which (ig, j)-th entry is e and others are zero, where j # ig and e is a
right identity for A. So ma = ¢g(a)m = 0. It follows that m;,;, = 0, which is a contradiction with ¢(m;,,,) = 1.

Converse is clear. O Let A be a dual Banach algebra and let ¢ € Ak« (A). Consider I as a finite set {i1,ia,...,in}-
Define g : UP(1, A) — C by 94 ((ai;)) = ¢(ai,i,). One can see that 14 is a wk*-continuous character on UP(I, A).

Theorem 3.4. Let A be a dual Banach algebra and ¢ € Ak« (A) and I be a finite set such that Z(A)N(A—ker ¢) # 0.
Then UP(I, A) is left 4-Connes biprojective if and only if |I| =1 and A is left ¢-Connes biprojective.

Proof . Let UP(I, A) be left 1,-Connes biprojective. Suppose that there exists ag € A such that aay = apa and

a 0 0 O
0 ao 0 O

¢lag) =1. Put Ap = . . . ) . By an easy calculation A¢gB = BAy for every B € UP(I, A) and
0 0 - a

l7l><’Ln
1g(Ao) = ¢(ag) = 1. Therefore, it conclude that Ay € Z(UP(I,A)) N (UP(I, A) — kerty). Proposition implies
that UP(I, A) is left ¢4,-Connes amenable. Clearly, 9, is a wk*-continuous map. By [7}, Proposition 2.3], UP(I, A) is
left ¢ 4-contractible. We assume in contradiction |I| > 2. Define J = {[a;;] € UP(I, A) | a;; =0 Vj #i,}. It is clear
that J is a closed ideal of UP(I,A) and 14|, # 0. By [6, Proposition 3.8], J is left ¢4 -contractible. It means that
there exists m € J such that xm = vy, (x)m for all x € J and 9, (m) = 1.

00 - an, 00 - mi
o o0 --- Aiyi,y o o0 --- maon

Now if x = | . . . ] andm=|. . . , then we have that ag, = ¢(an,)mg, for all k =

L---,n and 94, (m) = ¢(Mmu,) = 1. Put a1, = muyp and ap, = 0 or (an, € ker¢). Hence m2, = 0 and

)
J
(b(mfm) @(Mpn) = 0, which is a contradiction OJ

Example 3.5. Consider the semigroup S = N, as in Remark 3.2} It is clear that 1 is a unit for Ny. Therefore d; is

a unit for the dual Banach algebra ¢*(N,)). Define ¢y, : £}(S) — C by gbno(z i0;) = Z a;. One can see that ¢y, is
i=1 i=1
a wk*-continuous character on ¢*(Ny). We have the following statement:
Let I be a totally ordered set which has a smallest element. Define ¢ : UP(I,¢*(Ny)) — C by v, ((a;;)) =
®no(@igiy). Apply Theorem the dual Banach algebra UP(I,¢*(Ny))) is not right 1,,-Connes biflat, unless I is a
singleton set.

Example 3.6. Consider the Banach algebra ¢! of all sequences a = (a(n)) of complex numbers with

el —Z\a )| < o0,

and the following product

[ a(1)b(1) if n=1
(a*b)(n) = { a(1)b(n) + b(1)a(n) + a(n)b(n) if n>1

for every a,b € (1. Define o, : 1 — C by ¢1(a) = a(1) for every a € ¢1. It is easy to see that ¢ is a w*-continuous
character on (¢, ). Following [16, Example 3.4], (¢}, ) is a dual Banach algebra with respect to cg, which is not left
¢1-Connes amenable. Since (£1,x) has a unit d;, where d; is equal to 1 at n = 1 and 0 elsewhere, Theoremimplies
that (¢1, ) is not left ¢;-Connes biprojective.
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