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Abstract

The main crux of this research manuscript is to study the existence and uniqueness of generalized mild solutions for
nonlinear Schrodinger equations with singular initial conditions in the extended algebras of generalized functions. The
proofs are based on generalized semigroups theory and Gronwall’s inequality. As an application, our theoretical results
have been illustrated by providing a suitable example.
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1 Introduction

The wave function of a quantum mechanical system is determined by the Schrodinger equation, which is a partial
differential equation. This is a crucial result of quantum mechanics, and its discovery marked an important milestone
in the field’s development. The Schrodinger equation is the quantum analogue of Newton’s second law in conventional
physics in terms of idea. When given a set of known initial conditions, Newton’s second law offers a mathematical
prediction about the path that a given physical system will take over time. In quantum physics, the Schrodinger
equation describes the evolution of a wave function over time and is used to characterize an isolated physical system.
The equation can be derived from the fact that the time evolution operator has to be unitary, and therefore be
generated by the exponential of a self-adjoint operator, which is the quantum hamiltonian. In the beginning of 1980s,
Colombeau introduced the algebra of generalized functions G to handle multiplication distribution problem see [2]
and [I]. This algebra is a differential on an inclusive space Schwartz distribution of D' Moreover, in the algebra
G non-linear operations are more general than multiplication. Therefore, this algebra is more convenient for finding
and studying the solutions of nonlinear differential equations with singular data and coefficients. This algebra plays
a crucial role in giving the multiplication of the distributions [3] and [I0]. As a nonlinear extension of distribution
theory to deal with non-linearities and singularities of data and coefficients in the theory of PDEs [I0]. This algebra
include the space of distributions D’ as a subspace with an embedding realized through convolution with a suitable
mollifier. The elements of G are classes of smooth functions called moderate functions with respect to a set of negligible
functions. The reason for introducing this regularity is the possibility to solve nonlinear problems with singularities
and derivatives of arbitrary real order.
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In this paper, we investigate the existence and uniqueness of the solution to the Cauchy problem given by:

Dox(t) + Ax(t) = F(t,z(t)), 0<a<l1,tel0,A]
(1.1)
x(0) = xo,

in the setting of Colombeau algebras, where xg € Risa generalized real algebra Banach space, —A be the infinitesimal
generator of an analytic generalized semigroup (T'(t));>o of uniformly bounded linear operators on a class of Colombeau
algebra. Furthermore, regarding works on the Colombeau semigroup , we refer to [§] and the references therein. Our
idea is inspired by the one presented in [14] where the author proved the existence of the Cuachy problem (|L.1)) under
two assumptions concerning the infinitesimal generator —A of an analytic semigroup, in this work we have shown
without making any conditions on the generator —A, the problem (1.1]) has a unique solution in the extension G¢(R)™
of the Colombeau algebra, then we will apply the results of this work to the fractional problem related with the
Schrédinger equation.

10pu(t, x) — Au(t, ) + v(z)u(t,z) = 0,

(1.2)

v(z) = 6(x), u(0,z) = (),
where 0 < @ < 1 and ¢ is the Dirac distribution. The organization of this paper is as follows. In section 2, we recall
some fundamental properties of the generalized functions theory. The new notion of generalized semigroup takes place

in section 3. Section 4 is consecrated to the proof of existence and uniqueness in Colombeau algebra to the problem
given in ([1.1]). In Section 5 we have introduced an example to illustrate our work.

2 Preliminaries

In this section, we recall some fundamental properties of generalized functions theory in colombeau sense. The
regularization methods of Colombeau-type is to model non-smooth objects by approximating nets of any smooth
functions, which has a moderate asymptotic bounds and to identify regularizing nets whose differences compared to
the moderateness scale are negligible. The equivalence classes of regularization moderates nets with respect a negligible
nets are called elements of colombeau generalized functions i.e., sequences of smooth functions satisfying the conditions
of asymptotically in the regularization parameter . Let n € N*, as in [3]. We define the set

E(R") = (Coo (R™) )(0,1)-
o &y (Q): Moderate families defined by

VK € Q,VYa € Nj,3p > 0: sup ||0%uc(2)| = Oc0(e7P). (2.1)
zeK

o Ey(Q): Null families defned by

VK € Q,Va € Njj,Vq > 0: sup || 0% (z)]| = Ocs0(e?). (2.2)
reK

With the following operations (uc) + (ve) = (ue + ve) and (ue)e X (ve)e = (ue X ve)e. The Colombeau algebra is
defined as a factor set

G(R") = Em(R™)/N(R").
The ring of all generalized real numbers is given by the following set
R=£R)/I([R),

where
5(R) - {(xe)e € (R)(OJ)/Hm € N7| xs‘ = OE%O(E_m)}y

and
I(R) = {(xg)g € R)OY ¥m e N, | z.| = oﬁo(am)}.
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We note that R is a ring obtained by factoring moderate families of real numbers with respect to negligible families.
The space £(R) is an algebra, and Z(R) is an ideal of £(R). Note that R™ C G(R™). The extended Colombeau algebras
of generalized functions G¢(€2) on an open subset Q of R™ are defined in the sense of extending entire derivatives to
fractional ones, which were first introduced by M. Stojanovic see [13] for more details.

Let £(2) be the algebra of all nets (uc)eso of real valued functions u. € C*(2), the algebra of extended moderate
functions is given by

Ey(Q) = {(u5)5>0 € (£(Q) %Y . VK cc R,Ya € R, U{0},3N € N such that sg}g\ D% (z)| = O0(E™N), ase — O},

and the set of negligible functions is defined this time by

Ne(Q) = {(u5)5>0 € (£(Q)OY . VK cc R,Ya € R, U{0},Yq € N such that sup | D%u.(z)| = O(?), as e — O}.
zeK

Here D* m —1 < a < m, m € N* is the Caputo fractional derivative, for the fractional derivatives and
fractional integral we can see [I1], [I2], [6] and the references therein. G¢(2) is given by the factor algebras G¢(Q2) =
EE, () /NE(Q). In [M], a generalized solution to the system of equations (9) is constructed in the context of Colombeau
algebras for tempering generalized functions, G7(R™) which was firstly introduced by J.F. Colombeau to develop the
theory of Fourier transform in the algebra of generalized functions. We start by defining

Op(R™) = {f €CPR"):Yae Ny, AN eN seuﬂg <z >Novf(z) < oo},

where < 2 >"N= (1+ | 2 ||)¥. The Colombeau algebra of tempered generalized functions is given by
Gr(R") = EX(R™)/NE(R),
with

E4(R™) = {(us)g>O € (On(R™) :Va € Ry U{0},3N > 0 such that sup | D*ue(e)| = O(N), ase — o},

and

NER™) = {(u5)5>0 € (Ou(R")" : Vo € Ry U{0},3N >0, ¥g > 0 such that, sup | Due(x)] = O(e?), as e — o},
zeR™

where D% m — 1 < o < m with m € N*is the Caputo fractional derivative. Embedding of the Schwartz distributions

space §'(R™) into G¢(R™) is given by u — [(u * ¢ )cer], with

1
bela) = 20(2), 6 € CF(R), 6(x) 20, / o=1, / ¢ =0,Ya €N, | a|> 0.
R R
2.1 Caputo derivative

The Caputo fractional integral is defined as follows

Ifx(t) = ﬁ/@ (t — s)* ta(s)ds, (2.3)

with m — 1 < @« < m and m € N*. Fractional derivative in the Caputo sense of order « of a function « is defined by

Dgx(t) = ! ] /0 (t — )= (m) () ds, (2.4)

I'(m— «

where m — 1 < a < m and m € N*, provided that this integral convergent which is the case when f belongs to the
class of absolutely continuous functions see [5].
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2.2 Embedding of the Caputo fractional derivative into colombeau algebra

Inspired by the classical theory of Colombeau for integer derivatives. To prove the embedding of the distribution in
the extended Colombeau algebra, We have to show that all derivatives are moderate, including fractional derivatives,
i.e. we prove that D%w,(t) = D*(w * ¢.) * @< (t) is moderate. For a €]0, 1] we have

D = 0 e . 0) < o ([ EE) 4 ot

(=)
/t wl(s)ds
o (t—s)

1

< = sup | ()] e
I'(l—-a) t€[0,T) | : e
11—«
< ——— sup | wi(t)] < Cure™,
L1 —a)tejory  ° e
Then there exists N > 0, such that ~
Dow. < Core™ ¥, (2.5)
hence
o ! « / C e
’ (Dow.) ‘ — | Dw.(t) * L (1)) < = sup | D%w.(t)] ,
€ telo,T)

where the last expression is given by (3). Let 0 < a < 1, for higher fractional derivatives we use the semigroup
property of fractional differentiation: D% (D%u.) = D*T®u.. We have,

e ([)awé") =D (Dawa * 906) = DOH_O‘WE * Pe.

Then, there exists N > 0 and ¢t € [0,T),T > 0 such that

NN S AR A0
(D * WE) @a(t)— )A (

'l -« t—s)ota
1 b0 | s ()

< ——— sup |w.(l)| | ——xp(T

L(1—a) tepo,1) 1—(a+a)

C T2—(a+a)
’ —N

< ——— sup |w.(t)] ————— < Craac

I'l—a) tE[O,T)‘ ()] e2—(a+a)

3 Generalized Semigroup

In this section, we will recall the results, concerning generalized semigroup, stated in the paper[9].

Definition 3.1. [9] SEp (R4 : L(X)) is the space of nets (S:). of strongly continuous mappings S. : Ry —
L.(X), € €(0,1) with the property that for every T > 0 there exists a € R such that,

sup | Sc(t)] = Oc—0(e?). (3.1)
te[0,T)

SN Ry : L.(X)) is the space of nets (N;). of strongly continuous mappings N, : Ry — L.(X), € € (0,1) with
the properties:

For every b€ Rand T > 0,

sup | No(t)| = O._s0(e?). (3.2)
t€[0,T)
There exists tg > 0 and a € R such that,
N(t “
sup | ( )| = O._,0(%). (3.3)

t<to
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There exists a net (H.). in L.(X) and gg € (0,1) such that,

lim Ne(?)

t—s0 t

=Hux, zve€X, €<eop. (3.4)

For every b > 0,
| He| = Ocsso(e”). (3.5)

Remark 3.2. Note that because of (3.1)), it is sufficient that (3.2)) holds for all x € D where D is a dense subspace of
X.

Proposition 3.3. [9] S€u (R4 : L.(X)) is algebra with respect to composition and SN (R4 : £.(X)) is an ideal of
SEMRL : Lo(X)).

Now we define Colombeau type algebra as the factor algebra

SG(R4 : L(X)) =SEm R4 : L(X))/SN (R : L(X)). (3.6)
Elements of SG(Ry : £(X)) will be denoted by S = [Sc], where (S;). is a representatvie of the above class.

Definition 3.4. [9] S € SG(R; : £(X)) is a called a Colombeau Cp-Semigroup if it has a representative (S). such
that, for some ¢y > 0, S. is a Cy-Semigroup, for every e < .

In the sequel we will use only representatives (Se). of a Colombeau Cy-semigroup S which are Cy-semigroups, for
€ small enough.

Proposition 3.5. [9] Let (S.). and (S:). be representatives of a Colombeau Cyp-semigroup S, with the infinitesimal

generators A., € < &g, and A., € < &o, respectively, where g and €y correspond (in the sense of definition (3.4)) to

(Sc)e and (S:)e, respectively. Then, D(A.) = D(A;) for every € < & = min{eg, o} and A. — A. can be extended to
an element of £(X), denoted again by A. — A.. Moreover, for every a € R

| Ac — A.| = O._y0(e%). (3.7)
Now we define the infinitesimal generator of a Colombeau Cp-semigroup S. Denote by A the set of pairs

((Ao)e, (D(A:))e) where A, is a closed linear operator on X with the dense domain D(A.) C X for every ¢ € (0,1).
We introduce an equivalence relation in A,

((Ao)e, (D(A:))e) ~ ((Ae)e, (D(A2))e)-

If there exists g9 € (0,1) such that D(A.) = D(A,) for every € < £9. And for every a € R, there exist C' > 0 and
€a < g such that for z € D(A.),

| (Ac — fls)m| <Ce x|, x € D(Ae),e < &q.
Since A. has a dense domain in X, R, := A, — A, can be extended to be an operator in L.(X) satisfying

| (Ac — A)z| = O._,0(e%) for every a € R, such an operator R. is called the zero operator. We denote by A the
corresponding element of the quotient space A/ ~. Due to proposition (3.3, the following definition makes sense.

Definition 3.6. A € A/ ~ is the infinitesimal generator of a Colombeau Cp-semigroup S if there exists a represen-
tative (Ac). of A such that A, is the infinitesimal generator of S, for & small enough.

Remark 3.7. [0 Let the assumptions of definition (3.1) holds. Moreover, assume a stronger assumption than (3.1)).
Then there exist M > 0, a € R and ¢y € (0,1) such that,

| S.(t)] < Me%e®!', e<ey, t>0, (3.8)
where 0 < a. < a, for some a > 0.
Hence we obtain the corresponding sub algebra of SG(Ry : £(X)). For this we can formulate the Hille-Yosida

theorem in a usual way. For the whole algebra of Colombeau Cy-semigroups, SG(R, : £(X)) the formulation of the
Hille-Yosida-Type theorem is an open problem.
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4 Generalized mild solutions

Let us consider the Cauchy problem in the framework of Colombeau algebras

{Do‘x(t) + Ax(t) = F(t, z(t)), (4.1)

z(0) = o € R.

where —A is an infinitesemal genrator of a generalized colombeau semigroup (T'(¢))i>0 = [((T=(t))i>0)e) , € (G°(R))™,
F € (G¢(R))" L. The representative form of (4.1]) given by

Daxa(t) + Aexs(t) = Fe(tv xe(t))’
(4.2)
2:(0) = mge.
According to the defintions (2.3)) and (2.4]) we write the Cauchy problem in the integral equation
Te(t) = T0c + 15y Jo (t = 8)° 7 [~ Acae(s) + Fo(s, 2 (s))ds, 43)
2e(0) = xoe. )
The proof of the theorem requires the two lemmas below
Lemma 4.1. If (4.3)) holds, then there is a probability density function ¢, defined on (0, +00) such that
() = [;° GaTe(tCa)zocd + o [y [57 6 = 5)° da () TL((t — 5)*E) Fx(s, 2c(s))dEds,
(4.4)
2:(0) = xoe.
Proof . Applying the Laplace transform to the first equation in (4.3)),
1 1 1
Lx.(N) = 0 + )\—QAEE(xe)(/\) + /\—QE(FE(.,%(.))()\),
we have
z.(N) = AT T AT g + (AT T+ A7
AT 4+ Ad) o + (AT 4+ Ad) T L(em M EL (s, 32(5))) (V)
= \>! / e N Te(s)zods + / e ST (s)w(N)ds, (4.5)
0 0

where I is the identity operator, and w(\) is the Laplace transform of F.(s,z.(s)). Consider the probability density
given in [7] by
1

R S T

whose Laplace transform is given by e~ 24, (£)d¢é = e=*", with o € (0,1). Then

sin(nma), € € (0,00), (4.6)

o0 «@
Toe = )\O‘_l/ e A *T.(s)xoeds
0

/ a(A) e OO T (1) 2. ds
0

_ el P O] a

/0 T [e }Ts(t Yxoeds

/O h l /0 e (5>e<At§>Tg(ta>mogd§] dt

| e l | enterr: (Z)md&] at (7)
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For the second term we have

/OO e N Te(s)w(N)ds
0

(o) oo “
/ [/ at® e~ (W) Tg(t“)e_’\ng(s,xE(s))dsl dt
0 0

A
[ la / | vaton (U s e ds] d

§ 3

Je  MET(t*)e Mt FL(s, x(s))dé ds dt

According to the last equalities we obtain

La.(\) = / / Ga(E)T (17620206 + / / E(t = 5)° L 9a(E)T((t — 8)°€) Fu(s, 2. (5))dE dsdt
And the integral solution of becomes
/ ba()T. (¢7€)0.dE + / / §(t — )7 6a(€VTL((t — )6)F. (s, 2 (s))dE ds (4.8)
Now we define a representative (S%)ycr, by

S (t)a. = o /0 " pu(OTL (0 e, (4.9)

Remark 4.2. It is easy to prove that, the family ((S&(t)):>0). is a moderate family, then (S2(t))¢>o are generalized
operators.

Finally, the integral solution of the Cauchy (4.1)) becomes

ze(t) = SE(t)xoe + /0 (t—8)* 1T (t — s)F.(s,2.(s))ds, (4.10)
where (SZ(t))ier, by
SE(t)re = / G (E)T-(t%E)xdE. (4.11)
]

Remark 4.3. The operators (S%(1)),5, = (5(t)),>( called generalized generalized family resolvent.

Lemma 4.4. For any fixed ¢ € [0,T], T > 0, (S&(t))i>0 , (T2(t))1>0 are linear and bounded operators, by report to
the variable ¢, for every € € (0,1).

Proof . We will give the proof for (T) because that of (S2) is similar. For fixed ¢t > 0, T (t) is linear operator since
T.(¢) is a linear operator, let n € [0, 1] we have

* 1 (1 +4+n/a)

= e Y _ I'l+mn)
| e = [ el = s

Since T (t) has a moderate bounds, then there exists a positive real number a such that

then we have,

sup | T:(t) |[=O(e™®) as e —0, (4.12)
te[0,A
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then there exists ¢ > 0 such that for all t € [0,T], z. € £5;(R), we have || T.(¢)x. ||< ce~*. Then

| T (.| = /&ba (1€ ad|

1
sup | To(t*)x.| X a=———,
teo, A]’ | I'(1+a)

IN

since (T.(t)). is a representative of the generalized semigroup (7'(¢)); by using (4.12)) we get,

[e] —a 1
[T < (ce xam>|xs}

1

= Ca | l‘g| s where Cachiaxam,

which proves that T (¢) is a linear and bounded operator by report to ¢. O

Theorem 4.5. Assume that F' € (G¢(R))"!, and | V,F |[< C | In(e) |, e € I = (0,1). Then the Cauchy problem
(4.1) has a unique solution in the extended Colombeau algebra (G¢(R))™.

Proof . For any € € (0,1), o € (0,1) we have to show that the integral solution (z.) given in (4.10]) of lemma (4.1)) is
an element of £5,(R). First we have the estimation

|o.t)] = | S° (t)x0€+/ (t — 8)* T2t — 5)Fi (s, 2o(s))ds] |
< ‘ m05’ —|—/ | )T 1T"‘(t—s)F€(8,x€(s))f ds,
< | S°(t)o] +/O<t— ) Tt~ $)Fu(s, e (5))] ds.

The approximation of the first order to F. yields
Fs(tax(t)) = Fs(t70)+ | Vi F: | xs(t) + Ns(t)a (413)

where N,(t) is the negligible part of this approximation. By lemma (4.4), and the fact that (z.) € £5;(R) there are
positives constants ¢ ¢y, ca N1 and Ny such that

—N1

t
a0 = e [(-9m T AT s ao))] d

T(1+a)
LaceE N1|
@)

P+

< cege N2 +/t(t—s) F.(s,0)+ | VoF. | 3(s) + N.(s)| ds.
0

Using the Gronwall lemma, we obtain
| xg(t)‘ < (c g™ 4 cpe™™ ) exp(—A Ine).
Hence there are positive constants ¢ N such that | ze(t) |< € e~V which proves the moderateness of the solution.
To obtain estimates for higher order derivatives, just differentiate the equation and apply the same inductive arguments,
assuming that the lower order terms are known to be mild from the preceding phases. Let us prove the uniqueness of

the solution in (G°(R))™, suppose that there are two solutions z1 ., 2. to the regularized of the problem (4.2)) and
let v, their difference we have

t
velt) = / (t— 8)* M T (t — 8)[Fu(s, 1) — Fo(s, 20.0))ds.
0
Now using the approximation (4.13) of F. yields

|- | < /0 M e - 9 V. | (z1,c(s) = w2,c(s)) + Ne(s)] | ds,
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by using the boundedness of the linear operator T2 (¢) with ¢ > 0, Gronwall lemma, the fact that 1 .(s) — z2.(s)
is of order O(¢") and the same for raisin for the negligible part N.. Then it follows that every N > 0 we have
| ve(t) |= O(e") as € — 0. which proves the uniqueness of the solution in the algebra (G¢(R))". O

5 Application to Schrodinger equation

Consider the nonlinear Schrodinger equation with singular potential and initial data involving Caputo fractional

derivative
100u(t, x) — Au(t,x) + v(z)u(t,x) =0, (5.1)
v(x) (@) , u(0,2) = ().
Here A = —A. We shall use the regularization for Dirac measure.

ve(r) = 0c(x) = (¢e(x)) = | Ine| “¢(z| Ine[ ©), ¢ >0,

z € R"and [ ¢ =1 with ¢(z) >0

For the initial data we use
upe(x) =| Ine| “*¢(z| Ine| *), a>0

zeR" ¢pe [¢p=19¢(x)>0,2€R"

5.1 Existence and uniqueness in the Colombeau algebra

Theorem 5.1. The regularized equation of (5.1)) is given by

ve(x) = 8:(2) , uoe(x) = 0-(z), (5.2)

where ve and ug . are reqularized of v and ug, respectively. Then, the problem (5.2) has a unique solution in G(RT xR™).

{wm(t,x) — Auc(t, o) + ve(@)uc(t, x) =0,

Proof . By the integral solution of the equation becomes
us(t.) = / 2= Doyt [ [ 82— ra = ypontuctr v
where S (t,x)z. = fo < (£)Sy, (t*€) x.d€, with S, (¢, z) is the heat kernel given in [§]. Then
[ ue@, ) Loo@ny <1 SEEz =) 1]l woell Lo @n) / | S&t =72 =)l oll v poe@n)ll ue(T, I Loo@n)dr.
Using lemma (4.4), there is C such that | S¢| < C, we get
| ue(t, I Lo@n) < Cll woell zoo@ny + Cll ve( )l Loo@®n) / | ue(rs ) Loo@nydr

From Gronwall inequality, it follows

| ue(t, ) oo@ny < C| Ing| “" exp(CT| Ine| by,

Then there exist N > 0 such that
|| Us( )H Lo (R™) < C(—:

For the first derivative to z;,j € {1,..., n} we obtain

t
Og;uc(t,x) = [ SE(t, v —y)0y,uo.(y)dy + / A S2(t — 7,2 —y) (Oy,ve (Y)ue(T,y) + ve(y) Oy, ue (7, y)) dydr,
O n

R
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S0,
10, ue(t, L@ < SE(Ez =)l o]l Oy, uo.ell Loo@m) / 188t =72 = )l Lo (I By, vl Lo @l vell L=

1 vell Lo @y | Bysue(m, ) Loo@my)dr,

which implies
I Ozyue(t, )| poeny < C| Ine] Y +C/ | el "D e poe | el | Oy ue(r, )| poernydr
C(| Ine| “OFD L] tne| XD ygl pe) + €| Inel ’m/o 1 8y, ue (r, | 1oy
Using Gronwall inequality
I 0zjuc(t, ) roony < C(| Inel “FD + 7| Ing] PV ug|| po) exp(CT| Ine| ™),

the previous step ensure there exist N > 0 such that

| Oy ue(t, I poo(rny < Ce™

For the second derivative for y;,¢ € {1, ..., n} we obtain

t
D, ue (1, 2) = / SOt 2 — )(Dy,0, un.e (y)dy + / / St — .2 — 4)(0,,0,, v (¥)uc (. v)
n O n
+ ayj Ve (y)ayl, Ue (7—7 y) + aw Ve (y)ayJ Ue (7—7 y) + ’U&‘(y)ayi ayj Ue (Tv y))dydﬂ

thus,
| Oz, Oy ue (b, )| Loo@ny <N SE(E 2 = )| Lol By, Oyu0, (] oo (mr)
+ / 152 =72 = )l (1] Oy, By; v ()N Loo@my | uell £
+ 18y, ve (Ol Lo @my | Oy uell Lo + 1| Oy ve ()l Loo @Il Byjuell L=
vl pooll 8y By;ue(r, I Loo gn))dr-
We obtain

| O, 0, uc(t, || Loo@ny <C(| Ine| “ ) 4 | Ineg| P | || poo + | Inel D 0y uc| Lo
] Inel MDY 8, e g + C|1n5\b”/ 18,8y s (ry | 1oy -

Gronwall inequality gives

1 82,00, ue(t, I poe ey <C( Ie] “F2 4 | el "D wel| poo + | nel "V 9y o

+ | Ing| ® V| 9y ue|| L) exp(CT)| Ine| o).
Then, there exist N > 0 such that
| O, O uc(t, ) pooqny < Ce™V
Let us prove the uniqueness. Suppose that there exist two solutions uy (¢, .), u2 (¢, .) to the problem 7 we get
%Bf‘(ul,g(t,x) —ug () — D(ur e(t, ) —uge(t,x)) + ve(x)(ur £ (t, ) — w2 (¢, 2)) = Ne(t, ),

u1,:(0,2) — uz (0, 2) = Ny .(z),
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where N, (t,z) € N(RT x R™), Ny .(z) € N(R™). Then

t
ure(t,z) —uge(t,r) = | Stz — y)Noc(y)dy + / S&(t— 1,2 — Y)ve(y) (w1, (T, y) — ugo (7, y))dydr
R» 0 Rn

+ /Ot - S&(t — 1,2 — y)Ne(7,y)dydr
which leads to
luret, )= une(t, Iz <l S2 (e — ) ol NoeOl zmey + | S22 — ) 10
t
x / | 0ol ey | w16y ) = te(7, | o gy
182z = | gl Ne(r )] zoe.

Therefore,
[ure(t, ) —uze(t, )l Loe@ny) < O Noc(I Loe@ny + || Ne(7, )| )
+Cll vl Loo(m/ot [ ure(r; ) = u2e (T, I Loo@nydr
Gronwall inequality gives
[ ure(t, ) —uget, )l Loe@ny < CU NocOIl zoe@ny + 1| Ne(7: )| o) exp(CT ve ()| Lo ®n))-

Which proves that
|| ul,g(t, ) — U27E(t, )H Loo (R™) < CEq, Vq € N.

Hence the problem (4.2)) has a unique solution in G(RT x R") . [J

5.2 Existence and uniqueness in the extension of Colombeau algebra

We prove the existence and uniqueness result for nonlinear Schrédinger equation with singular potential, initial data
and an equation controlled by the fractional derivative of delta distribution in a framework of the extended algebra
of generalized functions. It means that we prove moderation and negligibility for entire derivatives and fractional
derivatives to the spatial variable x.

Theorem 5.2. The problem (5.1 have the following regularization:

100U (t, x) — Aue(t, z) + ve(z)ue(t,z) =0,
UE(x) = 55(33) , UO,e(x) = 58($)>

where v, and ug. are regularized of v and wug, respectively. Then, this problem (5.1) has a unique solution in
GE(RT x R™) .

Proof . We shall prove only the fractional part since the entire part is already proved in the theorem (5.1). Consider
fractional derivative D? with 0 < 8 < 1. Without loss of generality, the same holds for m —1 < 8 < m, m € N*. Take
the fractional derivative to the spatial variable to equation ({5.1f), we have

t
DP(uc(t,x)) = [ S2(t,x —y)D uo(y)dy + / SE(t — 7.2 —y) D v (y)ue (1, y)dydr
;0 0 Jr»

t
+ [ ] s —ye)D )y
0 n

Then
| DP (ue(t, )| po@ny <II 92tz =)l 21ll DPuo ()] Lo @n)

t
+ | SEt—ma = L1/0 I D ve ()| oo ey | e (my | oo (gnydr

t
+ H Sg(t—T,LL’—.)H Ll/o || ’Ug(y)H Loo(Rn)H l)’gutg(T7 )H Loc(Rn)dT,
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thus
| D (ue(t, ) || oo ny <C(I| Do) 1o @ny + Tl D0e () oo ny || ue(ry )| zo<)
0l v e / | Duclr, I o oy

Apply the Gronwall inequality

I1DP (ue(t, )| poe@n) < C|DPugc ()| Loo@ny + CAl| DPve()]| poo(rr)

|| poo) exp(CT| ve(.)]| Loo(mn).-
By Theorem (5.1)) we get
| DP (e (t, )| ooy < C(Canline] ) 4 TCu A eV |uc|| 1) exp(CA|| ve ()| Loe @n))-

Then there exist N > 0 such that
IDP (ue(t,.)|| poemny < Ce™™

It follows a moderation for the fractional derivatives in the space G¢(R* x R™). For uniqueness take D?,0 < a < 1,
to equation ((5.2))).

t
D(ure(t,w) = uze(t,x)) = | S2(t,x —y)DNoe(y)dy + / St — 7,0 = y)D o (y) (ue (7, y) — uze (7, y))dydr
0 JRn

R
+ /0 t . SE(t =72 = y)ve(y) D’ (wre (1, y) — uae(7,y))dydr
+ /Ot A S%(t — 7,2 — y)DP N (7, y)dydr,
we get
| D (un,e(t,.) = ug,e(t, )| poe@ny || SE(t 2 = )| 2]l DPNoe (Il ooq@ny + || SE(E =12 = )| 11
[ 10Ol | D et = e Dl o ey
+ ISE(t—ma— )| 2 x /Ot e Loy | D (uae(7, ) = tae (7, )| oo mydr
FIS2a ==l o [ I DN Il e
then
| D (ure(t,.) = uge(t, )| poo@ny <C(| (Noel ooy + Al DPve (O] oo @yl wre(r, ) —uae(r, )| poedr
t
+ | DPN(r, )| ) + Cll ve (Il Loo @ny ></0 | D (ug e (7, ) = u2,e(7, )| Lo @ndr.

Gronwall inequality implies

| DP(ure(t, ) —uze(t, )l Loy <C( @y + Al DPvo()|| poorn)ll wr,e — une| poodr
+ || D5N5|| L) exp(CT|| vel| Lo @n))-

Finally, using theorem (/5.1])

H D5<U176(t, ) — U2 5< ))H Lo (R") < ng Vq e N.



Fractional Schrodinger equations in extended Colombeau algebras 43
5.3 Association
Let w; be a solution to the problem
1
—0fwi(t,z) — Aws(t,z) =0,
i

w1(0,z) = §(x),

and wsy be a solution of the problem
%8f‘w2(t, x) — Awy(t, x) + v(r)we (¢, z) = 0,
v(z) =0(z) , we(0,2) = 0.
Proposition 5.3. The generalized solution u of problem is associated with wy + wo.
Proof . Let w; . be the classical solution of
%(‘%wl,g(t,m) — Awy (t,x) =0,

w175(0’ (ﬂ) = 55($),

wy ¢ be the classical solution of
SO wn e (1,2) — Buwnl, ) + (@) e (1,3) + m(t, ) =,
ve(@) = 8(x) , wso(0,7) = 0.
Then
%3?(%(25, z) —wie(t, @) —wae(t, @) — Alue(t, z) — w1 e(t, 2) — wae(t, 7)) + ve(w) (ue(t, ¥) — wae(t, ) — m(t, x)) =0,
U (0, 2) — w1 ,6(0,2) —wa(0,2) =0,
Hence,
elts ) v clt,0) ~wnelt0) = [ [ 8207 = 9o lr) - waelrig) = mir, )
.

- / St — 7, — y)ve (1) (e (7, 4) — w1 £ () — w,e (1)) dydlr

R
+ /0 /n SEt— 1,2 —y)ve(y) (w1 (1, y) — m(7,y))dydr,

which implies,

t
[ue(t, ) —wielt, ) —wae(t, I Loon) S/O 152t =72 =)l Ll veOll Loe@myll (wre(rs ) = m(r, )| Loo@mydr

t
+ Jo 1S =7 = Il Lol ve( L@l ue(r, ) = wi1e(7,.) = wa e (7, )| Lo @nydr.

t
[ue(t, ) —wiet, ) —waelt, )l Lo@n) < Cll ve()I] Loomn) ></0 | (wie(r, ) =m(r ) Lo @rydr

t
+ Ol veOIl zoe@ny Jo | uelr, ) —wie(r, ) —w2e(r, )| Loo@nydr.
With Gronwall inequality

t
[ ue(t, ) —wie(t, ) —wae(t, | poemn) S[C[ ve()I poo@n) ¥ /O | (wie(r, ) =m(7, )| poo@nydr]
x exp(CT) [ v()I| Lo (rn).-

By passage to the limit, we have u ~ w; + ws, which completes the proof of the proposition. [J
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