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Abstract

In this paper, we investigate some of the graph energies of the zero-divisor graph I'(R) of finite commutative rings R.
Let Z(R) be the set of zero-divisors of a commutative ring R with non-zero identity and Z*(R) = Z(R) \ {0}. The
zero-divisor graph of R, denoted by I'(R), is a simple graph whose vertex set in Z*(R) and two vertices u and v are
adjacent if and only if uv = vu = 0. We investigate some energies of I'(R) for the commutative rings R ~ Z,> x Zq,
R~7Z,x7Zyx Z, and R~ Z, X Z,, X Z, X Z, where p, g the prime numbers.
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1 Introduction

Assume that G = (V, E) is a simple graph with vertex set V' = {v1,vs,...,v,} and edge set F = {e1,e2,...,em}-
The number of edges incident to vertex w in G is denoted degg(u) = d(u). The isolated vertex and pendant vertex
are the vertices with degrees zero and 1 in graph G, respectively.

The adjacency matrix of G, A(G) = (a;;) is an n X n matrix, where a;; = 1 if v;v; € E and a;; = 0 otherwise. The
eigenvalues of graph G are the eigenvalues of its adjacency matrix A(G) [I7]. The energy of a graph G was introduced
in the 1970s as E(G) = Y., |\;(G)| in which A, ..., A, are the eigenvalues of A(G) [13]. The edge energy of a graph
G is defined as the sum of the absolute values of eigenvalues of A(L¢) [6] in which L is the line graph of G. The line
graph Lg of G is the graph that each vertex of it represents an edge of G and two vertices of Lg are adjacent if and
only if their corresponding edges are incident in G [I7].

Let D(G) be the diagonal matrix of order n whose (4,%)-entry is the degree of the vertex v; of the graph G. Then
the matrices L(G) = D(G) — A(G) and L*(G) = D(G) + A(G) are the Laplacian matrix and the signless Laplacian
matrix, respectively, of the graph G. If uy,pi2, ..., p, and pi,pud, ..., ut are, respectively, the eigenvalues of the
matrices L(G) and LT (@), then the Laplacian energy of G is defined as [14]

n
2m

LE=LEG) = |ni— 2],

=1
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and the signless Laplacian energy is defined as follows [15]
- 2m
LE* = LEY(G) =Y |ut — 2.
) i=1 i n

Details on the properties and results of Laplacian and signless Laplacian energies and energy of a line graph can be
found in [T4] 15} 10} 1T, 24].

A subset D of V is the dominating set of graph G if every vertex of V' \ D is adjacent to some vertices in D.
Any dominating set with minimum cardinality is called a minimum dominating set [I8]. The minimum dominating
energy of graph G, denoted by Ep(G), is introduced as the sum of the absolute values of eigenvalues of the minimum
dominating matrix [25]. The minimum dominating matrix Ap(G) is as following

1 if (A S E
Ap(G) == (ai;) =< 1 ifi=jandv;e D

0 otherwise

A set F of edges in G is the edge dominating set if every edge in F \ F is adjacent to at least one edge in F.
The edge domination number, denoted by «/, is the minimum the cardinalities of the edge dominating sets of G [12].
Note that F' is the minimum edge dominating set of G or the minimum dominating set of Lg. The minimum edge
dominating matrix of G is the m x m matrix defined by Ar(G) := (a;5) in which

1 if e; and e; are adjacent,
Ap(G) = (a;5) =< 1 ifi=jande; € F,
0 otherwise.

The minimum edge dominating energy of G is introduced and studied in [3] as following
m
EEr(G)=)_ |\l
i=1

where A1, Ag,..., A\, are the eigenvalues of Ap(G). Note the minimum edge dominating energy of graph G is a
minimum dominating energy for its line graph Lg. Details on the properties and results of the minimum dominating
energy of a graph and its line graph can be found in [25] Bl 2], 22] 23], [19].

Let R be a ring and Z(R) denotes the set of all zero-divisors of R. The zero-divisor graph of R is a simple graph
I'(R) with vertex set Z(R) \ {0} such that distinct vertices x and y are adjacent if and only if zy = 0 [].

In [7] some energies of graphs I'(R) and line graph I'(R) for the commutative ring Z, are investigated. In this
paper, we investigate graph energy, Laplacian energy, signless Laplacian energy, edge energy and the minimum edge
dominating energy of I'(R) for the commutative rings R ~ Z,2 X Zg, R ~ Zy, X Ly X Ly, and R =~ Zy, X Ly X Ly X Ly
where p, ¢ the prime numbers.

2 Preliminaries

In this section, we state some previous results that will be used in the next section. First, we recall the definition
of the Zagreb index of graph G. The Zagreb index M (G) is defined as M(G) = Y1 | d? such that the vertices have
the degree d; for i =1,2,...,n [16].

Lemma 2.1. [2T] Let G be a graph with m edges. If F' is the minimum edge dominating set of graph G, then
EEp(G) < M(G) —m,

where M (G) is the Zagreb index of graph G.

Lemma 2.2. [2T] Let G be a graph of the order n with m edges. If F' is the minimum edge dominating set of graph
G with cardinality k, then

EEp(G) <4m —2n+k.
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Lemma 2.3. [2I] Let G be a connected graph with n vertices and m(> n) edges. Then
EEr(G)>4(m —n+s) + 2p,

where p and s are the number of pendant vertices and isolated vertices in G.

Lemma 2.4. [I5] Let G be a graph of order n with m edges. Then
2M(G) —4m < E(Lg) < M(G) — 2m,

where Lg and M (G) are the line graph and the Zagreb index of graph G.

Lemma 2.5. [11] Let G be a connected graph of order n. Then
E(Lc) = 2(E(G) — 2v™),

where vT is the number of positive eigenvalues.

Lemma 2.6. [15] Let G be a graph with n vertices and m edges such that m > n. Then

E(Lg) < LE*(G) + 4(m — n).

Lemma 2.7. [9] Let G be a graph of order n with m > % edges and the maximum degree A. Then

2(A+1- ") < LE@) <dm 28— T 4o,
n n

Lemma 2.8. [2I] Let G be a simple graph and L¢ the line graph of G. If F' is the minimum edge dominating set
with |F| = k, then
EEr(G) < EE(G) + k.

Lemma 2.9. [27], 29] For a graph G with n vertices and m edges,

4m 1

Lemma 2.10. [I] Let G be a graph with n vertices and m edges. Then

).

LE*(G) < 4m(1 - 1
n

Lemma 2.11. [5] Let G be a graph with n vertices and m edges. Then, 7' < [].

3 Main Results

In this section, we study energies of the zero-divisor graphs I'(R) such as the edge energy, the minimum edge
dominating energy, the Laplacian energy and the signless Laplacian energy of the commutative rings R ~ Zp> X Zg,
R~7Zp xZy x Ly and R ~ Zy X Ly X Ly X Zy, where p, g the prime numbers. Firstly, we investigate these energies of
the zero divisor graph F(sz X Zq) where is defined as follows.

Forx € Z,2 and y € Zg, (x,y) ¢ V(F(sz X Zq)) if and only if 2 # p,2p,...,(p—1)p and y # 0. According to the

structure of graph F(sz X Zq), the number of vertices is equal to p? + pg — p — 1 [2]. Authors in [2], characterized
the vertices of graph I'(Zy> x Zq) according to their degree as follows.

A={0,y):ye{l,2,...,¢—1}}, |[Al=q—1,
B={(x,y):z=p,2p,....(0—Vpandy € {1,2,...,q—1}} , |B[=(p—1)(g— 1),
C':{(QL',O):966sz\{07;0,210,...,(]9—1)p}}7 ICl=p—1,

D= {(z,0):x=p,2p,...,(p = 1)p} , D] =plp—1).
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Also, they obtained the degree sequence DS of this graph as follows.
DS(T(Zy2 x Zq)) = {(p* — D=1 (p — 1)le=D@=D] (g — 2)lP=1] (4 — 1)[(172—11)]}_ (3.1)

(p—1)(4pg—3p—2) 7.

Therefore, the number of edges in this graph is equal to m = 5

Theorem 3.1. Let I‘(sz X Zq) for prime numbers p, ¢ > 2 be the zero-divisor graph of size m.
i) If p > q, then 2(p2 - oz) < LE(F(sz X Zq)) <4(m+1) - (2p* + ),
ii) If p < ¢, then 2(pg — a — 1) < LE(T(Zy2 x Zg)) < 4(m+1) —2(pg + a — 1).

_ 2(p—1)(4pg—3p—2)
Where o = W
Proof . Let G be the zero-divisor graph I'(Zy2 x Z,) for prime numbers p,q > 2 such that the number of vertices

_ 2 _ (p—1)(4pg—3p—2)
and the number of edges are n = p* + p(¢ — 1) — 1 and m = F—"L=P—=

degree (|3.1)) of the zero-divisor graph GG, we consider two following cases.

, respectively. According to the sequence

Case 1: If p > ¢, then the maximum degree of graph G is A = p? — 1. Using Lemma we have
4
LE(G) < 4m —2A — 2 42
n
Ap — 1)(4pg — 3p — 2)
20 +p(g—1)—1)

2(p — 1)(4pq — 3p — 2)
(P? +plg—1)—-1)

=4m —2(p* —1)+2—

=4dm+4— 2% —

With putting o = w, the result holds for the upper bound. For the lower bound, using Lemma [2.7]

p*+pg—p—1
we have
LE(G) > 2(A+1- 2™
n
2(p— 1)(4pg —3p —2)
=2(p*P—1+4+1-
( (P> +p(g—1)—1) )

So, the result holds.
Case 2: If p < ¢, then A = pq — 2. Similar to the proof of case 1, the result completes. O

Theorem 3.2. Let I'(R) be the zero-divisor graph of the commutative ring R ~ Z,2> x Z for prime numbers p, q > 2.
Then

2(p—1)(a— ) < E(Lrr)) < (p— 1)(a—p),
in which « =p(q—1)(¢+p(p+2) —4) + pg — 2 and § = 4pq — 3p — 2.
Proof . We suppose I'(R) be the zero-divisor graph of the ring R ~ Z,> x Z, for prime numbers p,q > 2 of order

n=p?>+p(g—1)—1 and size m = %W. Using the sequence degree 1) of graph I'(R) where R ~ Z,2 x Z,
and the definition of the Zagreb index, we get

p>+p(g—1)-1

MG = > &

=1
=(@-DE*-D*+(p-1)*(¢- D)+ @pe—2*p—-1)+(q—1)*@*-p)
=(p—-1)[ple—1)(¢+pp+2)—4)+pg—2].

Thus, using Lemma [2.4] we have
E(I‘(G)) <M(G)—-2m
=(@-1D[p(a—1)(a+pp+2)—4) +pg—2] - 2((p_ 1>(4pg_ b 2))

= (p—l)([p(q—l)(q+p(p+2)—4) + pq — 2] —(4pq—3p—2))~
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With setting o = p(¢ — 1)(¢+p(p+ 2) —4) + pg — 2 and 8 = 4pg — 3p — 2 in the above relation, the result holds
for the upper bound. By applying Lemma [2.4] and similar to the above discussion, the lower bound follows. [J

Theorem 3.3. Let I'(R) be the zero-divisor graph of the commutative ring R ~ Z,2 x Z, for prime numbers p, ¢ > 2.
If F is the minimum edge dominating set of I'(R), then

(p—=1)(2a = p)

EEr(T(R)) < 5 ,

in which a =p(¢ —1)(¢+p(p+2) —4) +pg—2 and B = 4dpqg — 3p — 2.

Proof . According to the proof of Theorem [3.2] and using Lemma [2.1] the result completes. O

In the following, we are interested to investigate some energies of the zero-divisor graph I'(R) where R ~ Z,, X Z,, X Z,
and R ~ Z,, X Zy,, X Zy, X Zy, for a prime p > 2. To do this, we need the following known result.

Lemma 3.4. [8] Let G be a simple graph of the order n and size m. If A1, g, ..., A, are the eigenvalues of graph G,

then .
Z N = 2m.
i=1

First, we consider the connected graph I'(R) where R ~ Z, x Z, x Z, of order n = 3p(p — 1). In the following
theorem, we compute the energy of graph F(Zp X Ly X Zp).

Theorem 3.5. Let I'(R) be the zero-divisor graph of the commutative ring R ~ Z, x Z, x Z, for prime number
p > 2. Then
E(T(R)) =2(p—1)(v/4p — 3+ /D).

Proof . Suppose that I'(R) is the zero-divisor graph of the ring R ~ Z, x Z, x Z,, for prime number p > 2 with the
number of vertices n = 3p(p — 1). According to the structure of the zero-divisor graph I'(R) in [20], the spectrum of
T'(R) is as follows.

Spec(T(R)) = {%((p ~1(V/ap-3-1)%, %((1 —p)(VAp—3+1)%,
(0 =1+ va)", (0= (1 = yp) !, oBtE=21Y, (3.2)

Therefore, the energy of graph I'(R) equals

3p(p—3)

ECR)= Y I\l

= 2\%((;0— 1)(v4p—3-1))| +2\%((1 —p)(v/A4p—3+1))|
+-1DA+ )|+ | -1)1 - vp)|
=(p-DW4p-3-1D)+(p-D(\/4p-3+1)
+-1)0+vP)+@-1(/p-1)
=2(p—1)v4p-3+2(p-1)yp

=2(p—1)(\/4p— 3+ V).

0

Theorem 3.6. Let I'(R) be the zero-divisor graph of the commutative ring R ~ Z,, x Z,, x Z,, for prime number p > 2

of order n. Then
4(p—1) < LE(I(R)) <4(p—1)(3p* —3p—1).
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Proof . Let G be the zero-divisor graph F(Zp X Ly X Zp) of order n = 3p(p — 1) and size m. Suppose that A1,..., A\,
are the eigenvalues of graph G. Using Lemma and the spectrum of graph I'(R) in (3.2)), we have
Dy A
2
_ Gp(p—1)°

m =

By applying Lemma [2.9] we have

’B

—_
\_/
\_/

4B -1?%)
(p—

=12p(p—1)>—4(p—1)

:4(p—1)( p° —3p—1).

’U
C

And for the lower bound,

S

m

_ 4(3p(p—1)?)
~ 3plp—1)
=4(p—1)

h
&
a
v

O
The following result is obtained directly from Lemma [2.10] and the proof of Theorem [3.6]

Corollary 3.7. For the zero-divisor graph F(Zp X Ly X Zp) where p > 2 is a prime,

LET(T(Zy x Zy x Zy,)) < 4(p—1)(3p® — 3p — 1).
Theorem 3.8. Let I'(R) be the zero-divisor graph of the ring R ~ Z, x Z, X Z, for prime number p > 2 of order n.
Then

E(Lrry) <4(p—1)(6p> —9p —1).

Proof . The size of graph T'(R) is m = 3p(p — 1)2. So using Lemmas and

E(Lrry) < LET(L(R)) +4(m —n)

<4m — 42 +4m — 4n

12p(p — 1)?
-1 Y

=24p(p—1)> —4(p—1) —12p(p — 1)
=4(p—1)(6p* —9p —1).

= 24p(p—1)* -

O

Theorem 3.9. Let I'(R) be the zero-divisor graph where R ~ Z, x Z, x Z, for prime number p > 2. Then
B(Lrm) 2 4(((0 - DVAp =3+ ) - 3).

Proof . According to the spectrum of the zero-divisor graph F(Zp X L X Zp) in the proof of Theorem , the number
of positive eigenvalues of T'(R) is v = 3. Therefore using Lemma and Theorem we get

E(Lr(r)) = 2E(I(R)) — 4v™
= 4(p-1)(Vap =3+ vp) - 12
=4(((p - )V =3+ vp) - 3).
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O

Theorem 3.10. Let I'(R) be the zero-divisor graph where R ~ Z, x Z, x Z, for prime number p > 2 of order n.
Then 13
dn(p — g) < EEp(T'(R)) < 4n(p — 2).

Proof . Assume that G is the zero-divisor graph F(Zp X Ly % Zp) where p > 2 is a prime. Let F' be the minimum
edge dominating set of graph G. Since G is a connected graph of order n = 3(p? — p) with m = 3p(p — 1) edges
without any isolated and pendant vertex for p > 2, then using Lemma [2.3] we get

EEF( (R ))>4( —n+s)+2p

= 4(Gar - %)~ n)
= 4(nlp—1) - n)
=4n(p —2)

Using Lemma 7" = |F| < |%]. Then by applying Lemma we get
EEr(T(R)) < 4m — 2n + |F|
43p(p —1)*) = 2n+ |

§4n(p—1)—2n+g

5]

Therefore, the result completes. [

Now, we consider the connected graph I'(R) where R ~ Z, X Z, X Z, x Z, where p > 2 is a prime. The graph
I'(R) is a connected graph of order n = 2(p — 1)(2p* — p + 1) [20].

Theorem 3.11. Let I'(R) be the zero-divisor graph where R ~ Z,, x Z, X Z, X Z, for prime number p > 2. Then
E(T(R)) = 14p® — 21p + 8.

Proof . In [20], the spectrum of graph I'(R) where R ~ Z,, X Z,, X Z, X Z,, is obtained as follows.

spec(t(R) = { (v - 1)2)[5], (—p* +p— DI, —71(@ —1)(2p—1) £ 4p— 3))[3]7

1
%((p —1)(@2p+1) = /12p— 3))[ G ) 3

Therefore, the energy of graph T'(R) equals

(2p—2)(2p®—p+1)
ETCR) = > [N

=1

=5(p—1)2+(p2—p+1)+%(p—1)((2p—1)+ dp — 3)
+g(p—1)((2p—1)—\/4p—3) +%(p—1)((2p+1)+ 12p — 3)
- D(Cr+1) V12 3).

With the simplification of the above relation, the result follows. O
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Theorem 3.12. Let I'(R) be the zero-divisor graph where R ~ Z, x Z, X Z, % Z, for prime number p > 2 of order

n. Then

4p(5n+a) + 8 < LE(T(R)) < (4p(5n + @) +8) (n — 1) ,

n n

where o = —6p> + p + 4.

Proof . The zero-divisor graph I'(R) for R ~ Z, x Z, x Z;, X Z, has n = 2(p — 1)(2p? — p+ 1) vertices. Using Lemma
and the spectrum of zero-divisor graph I'(R) in the proof Theorem the number of edges of graph T'(R) is
m = 14p* — 30p® + 21p? — 6p + 2. Using Lemma we get

LE(T(R)) < 4m(1 - )

2(14p* — 30p® + 21p* — 6p + 2) (4p* — 6p* + 4p — 3)
2p3 —3p2+2p—1
2(p(5(4p3 —6p? +4p —2) — 6p> +p+ 4) + 2)(n -1

0|3

With putting n = 4p3 — 6p? + 4p — 2 and a = —6p> + p + 4, the upper bound for the Laplacian energy of I'(R)
follows. For the lower bound, we get

LE((R)) > "
_A(14p* — 30p® + 21p* — 6p + 2)
n
4(p(5(4p* — 6p> +4p —2) — 6p> +p+4) +2)
n
~ 4(p(5n — 6p* +p+4) +2)
- .

With putting o = —6p3 + p + 4 in the above relation, the result completes. [J
The following result is obtained directly from Lemma and the proof of Theorem [3.12

Corollary 3.13. Let I'(R) be the zero-divisor graph of the ring R ~ Z, x Z, x Z, X Z, for prime number p > 2 of

order n. Then
LEF(N(R)) < (4p(5n + a)n+ 8)(n—1) ,

where a = —6p3 + p + 4.

Theorem 3.14. Let I'(R) be the zero-divisor graph of the ring R ~ Z,, x Z, X Z, X Z, for prime number p > 2 of

order n. Then ,
dp(bn+a)+8)(2n—1) —4n
E(LF(R)) < ( ( ) )( ) 7

n

where o = —6p> + p + 4.
Proof . Since the number of edges of graph I'(R) is m = 14p* — 30p® + 21p? — 6p + 2, using Lemmas and [2.10]
we get
E(Lrry) < LE*(T(R)) +4(m —n)
<4m — 4—m +4m — 4n
n

4(14p* — 30p® + 21p? — 6p + 2)
n

= 8(14p* — 30p® + 21p* —6p +2) — — 4n.

with considering n = 4p> — 6p? + 4p — 2 and o = —6p> + p + 4 and the similar to the discussion in proof of Theorem
3.12| the result follows. [
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Theorem 3.15. Let I'(R) be the zero-divisor graph of the ring R ~ Z, X Z;, X Z;, x Z,, for prime number p > 2. Then

E(Lrr)) > 2(14p® — 21p — 4).

Proof . According to the spectrum of the zero-divisor graph F(Zp X Loy X Ly X Zp) in the proof of Theorem the
number of positive eigenvalues of I'(R) is v+ = 6. Therefore using Lemma and Theorem we get
E(Lr(r)) 2 2E(I(R)) — 4v”
=2(14p® — 21p+8) — 24
= 28p? — 42p — 8.

d

Theorem 3.16. Let I'(R) be the zero-divisor graph of the ring R ~ Z, x Z, x Z;,, X Z, for prime number p > 2 of
order n. Then

56p* — 136p® + 108p> — 56p + 16 < EER(T'(R)) < 56p* — 126p* + 93p® — 36p + 11.

Proof . Let G be the zero-divisor graph F(Zp X Ly X Ly X Zp) where p > 2 is a prime. Let F' be the minimum edge
dominating set of graph G.

Since G is a connected graph of order n = 4p3 — 6p? + 8p — 2 with m = 14p* — 30p3 + 21p? — 6p + 2 edges without
any isolated and pendant vertex for p > 2, using Lemma [2.3] we get
EFERr (F(R)) >4(m—n+s)+2p
= 4((14p" — 30p® + 21p* — 6p + 2) — (4p® — 6p” + 8p — 2))
= 4(14p* — 34p® + 27p* — 14p + 4).

Using Lemma v =|F| < %], and Lemma we get

EEr(T(R)) < 4m — 2n + |F|

< 4(14p* — 30p° +21p% — 6p+2) — 2n + Lg

< 4(14p* — 30p° + 21p% — 6p+2) — 2n + g

3(4p® — 6p% +8p — 2)
2

]

= 4(14p* — 30p® + 21p* — 6p + 2) —
= 56p* — 126p> + 93p* — 36p + 11.

Therefore, the result completes. [
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