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Abstract

In the present paper, we establish some generalized cyclic contraction results through p-number of subsets by using
two different types of t-norm, viz. Hadzic type t-norm and minimum t-norm in the setting of 2- probabilistic metric
spaces. Our results generalize some existing fixed point theorems in 2-Menger spaces. Some illustrative examples and
an application to the existence of a solution to Airy’s type differential equation are also provided.
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1 Introduction

Numerous extensions have been made to the idea of metric spaces. Gahler [I3] [I4] created one such extension,
called a 2-metric space, in which every third member of the space is given a positive real integer. In these spaces,
fixed point theory has developed quickly and various metric fixed point theory conclusions have been provided in these
spaces (see [12], §]).

In 1942, Menger introduced the concept of Menger space which is the particular type of probabilistic metric space
in which the triangle inequality is postulated with the help of t-norm. Sehgal and Bharucha-Reid [21] generalized the
famous Banach contraction mapping principle to probabilistic metric space. Schweizer and Sklar [19] have described
several aspects of such spaces in their book. Some recent fixed point results on probabilistic metric spaces may be
noted in [2} [3] 4 5L [7].

The probabilistic extension of 2-metric spaces are 2-probabilistic metric spaces. A special case of the 2-probabilistic

metric spaces are 2-Menger spaces.

The concerns with cyclic contractions and proximity point problems have been closely related. Other findings
relating to proximity point issues and cyclic contractions in probabilistic metric and 2-probabilistic metric spaces may
be found in [4, 5 [6] [7, [I8].
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Main features of this paper are following:
1. Some new probabilistic fixed point results using p-cyclic contraction mappings have been discussed using different
types of t-norm.
2. Some illustrative examples validate our results.
3. An integral application is also illustrated here.

2 Preliminaries

Now, we give some important definitions and mathematical preliminaries which are used in the main results.

Definition 2.1. A mapping ' : R — R™ is called a distribution function (see [16}, [19]) if it is non-decreasing and left
continuous with ing I'(n) =0 and supI'(n) = 1, where R is the set of real numbers and R is the set of non-negative
ne neR

real numbers.

Example 2.2. The Heaviside function is an example of a distribution function given by

1,m>0
H(n):{ 0,7 <0

Definition 2.3. Probabilistic metric space (briefly, PM-space) (see [16], [19]) is an ordered pair (S,T'), where S is a
non empty set and I' is a mapping from S x S into the set of all distribution functions. The function I'y , is assumed
to satisfy the following conditions for all K, u, v € .5,

) Teal0) =0,

(ii) T'x,(n) =1 for all n > 0 if and only if kK = g,

(iii) T ,u( ) =T, .(n) for all n >0,

(iv) if T p(m) = 1 and Iyv(n2) =1then Ty (i +n2) =1 for all n,m2 > 0.

Example 2.4. Suppose that S =1[0,1] and ', ,(n) = Then it is easy to see that (5,T) is a PM space.

n
ntls—pl”
Shi et al. [20] introduced the following definition of n-th order ¢-norm.

Definition 2.5. A mapping 7' : I ,[0,1] — [0,1] is called a n-th order t-norm if the following conditions are
satisfied:
(i) T7(0,0,...,0) =0, T(a,1,1,...,1) = a for all a € [0,1],
(ii) T( ai,as,as,...,an) =1T(az,a1,as,...,a,) =T(az,as3,a1,...,a,)
=...=T(az,a3,a4,...,0n,a01),
(iii) a; > b;, 1=1,2,3,... n implies T(a1,azs,as,...,a,) > T(b1,ba,bs,... by),
(1V) (T(a17a27a37...,an),bg,bg,...,bn)
= T(al,T(a27a3, N ,an7b2),b3, ey bn)
= T(al,ag,T(a37a4, N ,an,bg, b3), b4, ey bn)

'ﬂ

= T(al,ag, e ,an_hT(an,bQ,b?,, e 7bn))

When n = 2, we have a binary ¢-norm, which is commonly known as t-norm.

In this paper we use different types of 3rd order ¢-norm.
The following are some examples of different types of t-norm.
(i) The minimum t-norm, A = T,,,, defined by T,,(a, b, c¢) = min{a, b, c}.
(ii) The product t-norm, A = T, defined by T, (a,b,c) = a.b.c.
(iii) The Lukasiewicz t-norm, A = T7,, defined by T7,(a, b, ¢c) = max{a + b+ c — 1,0}.

Hadzic and Pap [16] introduced a new t-norm which is commonly known as Hadzic type t-norm.
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Definition 2.6. t-norm A is said to be Hadzic type t-norm if the family {AP},cn of its iterates, defined for each
€ (0,1) as
Al(s) =1, APTl(s) = A(AP(s), s) for all integer p > 0.
t-norm is equi-continuous at s = 1, that is, given A > 0 there exists n(A) € (0,1) such that
1> s> n(\) implies AP(s) > 1 — X for all integer p > 0.

Definition 2.7. Menger space (see [16, [19]) is a triplet (S,T', A), where S is a non empty set, I" is a function defined
on S x S to the set of all distribution functions and A is a t-norm such that the following are satisfied:

(i) I (0) =0 forall k,pu €8,

(i) I u(s) =1for all s > 0 if and only if k = g,

(iii) Thp(s) =T, k(s) forall k,pe S, s>0,

(iv) F,i plu+v) > ATy (u),Ty . (v)) for all u,v > 0 and &, pu,v € S.

A metric space becomes a Menger space if we write I'y, ,,(n) = H(n — d(k, )) where H is the Heavyside function
which is discussed earlier.

Definition 2.8. Let S be a non empty set. A real valued function d on S x S x S is said to be a 2-metric on S if
(i) given distinct elements x, u € S, there exists an element v of S such that d(k, u,v) # 0,
(ii) d(k, p,v) = 0 when at least two of k, u, v are equal,
(iii) d(k, p,v) = d(k,v, p) = d(p, v, k) for all k, p,v € S and
(iv) d(k, p,v) < d(k, gy w) + d(k,w,v) + d(w, p,v) for all k, p,v,w € S.
When d is a 2-metric on S, the ordered pair (S,d) is called a 2-metric space (see [I3] [14]).

It is noticed that 2-metric is not a continuous function of its variables, whereas an ordinary metric is continuous.
This leds Dhage [I1] to introduce the notion of a D-metric space. 2-metric space is not topologically equivalent to a
metric. So, the fixed point theorems in 2-metric spaces and metric spaces may not have any relationship. Dung et al
[12] worked in this direction and some important remarks were noted regarding 2-metric spaces:

1. 2-metric is non-negative,
2. every 2-metric space contains at least three distinct points.

Example 2.9. Let S = {1,2,3} and d(k, u,v) = min{|x — ul, |p — v|,|v — K|}, for all k,u,v € S. Then (S,d) is a
2-metric space.

Example 2.10. If we consider three vertices s, u, v of a triangle, then area of triangle may be taken as d(k, u, ).
Then the metric function d satisfies all the conditions of 2-metric.

Probabilistic 2-metric space is a probabilistic generalization of 2-metric space. Wen-Zhi Zeng [22] introduced the
concept of probabilistic 2-metric space.

Definition 2.11. Probabilistic 2-metric space is an order pair (S,T") where S is an arbitrary set and T is a mapping
from S x S x S into the set of all distribution functions such that the following conditions are satisfied, for all
K, i, v, w € S and n1,m2,n3 > 0,

(i) Tk puw(n) =0forn<o0,

(i) Tk puw(m) =1 if and only if at least two of k, ju, v are equal,

(iii) for distinct points k, pr € S there exists a point v € S such that 'y ,, . (m) # 1,

(IV) Fm, [T ( )—Fnuu(nl) Fuun(nl)

(V) T pw(m) =1, T () =1and 'y, 0 (n3) =1 then Ty, (m + 12 +13) = 1.

Many researchers found many interesting results in this space see [1].

Example 2.12. Define the distribution function on S by

. ui if >0
— J mrmm{eal s ey M7
FH/)N)V(T]> { 07 if 7] S O

for all (k,p,v) € S®. Then (9,T) is a probabilistic 2-metric space.
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The following is a special case of the above definition.

Definition 2.13. Let S be a nonempty set. A triplet (S,T', A) is said to be a 2-Menger space [§] if I" is a mapping
from S x S x S into the set of all distribution functions satisfying the following conditions:

() Trpw(0) =0,
(ii) Tw,pw(n) =1 for all n > 0 if and only if at least two of x, i, v € S are equal,

(ili) for distinct points x, u € S there exists a point v € S such that ' ,, ,(n) #1 for n >0,
v (M) =Trp(m) =T 4 (), for all k,u,v e S and n >0,

ropiv (1) 2 AT (M) T, (02), Doy (113))

(iv

(v

where n1,m2,m3 > 0, 1 +n2 + 13 =n, K, u,v,w € S and A is the 3rd order ¢ norm.

)
)
) T
) T

In Menger space, we use a function I" which is defined on S x S to the set of all distribution functions but in case
of 2-Menger space (see [8]) we use the function T which is defined on S x S x S to the set of all distribution functions.

Definition 2.14. A sequence {k,} in 2-Menger space (5,T',A)is said to be converge [I5] to a limit & if given
€>0,0 < A <1 there exists a positive integer N, ) such that

Ly rale)>1—A (1.1)
for all n > N, » and for every a € S.

Definition 2.15. A sequence {x,} in 2-Menger space (S,T',A)is said to be a Cauchy sequence [I5] in S if given
€>0,0 < A <1 there exists a positive integer N ) such that

Lrpimia€) =1 =X (1.2)
for all m,n > N, » and for every a € S.

The equivalent of Definitions and is to replace > with > in (1.1) and (1.2) respectively. They are not
written in this conventional way. We have presently given them the evidence from our theorems for our convenience.

In our main theorem we have used a complete 2-Menger spaces. Completeness property of spaces have an important
role in our results.

Definition 2.16. A 2-Menger space (S,T", A) is said to be complete [I5] if every Cauchy sequence is convergent in
S.

We use the following control function ® in our second theorem which was presented by Choudhury et al. [9].

Definition 2.17. A function ¢: R — RT is said to be a ®-function if it satisfies the following conditions:

(i) ¢(t) =0 if and only if ¢t =0,

) ¢(t) is strictly monotone increasing and ¢(t) — co as t — oo,
(iii) ¢ is left continuous in (0, 00),

) ¢ is continuous at 0.

Example 2.18. ¢(n) = n*, ¢(n) = /1, #(n) = n are some examples of P-function.

In 2003, Kirk, Srinivasan and Veeramani [17] introduced the concept of cyclic contraction and cyclic contractive
type mappings in the context of metric spaces. After that many authors establish various many results on this concept.
In our main results, we use the concept of p-cyclic mapping in the setting of probabilistic 2-metric spaces.

Definition 2.19. Let {A;}}_; be non-empty subsets of S. A p-cyclic mapping (see [17]) is a mapping h : [JI_, A; —
UY_, A; which satisfies the following conditions :
hA; C Ay for 1 <i <p, hA, C A,. (1.3)

In the case p = 2, p-cyclic mapping reduces to cyclic mappings. Some recent works on cyclic and p-cyclic contrac-
tions may be seen in [4}, Bl [7, 10, [18].
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3 Hadzic t-norm and fixed points
In this section, we have established one fixed point theorem using Hadzic type t-norm.
Theorem 3.1. Let (S,T', A) be a complete 2-Menger space, where A is a Hadzic type t-norm. Also let {A;} be non

empty closed subsets of S, and the mapping h : [ J!_; 4; — UY_; A; is a p-cyclic mapping satisfying the following
conditions:

(1) h,A,L - A,‘+1 for 1 < 1< P, hAp - Al,
(i) for all k € A;, p € Aj,i# j, a € S, we have

! 1 < min(—— I 1 ! 1)
_— = min -1, — —-1),
th,h,u,a(n) -

where n >0, 0 <c < 1.
Then h has a unique fixed point in (}_; A4;.

Proof . Let xg be any arbitrary point in A;. Now we define the sequence {r,}52, in S by &, = hkp,_1, n € N where
N is the set of natural numbers.

By (i), we have k, € A1, k1 € Ag, kg € As,... ,kp—1 € Ap and in general
Knp € A1, Knpy1 € A, ..., Knpt(p—1) € Ay, (3.1)

for all n > 0. Now, we have from (ii) for n > 0 and ¢ € (0,1), a € S, kg € 41 and k1 € Ay, we have

1 1 1 1
———— — 1 < min( -1, -1, -1,
F}m(],hml,a(n) mo,nl,a(g) Fno,}mg,a(g) le,hml,a(%)
that is,
1 1 1
1< min( —1, —1). (3.2)
Fm,nz,a(n) Fno,m,a(%) me,a(%)
. . 1 1 _ 1 1 —
Let us consider mm(r e T 1, Ty (D 1) = T 1. Then . = a(n) -1< 5 jy—y 1, that
i8, Ty i0,a(M) > Ty kna ( ). But by the monotone property of T', for all ¢ € (0, 1) > 7, Ly ko, a(%) > Ty oka.a(n)-
1 1 _ 1
Hence we get a contradlctlon. So mm(rmmya(;) -1, y— -1) = T (@ L Therefore,
1 1
i<
Ly ra.a (1) Lromral(?)
that is, I'x, xy,a(7) > To.x1,a(2). Proceeding in a similar way, for all ko € A3, k3 € Ay, we have
n n
Lrsns.a(n) = Tiyhia(=) > Fno’m,a(*g)'
c c
Now, repeating this process n times, we have
n
FN1L7Nn+17a(77) > Ffioaﬂha(cin)' (33)
Now, taking the limit n — oo on both sides of (3.3)), for all n > 0, we obtain
nlgréo Fﬁn+1yi€n,a(7]) =1, (34)
for all @ € S. Again, by repeated applications of (3.3)), it follows that for all n > 0, n > 0 and each i > 1,
n
Fﬁnﬁ,ﬁnﬁﬂ,a(n) > ]‘—‘anﬁn+1ga(7')' (3‘5)

C'L
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We next prove that {,} is a Cauchy sequence, that is, we prove that for arbitrary € > 0 and 0 < A < 1, there
exists N (e, A) such that
L iimal(€) 21— A

for all m,n > N(e, ). Without loss of generality we can assume that m > n. Now,

1—c¢
€E=c¢€
1

>e(l—c)l+c+c+...+cm 7 h).
—C

Then, by the monotone increasing property of I', we have
Lipimal(€) = Tipa(e(l —c)(1+c+ ..+ Cminil))v
that is,

Lrrr i a(€) ZA(FHMH"H@(G(I —c)), A(an+1,nn+z,a(ec(1 =), A ATk, sk 100

(™" 2(1 = ¢), Ty 1 ppa(€€™ 11 =€) .. ))) (3.6)
Putting n = (1 — ¢)ec® in (3.5]), we get
]‘—‘K/n+i7ﬁn+i+lga((1 - c)eci) > Fﬁn,fin+1,a((1 - C)E)'
Therefore, by (3.6), we have
anmn,a(e) ZA(FNn,ﬁnﬂ,a(e(l - c)), A(an,nnﬂ,a(e(l —c),A(...,
A(an,nnJrha(ﬁ(l —c)), annnﬂ,a(dl —0c)))--)))-
Hence we get
an,nm,a(e) 2> A(min)rﬁn,7ﬁn+l7a(€(l —0)). (3.7)

Since the t-norm A is a Hadzic type t-norm, the family {AP} of its iterates is equi-continuous at the point s = 1,
that is, there exists n(A) € (0,1) such that for all m > n,

AM=) () > 1 — X whenever n(\) < s < 1. (3.8)

Since, Ty ky.0(n) = 1 as n — oo and 0 < ¢ < 1, there exists an positive integer N (e, A) such that

(1-c)e

Fno,m,a( on

) >n(A), (3.9)
for all n > N (e, A). From (3.5) and (3.9), with n =0, i = n and n = (1 — ¢)¢, we get

(1—c)e

Cn

for all n > N (e, A). Then, from (3.8)) with s =T'x «,.,.a(€(1 —¢)), we have

an,fcn“,a(e(l —¢)) > gm0

) >n(A),

A=, ale(l=0)) >1— A

It then follows from ({3.7)), that
Ty, hmale) > 1= A,

for all m,n > N(e, A). Thus {k,} is a Cauchy sequence. Since S is complete, we have

lim &k, =wv. (3.10)
n—oo
By the construction of the sequence {r,}, we have k, € A1, kop € A1, ..., knp € A1. Therefore the subsequences

{Kknp} of {ky} which belongs to A;, also converges to v in Ay, since A; is closed. Similarly subsequences k41 belongs
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to As also converges to v in Ay. Since As, Ay, ..., Ay are closed sets , similarly we get v € As, Ay, ..., A,. Therefore
Ve ﬂ€:1 Ai

Now, we have to prove that hv = v. Since (S,I',A) is a complete 2- Menger space, k,, — u as n — 0o, for some
u € S. Moreover, for all a € S, we get

€ €

€
Fhu,u,a(e) > A(Fhu,u,nn+1 (3)’ Fhu,nn+1,a(§)v le+1,u,a(§))- (3-11)

Again K, — u as n — oo and hence there exists ng € N such that, for all n > ng (sufficiently large), 0 <7, < £,
we have

1 1
—-1< -1
F5n+17hu7a(§) 7thmhu7a(772)
1 1
< min -1 -1 -1
) T () P a(®) Y
Taking &y, € Ap41 and u € A; where n + 1 # j, we have m -1< I‘%(LZ’) — 1. Using (83.4)), for
fn,hu,a Kn,Kn41,a\ "¢
. 1 _ . 1 1
sufficiently large n, we get I'x, x,,1,o("2) — 1 and T n () 1 =10. So, mln(mmu’a(%) -1, —c
1 _ 1
1’ Fu,hu,a(”%) - 1) - an,ﬁ,n+l,a(n72) - 1'
Hence T'x, | hu,a(n2) > Twpknir,a(%2). Since np < 5, we have
€ 2
Lipiihua(3) 2 Tingr hua(n2) 2 F"Qnﬂ‘ﬂn«fl’a(i)' (3.12)

3 c

Similarly, k7, — u, T, w,a("2) — 1. Therefore, T'x, ., hu,a(2) > Trpua(%2). Now for 7y < 5, we have

™

2
an+1,hu,a(§) Z an+1,hu,a(772) Z an,u,a(?) (313)

Now, from (3.11)), we have
€

€ €
Fhu,uya(e) > A(Fhu,u,nnH (3)s Fhu,ﬁn+1,a(*), chn+17u,a(*))-

3 3 3
Now using (3.12) and (3.13)), for all a € S, we have

€
Fhu,u,a(e) > A(F5n7/’€n+17a(102)’ an,u,a(%)a chn+1 ,u,a(g))- (3-14)

As n — o0, 0, — u from (3.14)), we have
Fhu,u,a(e) > A(lv 17 1) = 17

for all a € S, for every € > 0. Thus hu = u.

Next we establish the uniqueness of a fixed point. Let x and p be two distinct fixed points of h, that is, hk = k
and hpy = p. We can take s > 0, such that ' ,, o(s) > 0 for all @ € S. Then, by an application of (i) and (ii), for
Kk € A;, p € Aj where i # j, we have

1 1 1 1
——— — 1 <min -1, — — 1, — —1
th,hu,a(s) a ( n,u,a(i) Fn,hf@,a(z) Fu,hu,a(z) )

1 1
= min( — -1, -1, -1
qu,a(z) Fn,ma(é) Fu,u,a(2>
:min(ig - 1,0, 0) =0.
Lipa(2)

Hence 'y a(s) > 1, k = p. O
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4 Minimum ¢-norm and fixed points

In this section, we give another fixed point theorem using a control function ¢ and a-admissible mapping.

Definition 4.1. Let (S,T', A) be a 2-Menger space, h : S — S be a given mapping and o : S x S x (0,00) — RT be a
function, we say that h is a-admissible if for all k, u,a € S, and > 0, we have a(k, 1,) > 1 implies a(hk, hy,n) > 1.

Theorem 4.2. Let (S,T', A) be a complete 2-Menger space, where A is a 3-order min ¢-norm, that is, A(a,b,c) =
min{a, b, c}. Also let {A4;} be non empty closed subsets of X, and the mapping h : | J}_; A, — U/_; A; is a p-cyclic
mapping satisfying the following conditions:
(1) hA; C Ai+1 for 1 <i< p, hAp - Al,
(ii) h is a-admissible,
(ili) forn >0,0<c<1, k€ Aj, p€Aj,i #j,a€ S, ¢ € P, wehave

. 1) < min( ! - L — !
th,hu,a(¢(n)) B Fﬁvﬂva((b(%))

a(k, i, m)(

Then h has a unique fixed point in (}_; 4;.

Proof . Let ko € S be such that a(kg, hko,n) > 1 for all n > 0. We consider a sequence {x, } in S so that K,+1 = hkp,
for all n € N, where N is the set of natural numbers. Clearly, k,4+1 # Kk, for all n € N, otherwise h has trivially a
fixed point. As h is a-admissible, we get

a(ko, hko,n) = a(ko, kK1,nm) > 1 implies a(hko, hk1,n) = a(k1, k2,m) > 1.
By induction, we get
O[(lin, H’I’L+17T)) 2 1;

for all n € N and for all » > 0. From the properties of the function ¢, we can find 7 > 0 such that Iy, ., .o(¢(n)) > 0,
for all a € S.

Now, taking K, € Apt1, kn—1 € An and using (i)-(iii) for all a € S, n > 0 and c € (0,1), we get

1 1
T s @) T al0)
1
solsn s Gy Y
< min( 1 -1, 1 -1, 1 —-1)
SR 7C3) Rl POV 7)) Rl VIR C3C)
1 1 1

= 0@ @) T ma@@)

e T R o T R )
The above inequality holds since a(kp, fn—1,7) > 1.
We now claim that for alla € S, n >0, n > 1 and ¢ € (0,1),

min( ! -1, ! -1)= ! -1,

L irmin.a(@(2)) L mnr.a(9(2)) Liprnr.a(0(2))

holds.
If possible, let for some s > 0,
1 1 1

' Y )= 1.
S Y 7531 Rt e T3V R :
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Using (4.1]), we get

1 1
S S P
Ffﬁn+17f€n,a(¢(s)) Fm+1,nn,a(¢(z))
that is,
s
FN7L+1;N7L7G(¢(S)) > FN1L+1;N7“G(¢(E))’

which is impossible for all ¢ € (0,1). Using strictly monotone increasing function ¢(2) > ¢(s), thatis, I'x, ., x,.a(¢(3)) >
L, i1.00,a(¢(5)), by the monotone property of I'.

Then, for all n > 0 and a € S, we get

1 1
anﬂ,nma(?b(n)) - an,nn71,a(¢(g))

Hence

Therefore,
Ty irina(@01) > Ty o a(B(~L)). (4.2)

Now, taking limit n — oo, for all > 0 and a € S, we obtain

lim F~n+1,mn,,a(¢(77)) =1 (43)

n—oo

Now, we have to prove that {x,} is a Cauchy sequence. On the contrary, there exist ¢ > 0 and 0 < A < 1 for which
we can find subsequences {f, )} and {x, )} of {x,} with m(£) > n(£) > £ such that

r () <1—A. (4.4)

Km(£):Kn(e),a
We take m(¢) corresponding to n(¢) to be the smallest integer satisfying (4.4]), so that

r ()>1-A (4.5)

Km(£)—1,Kn(£),Q

If €1 < € then we have
an(£)7ﬁn(1{))a(€1) < FKm,(I{)ynn(E)wa(E)'

So, it is feasible to construct {rm, )} and {k, )} with m(¢) > n(f) > ¢ and satisfying ([4.4), whenever e
is replaced by a smaller positive value. By the continuity of ¢ at 0 and strictly monotone increasing property with
¢(0) = 0, it is possible to find €3 > 0 such that ¢(e2) < e. Then, by the above condition, it is possible to get an
increasing sequence of integers {m(¢)} and {n(¢)} with m(¢) > n(¢) > ¢ such that

F/{'m(é)ﬂ’{n(l)va((?b(ez)) < ]‘ - )\7 (4.6)
and
Fﬁm(z)—lxﬁn(e)@((b(@)) >1-A (4.7)

Now, from (4.6), we get
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A < 1
1-2A Fﬁm(g),ﬁ:n(g),a<¢(€2))

La(Fm(e)—15 Kn(e)y—1,M)(

-1

1
Fhﬁm(l)fl7hK/n(Z)717a(¢(€2))

~1).

Since a(Km(e)—1, kn(e)—1,1) > 1 and applying the inequality (iii), for kp,y—1 € Ay where m(l) # n(l), we get

A 1

- Sa(lﬁm 0—1Bn)— an)(
1—A ®-1 (O thm([)717h,€"(z)7l,a(¢(€2))

_1)

< min( L 1 ! 1 ! ). (48)
< min P -1, < -1, - —1). .
F’{m(l)fl7Hn(€)711a(¢(742)) an(l)—l”inz(f)va((b(%)) F’in(i)flﬂin(l)va((’b(%))

Now, we can choose 31, 2 > 0 with ¢(2) = 81 + B2 + ¢(€2) such that

€2
]'—‘Km(é)fl7’{71(2)—17a(¢(?)) >
A(Fli,m,(g),l 1Kn(€)—17’{n(£) (/31)7 Fli,m,(g),l ,Kn(g),a(¢(62))7 Flin,(‘g),lﬂn(@),l,a(ﬁQ))v (4‘9)

holds. Now, using (4.3)) and (4.7]), we have

F”m(é)flv”n(z)flﬁn(z) (Bl) >1-A
Lrirnor-iomnna(B(€2) 2 1= A, (4.10)
Fﬁn(f)”‘;n(l)—l,a(ﬁQ) Z 1-— )\

9

Since A is a min ¢-norm, using (4.10]) in (4.9)), we have

€2
Ffﬁm(g),l,H,L(Z),l,a(d)(?)) 2 A(]‘ - A? 1 - >\7 1 - >\) = 1 - >\

Hence
1 1 A
—-1< —1= . 4.11
i 1m0 (@(2)) 1= [Y (4.11)
Again, using (4.3), we have
1 1 A
— 1< ——-1=—-. (4.12)
F&n(z)q,ﬁmm,a(d)(f)) 1-A 1—A
Similarly, we have
1 1 A
S I (4.13)
F'{n(@)flv'{n(@)aa(gé(?z)) 1 - )\ 1 - )\

Now, using (4.11)), (4.12) and (4.13)) in (4.8)), we have

A < min( ! -1 ! -1 ! -1)
1 — A F,@m(z)717ﬁn<£)7l7a(¢(%)) ’ Fﬁm(g),l,ﬁm(g),a(qs(%)) 7 Fﬁn(l)—lvﬁn(l)aa(qs(%))

< min( A A )

- 1-XA1-XN1-2X

A

1=

which is a contradiction. Hence {,} is a Cauchy sequence. Since (S,T'; A) be a complete 2-Menger space, therefore
Kn — u as n — oo, for some u € S. Moreover, we get

€ €

€
Fhu,u,a(e) 2 A(Phu,u,/{n+1 (§>7 Fhu,nn+1,a(§)a F/{n+1,u,a(§))~
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Next, using the properties of function ¢, we can find 7 > 0 such that ¢(n2) < §. Since x,, — u as n — oo, there
exists ng € N such that, for all n > ng (sufficiently large), &, € Ap41, v € A; where n+ 1 # j we have

1 1 1

—-1< —)) —-1< a(ﬂmu’nQ)(—th,,“hu,aW(?D))

_ —-1).
Fﬁn+17hu7a(§) o Fh”vuhu7a(¢<n2 )

Now, using the inequality (iii), we have

1
Fhl{n hu,a (¢(7]2 ))
1 1

S mln( Hmu a(¢(%)> 17 an,hﬁma(¢(n?2)) B 1 u hu a(qb(n?)) 1)

. 1 1
= mln( -1 -1,

1
wa(@(2) Thpmnna(@(2))  Funua(@(2))

a(Fn, u,m2)( -1)

~1).

o3

Taking limit n — oo on both sides, we have

1 1

I ——" in(0,0, ——————— —1) = 0.
Fu,hu,a(¢<n2)) S mln( ’ 7r"u,,h'u,,a(qb(77?2)) )

Hence & <1, Ty hua(@(n2)) > 1. Hence hu = u. So, it is proved that h has a fixed point. It is easy to see

Cu,hu, a(¢(772))
the uniqueness of the fixed point.

O

Now, we give some consequences of our obtained results.
Taking p = 2 and ¢(n) =1, a(k,p,n) =1 we get the following result.

Corollary 4.3. Let (S,I', A) be a complete 2-Menger space, where A is a 3-order min ¢-norm, that is, A(a,b,c) =
min{a,b,c}. Also let Ay, Ay are non-empty closed subsets of S, and the mapping h : A; |J A2 — A1 | As is a cyclic
mapping satisfying the following conditions:

(1) hAl g A2 and hA2 Q Al,

(ii) for all Kk € Ay, p € Ag,a € S, where n > 0,0 < ¢ < 1, we have

1 , 1 1 1
— 1)< min( 1 -1 —1).
Lhic,hppsa (1)

(

Then h has a unique fixed point in A; N As.
Taking p = 2 we get the following example.

Example 4.4. Let S = {a, 8,7,6}, A = {a, 5,7}, B ={v,d}, the t-norm A is a 3rd order Lukasiewicz t-norm and
T" be defined as

0, if <o,
Lapq(m) =Taps(n) =4 0.40, if 0<n<4,
1’ lf n Z 47
_ _J 0 if <o,
Fa,’y,&(n) - F,B,'y,é(n) - { ]_7 if n > 0.

Then (S,T',A) is a complete 2-Menger space. If we define I : S — S as follows: 'a = 0,I'8 = v, 'y = v,I'0 = v then
the mapping I satisfies all the conditions of the Theorem (see Figure [1)) and + is the unique fixed point of T in
ANB.

Taking p = 3 and ¢(n) = n, a(k, u,n) = 1 we get the following consequence.
Corollary 4.5. Let (S,I', A) be a complete 2-Menger space, where A is a 3-order min ¢-norm, that is, A(a,b,c) =

min{a, b, c}. Alsolet Ay, Ay, A3 are non-empty closed subsets of S, and the mapping h : Ay |JA2JAs — A1 J A2 43
is a 3-cyclic mapping satisfying the following conditions:
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’ I
n=0n<0
»=040<p<4
m=1lg>4
=0,7<0
15 =l
L
0.5 |
0 o
-0.5 ! | | | ‘ | ‘
-6 4 2 0 2 4 6 8 i
n
Figure 1:
(i) hA; C Ay, hAy C Az and hA3 C A,
(i) for all Kk € A;,u € Aj,i# j,a € S, where n > 0,0 < ¢ < 1, we have
( —1) < min( —1, 1, _ 1

th,h;t,a(n) H,u,a(g)
Then h has a unique fixed point in A3 N A N As.
Taking p = 3, we get the following example to validate the theorem 2.1.

Example 4.6. Let S = {a,3,7,0}, A = {a,v,0}, B = {«, 8}, C = {,7} the t-norm A is a 3rd order minimum
t-norm and I" be defined as

0, if <o,
FO«BW(W) = Pa’gyg(n) = 0.40, if 0<n<7,

1, if n>7,

0, if n<o,
Fa,’y,&(n) = Fﬁ7775(’r]) = 0.95, if 0< n<l,

1, if p>1,

then (S,T, A) is a complete 2-Menger space. If we define I' : S — S as follows: Ta = o, T8 = a, 'y = o, T'0 = « then
the mapping I" satisfies all the conditions of the Theorem (see Figure [2)) and « is the unique fixed point of T in
AnBNC.

Here we also get another corollary. The corollary is based on fixed point result on 2-probabilistic metric space.

Corollary 4.7. Let (S,T,A) be a complete 2-menger space, where A is the third order min t-norm and I : S — S
be a self mapping satisfying the following inequality

1 1 1 1
— 1> min( —1, —1, —1), 4.14)
]-—‘hn,h,u.,a(n) Pn,p,a(g) Fn,hn,a(%) F;L,h,u,a(%) ) (

for all k, u,a € S;n > 0. Then I" has a unique fixed point in S.
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2 1

n=0n<0
™=0950<p<1
m=1lnp>1
T=07<0
=040<np<7
w=19>7 N

0.5 =

Figure 2:

5 Application to Airy’s type differential equation

In this section, we obtain the solution of the following second order boundary value problem:

&Pz

~S5 = gt o(t). tel01]

where ¢ : [0,1] Xx R — R is a continuous function.

Let X = C([0,1], R), where C([0,1], R) be the collection of continuous functions from I := [0,1] — R and A
be the 3rd order minimum ¢-norm, that is, A(a,b,¢) = min(a,b,c). Choose the distribution function defined as
Fpy-(t) = m where x,y,z € X, t > 0, d is a 2-metric given by

A, y,2) =min{lz = ylloc, Iy — 2o 12 = 2]c }
= min{amae (1) — y(t)|, max y(2) — (1)}, max |=(0) - a(0)]}

Here, it is easy to see that (X = C([0, 1], R), F, A) is a complete 2-Menger space.
Now, Green’s function G(t, s) exists for the associated boundary-values problem is given by
_ ait+az, 0<t<s
G(t7 ) - { bit+by, s<t<1

The Green’s function must satisfy the following three properties:
i) G(t, s) is continuous at & = s, that is, bys + ba = a1s + ag implies s(by —ay) + b2 —as = 0.
ii) The determination of G has a discontinuity of magnitude —p%(s) at the point z = s

where po(t) = co-efficient of the highest order derivative, that is,

oG oG o
(E)t:s—ko — (E)t:s—o = —1 implies by —a; = —1.
ili) G(t, s) must satisfy the boundary conditions G(0, s) = 0 implies as = 0 and G(1,s) = 0 implies by + by = 0.

t(l—s), 0<t<s<1

Therefore, G(t, 3) = { —st+s,. 0<s<t<l1.
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We have to show that the above mentioned differential equation satisfies the following inequality

1 1 1
F'ay,a(%) F%fw,a(%) Fy,fya(é)

— 1> min(
Fto y.a(t)

for all z,y,a € X,t > 0.
Taking Fy , . (t) = m, we get

t+d(fz, fy,a)
t

% +d(x,y,a) % +d(ac,f:c,a) % +d(y>fy>a)

? t
c c c

It implies that

d(fxﬂ fy7 a’) é C. mln{d($7 y? a)7 d(x7 fx7 a)’ d(y7 fy7 a’)}'

— 1 > min( : —1,< ; -1 —1).

Now, It is well known that = € C?%(I) is a solution of given differential equation is equivalent to that = € C(I) is a

solution of the integral equation

1
x(t) / G(t,s,a)g(s,x(s),a)ds,for all t e I.
0

Define the operator f : C(I) — C(I) by

flz(t) = /0 G(t,s,a)g(s,x(s),a)ds,for all t eI,

with
lg(s,z(s),a) — g(s,y(s),a)| < ¢ min{d(z,y,a),d(z, fz,a),d(y, fy,a)}.

Consider
|f(z(t) = fy(®)| = |/01 G(t,s,a)lg(s,x(s),a) — g(s,y(s), a)lds|
</ G5, 0lgs,2(5),0) — gl (s), )lds
< /0 Gt 5, ) ¢ min{d(z, g, @), d(z, f1, @), d(y, v, a)}ds

= c¢-min{d(z,y,a),d(z, fz,a), d(y,fy,a)}/o1 G(t,s,a)ds

< ¢ min{d(r,y, ), d(z, f,0),d(y, fy. )} x §

=0.
Note that for all t € I,
1 2

t t
G(t ds = ——+ -
| tsaas = 5+,

which implies that,

! 1

Sup/ G(t,s,a)ds = —.

tel Jo 8

(5.3)

Also, min{d(z,y,a),d(z, fx,a),d(y, fy,a)} = min{d(z,y,a),0,0} = 0. Therefore by Corollary t > 0 for all
x,y,a € C([0,1], R) and ¢ > 0, we conclude the uniqueness of a operator f, fa* = a* € C([0, 1], R), which is also a

solution of the proposed integral equation.
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6 Conclusion

In our present discussion we have introduced two p-cyclic contraction results on 2-Menger spaces. Two different
types t-norms have been used here. In our first theorem we have used Hadzic type ¢-norm while minimum ¢-norm
have been used in our second theorem.
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