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Abstract

In this paper, the classical Fekete-Szego problem is studied regarding a class of univalent functions generated using
a generalized fractional differential operator. The results presented in the main theorem are new generalizations for
well-known results.
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1 Introduction

We denote by A the functions in the unit disc U = {z : 0 < |z| < 1} that has the form

[ee)
f(z)=z+ Zanz",an > 0. (1.1)
n=2

Let S denote the class of univalent functions in the unit disk. The Hadamard convolution of the functions f (z) =

o0
z4+ >0 sanz" and g (2) = z+ Y b,2"™ is given by:

n=2
f(2)xg(z) =2+ Z anbnz™.
n=2

For a class S of analytic functions, Fekete and Szegd [5] obtained sharp upper bound for |a3 - ua§| , when g is
real. Later on, this inequality has received a huge interest from many researchers. For very recent results regarding
Fekete-Szegd problem studied for different new classes of functions see the papers [2, [7] [8, 13} [16] and [17].

In this paper, we obtain sharp upper bound for the Fekete-Szego inequality regarding a certain subclass of S, generated
using the generalized fractional operator that has been introduced by Issa and Darus [9], given as follows:

n+ 1T (2—mv)
F'(n—mv+1)

n
nZ i

Drf( =2y

n=2
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where, applications of this operator can be found on [8] and [I0]. Now we define the class by M»™ (®, U; X\, o, ), as
follows:

Definition 1.1. A function f (2) =z + Y .., anz",a, > 0 belongs to the class M"™ (&, ¥; N\, o, 8);0 < < 1,0 <

A<1,8>0,0<v<1,and m=1,2,..., if there exist a function g € A such that:
2 pDym " pDvm !
Re [ 21 z/f(Z)) +2 (D7 f (2)) S azelU (12)
Azg' (2) + (1= A)g(2)
where g (2) = 2 + baz + b32? + - -+ | is analytic and satisfies
g9(2) x ®(2) ™
et 1.3
(S 5re )| < T 43

for some ® (2) =2+ o ,wp2", and ¥ (2) = 2+~ , 72", both are analytic in U such that g (2) * ¥ (z) # 0, ww,, >
0,7, > 0, and @,, > v, (n > 2).

Note that M¥0 (@, ¥; \, o, B) give us the class M (®, U; \, o, ) that was defined by Darus in [4,

M0 (u_:)z,lfz;o,o,b’) =K(8),

the class of closed-to-convex that was defined by Chonweerayoot et al. in [I], and M"° <(1 : )2 , %; 0,0, 1) is
— s —

the class of normalized close-to-convex functions was defined by Kaplan in [12].

z z
(1- z)2 1-2’
Darus and Thomas in [3]. We have to mention that the result we introduce in the following section generalizes various
results obtained by many researchers.

Furthermore, M¥-0

0,a,8 ) = K (o, ) is the class of normalized close-to-convex defined by

2 Main result

To get our main result we need the following definition and lemma:

Definition 2.1. The analytic function p(z) in U belongs to the class P, if p(z) = 1 + p1z + p22? + p32z® + .-+ and
Rep(z) > 0 for all z in the open unit disk.

Lemma 2.1. [15] Let h(2) = 1+ c12 + c22? + - -+, be analytic in the open unit disk with Reh (2) > 0 for all z € U.
Then

<2——2. (2.1)

Now we present and prove our main result in the following theorem.

Theorem 2.2. Let f(2) = 2z + az2% + azz® + - - -, be a function in the class M (&, ¥; X\, ,3);0<a < 1,0 <A <
1,8>0,0<v<1l,and m=1,2,..., If 3nu > 26% 4+ 45, where 6 = wy — Y2, = w3 — 3 and u > 1. Then we have
the sharp inequality

2
a2l < B o2
jas — paz] < 302nCy (v,m) C2 (v, m) {BunCi (v, m) — 25 (v;m) 6 (3 + 272) §

B 3opa (1 —a)Cy (v,m) (14 2)0)
36C2 (v,m) Cy (v,m) (14 2X) (1 + 22
26(1—a)(1+ ) {
36C2 (v,m) Cy (v,m) (14 2X\) (1 + 22
(1-o) — 9202 (1.m 2
N T G AT ) {3;“504 (v,m) (1 4+ 2X) — 202 (v,m) (1 + \) }

Hls e (4 (2—my
EEEE) and Cy (v,m) = HREEm0),

3uCy (v,m) — 202 (v,m) (1 + /\)2}

where, C3 (v,m) =
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Proof . Since f(z) € MV™ (®,U; X\, «, ), it follows from (1.2]) that there exist ¢ (z) = 1+ q12 + q22% + -+

q(z) € P,and g(2) = 2z + baz? 4+ b323 + - - € A, such that
(DL () +2(D27f(2) = {a+ (1 =a)g(2)}{reg () + (1= N g ()},
which implies

24 2C5 (v, m) (A + 1) agz? +3C, (v,m) (1 +2)\) azz® + - --
=24+ {A4+Nb+ (1 -a)@} 22+ {0 +2 )b+ 1 —a) 1+ N giba + (1 —a) g} 22 +---.

Equating the coefficients in the last equation implies

2C3 (v,m) (1+XN)az=(14+Nba+ (1 —a)q,

and
3Cs (v,m) (142 ) a3 =(1+2N) b3+ (1 —a) (1 4+ X)) qiba + (1 — a) ¢o.

Moreover, from (1.3)), there exist a function in P say, p(z) = 1 + p12 + p2z? + p3z® + - - -, such that

9(2)x@(2) = (9 (2) * ¥ (2)) p” (),

which implies

(Z+62Z2+b32:3—|—~--)*(z+w2z2—|—w3z3+...)

={(z+ba? +b32% ) ¢ (2t + )} (L prz + 2 4032 +--0) .
So,

24 bywoz? 4 bywszd 4+ = {Z+b2'7222+b3’y3z3—|—-~-}

2
{1+/3p12+<ﬂp2+(ﬂ2g)p%>22+"'}

=z + (p1B + Y2bo) 2°

B2 B\ 3
+ | p1Bbay2 + Bp2 + >3 T+73bs ) 2° 4

Equating the coefficients in the last equality implies

bawa = p1 B + 2b2,

which give us

_piB
by = 5
Also,
2
byws = p1Bbay2 + Bp2 + (ﬂz - g) T+ 73bs
b _ ﬂQ 2 /8 2
33 — Y3b3 = p18baye + Bpa + 5P 5P

1
(w3 —v3) b3 =p3 <p1b272 +p2 + gp% - 2p%>

27

, with
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p1B B 1 p B 1
nbs = <P16’72 +p2+ 517% - 21’%) =p <p2 +p%572 + Ep% — ip%

586
:B<pz+p? <§72+§—;)> :ﬂ(p2+p?(2§;2+2§—25)),

which implies

by = % {pg + (W) p?} : (2.5)
So from ,,, and we get
_ P18 (1-a)q
© = o5C, m) T2 N Cs (rom)’ (26)
and
1
ag = 5Cs (v m) (1+2)) {(T+2X) b3+ (1 —a) (1 +A) qib2 + (1 — @) g2}
__ (@42Mbs (I—a)(I+XN)aibs (1-a)g
C3Cy (r,m) (L+2)\)  3Cy(v,m)(14+2)\) 304 (v,m)(1+2)\)
Indeed,
_ B B(O+2y) -5\ , I-a)I+Napip (1—-a)g
9 = 3 (vom) {” * < % )pl} S m) (L 2N | 3Ch () (112N 27)

Now, we will use (2.1)),(2.2)),(2.3),(2.4),(2.5)),(2.6) and (2.7)) to get the required result as follows:

e — a2 — Bp2 B (6 +2y)pi  Bopi 1-a)d+NapB (1-a)g
3T TR O (vm) | 60nCy(v,m)  660Cy (v,m) | 30C (r,m) (L+2X\) | 3Cy (v,m) (1+ 2)\)
ot 28(—a)pgipr (1—a)’ gt
46203 (v,m)  40C3 (v,m) (1 +X)  4(1+A)*C2 (v,m)
2(1—a)qf 2(1-a)qf
12C4 (v,m) (14 2))  12C4 (v, m) (1 + 2))
_{ (l-a)eg  2(1-0a)q }+{ Bpa Bopt }
13Cs (v,m) (1+2))  12C4 (v,m) (1 +2)) 3nCy (v,m) 6InCy (v, m)
20-a)gt  (1—a)pg +{(1—a)(1+A)q1p15 28 (1 —a) pgip: }
12Cy (v,m) (1+2)) 41+ 1> C2 (v,m) 36Cy (v,m) (1 +2X\)  46C2 (v,m) (14 \)
LB G2t b
66nCy (v,m)  462C3 (v,m)
implies

- (1—a) @ B Lt
asua§3c4(y,m)(1+2A){QQ }+37704(vm){p22}
e 2(1+\)? 0% (v,m) — 3u (1 — @) Cy (v,m) (1 +2X)
e )ql{ 12C3 (v,m) C (v, m) (1+23) (1+ A7 }
(14 X2 C2 (v,m) — 3Cy (v,m) (1 +2X)
+(1—a)Q1P15{ 6502(7;)04(,/771)(?4—2)\)( +A) }

+ B2 {2032 (v,m) 6 (6 + 272) — 3unCy (v, m)}
1262nCy (v, m) C3 (v, m) ’

(2.8)
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Secondly, we will complete the proof by applying the technique introduced by London [I4]. Now, assume that
a3 — pa? is positive, then from (2.8) and by substituting p; = 2re? and ¢; = 2Re™?, 0 <r <1,0< R<1,0 <0 < 2,
and 0 < ¢ < 27, we obtain:

2\ (1-a) 4 B Vit
R (oo =) =gt ™ 3 | e {2 3
L—a 2(14 X2 C2 (v,m) —3u (1 — a) Cy (v,m) (1+2X) Reg?
AC2 (v,m) Cy (v, m) (1 +2X) (1 + ) !
2(1+A)2C2(v,m) —3Cy (v, m) (14 2))
+5(1_0‘){ 256'3?(V,?zer)C4(1/,m)(l+2)\)(1+)\) }Repl‘h

5 [2C% (v,m) 6 (6 + 27v2) — 3unCy (v, m) 5
+h { 162Cy (v,m) OF (v, m) Repr.

Consequently, by Lemma [2.1| we get

2 2(1-a) 2 2B 2
SRe(ag—,an) SC’4(1/,m) (I1+2)) ( B )+ nCy (v, m) (1_T )

+(1-a) 2(14+ M) C2(v,m) —3u (1 —a)Cy (v,m) (1+2X)
4C2 (v, m) Cy (v, m) (14 20) (1 + N)?

2(1+A)*C2 (v,m) — 3Cy (v,m) (1 + 2X)
+A(l-a) { 5502 (v,m) Ca (v,m) (1 +20) (1 + ) } drfcos (¢ +6)

} 4R? cos 26

2 [2C3 (v,m) (8 + 272) — 3unCy (v, m) 2
+0 { 462nCy (v,m) C3 (v,m) } 417 cos2¢
2(1—a) 2 283 2
~Cy (v,m) (14 2)) (1 - ) + nCy (v, m) (1 - )

- a) 3u (1 —a)Cy (v,m) (1+2X) —2(1 4+ N2 C2 (v,m) =
C2 (v,m) Cy (v, m) (14 2X) (14 A)?
30y (v, m) (14 2X) — 2 (1 + X)? C2 (v,m)
+25(1_“){ T o) Cr e AT I N }’“R

+ 8 3unCy (v, m) — 2C3 (v,m) 4 (3 + 272) 2
52nCy (v,m) C% (v,m)

=H (r,R).

Next, we will identify the sign of H,.. Hrr — (H,»R)2 to illustrate the maximum value of H (r, R), as follows:

2 _ —43 2 3unCy (Vﬂ m) - 20?? (Va m) 4 (6 + 2’7/2)
M B T T (r R

—4(1 - «)
Cy (v,m) (14 2X) ,
2
+2(1_a){3M(1_04)04(V7m)(1+2>\)—2(1+)\) C3 (V,m)}

C2 (v,m) Cy (v, m) (14 2X) (1 4+ A)?

- {2B(1—oz)

3Cs (rym) p (1420 —2(1 + N2 C2 (ym) |
8C% (v,m) Cy (v,m) (14 2X) (1 + X)

_ 168(1-a) 881 a) 3 (1 —a)Cy (r,m) (1+2X) —2(1+ N> C2 (v,m)
1 (1+2)) C3 (v, m) C2 (v,m) C2 (v,m)n (1 4 2)) (1 + A)?
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5 [ 3unCy (v,m) — 203 (v,m) 6 (6 + 2
Lo e ey
{3un04 (v,m) —2CF (1,m) 3 (3 + 272) }
) 1Cs (v;m) CZ (vym)
+4p7(1-a) {3u(1—a)04(u,m)(1+2)\)—2(1+>\)2C§(u,m)}
C2 (v,m) Cy (v, m) (14 2X) (14 \)?

) o [3Cs (rom) (1420 —2(1+ N2 C2 (rym) |
— 48 (1_0‘){ 5C§(u,m)C4(1/,m)(1+2)\)(1i)\) }

<0.

Hence the function H (r, R) attains its maximum value on the boundary of the unit disk. Therefore our inequality

follows by observing that

1 1 23C4V,m—202u,m(5(5 279
|a3—Ma2‘<§H(r R)SgH(l,l)Sﬁ { 1 2527724 (z/mi)(Cg ()eri)—k 7)}
1w 3 (1 —a)Cy (v,m) (1+2X) —2(1+ X\)>C2 (v,m)
302 (v, m) Cy (v, m) (14 2X) (1 4+ A)?
3Cs (r,m) (1 +2X) —2(1+ N> C2 (v, m)
+2ﬁ(1_“){ 35C2 (v,1m) Ca (o) (1 F 20 (14 2 }
52

35700 (vom) CF vy m) HC () =

202 (v,m)d (6 + 272)}

3

68u (1 —a)Cy(v,m) (L+20) (1+A) 48 (1 — ) (1 4+ N)° C% (v,m)
3602 (v,m) Cy (v,m) (14 2X) (1+ X 36C2 (v,m) Cy (v, m) (1+2)) (1 + N)?
36 (1 —a)> Cy (v,m) (1+2)) 26 (1 —a) (1+ X2 C2(v,m)
30C2 (v,m) Cy (v, m) (1+2X) (L+ N2 36C2 (v, m) Cy (v,m) (1 +2)) (1 + A)°
:3527704 (y,fn) 2 o) {3/”704 (v,m) — 203 (v, m)d (6 + 272)}
68u(1—a)Cy(v,m) (L+2)) (1+)) 48 (1 —a) (1+ ) C2 (v, m)
36C2 (v,m) Cy (v,m) (14 2X) (1+ X 36C2 (v, m) Cy (v, m) (1+2)) (1 + N)?
30p (1= 2a+ a?) Cy (v,m) (1 +2X) 26 (1 —a) (14 \)?C2 (v,m)
3602 (v, m) Cy (v, m) (14 2X) (1 4+ A)? - 3602 (v, m) Cy (v, m) (14 2X) (1 4+ N)?

B2
= 3620Cy (v,m) C2 (v, m)

68 (1—a)Ci(v,m) 1 +20) (1+N)

{3unCy (v,m) —

2C§ (v,m)d (0 + 272)}

48 (1 —a) (1+ 1) C2 (v, m)

3602 (v,m) Cy (v, m) (14 2X) (1 4+ N)?
30p (1 —a)Cy (v,m) (14 2X)

3602 (v,m) Cy (v,m) (14 2X) (1 4+ N)?
3dpa (a—1)Cy (v,m) (1 +2X)

3602 (v,m) Cy (v,m) (14 2X) (1 4 N)?
26 (1 —a) (14 X)? C2 (v,m)

3002 (v,m) Cy (v,m) (1 +2X) (1+ \)?
_ B
" 362nCy (v,m) C2 (v, m)

{3unCy (v, m) —

68p(1—a)Cy(v,m)(1+20)(1+A)

QC’g (v,m)d (6 + 272)} —

3602 (v,m) Cy (v,m) (14 2X) (1 4+ )

3opa (1 —a) Cy (v, m) (1 +2X)

48 (1 —a) (1+ 1) C2 (v, m)

g

3602 (v, m) Cy (v, m) (14 2X) (1 4 X)?

3602 (v,m) Cy (v,m) (14 2X) (1 + X 36C2 (v, m) Cy (v, m) (1 +2)) (1 + N)?
30p (1 — ) Cy (v, m) (14 2X) 26 (1 —a) (1+X\)>C2 (v,m)
3602 (v,m) Cy (v,m) (14+2X) (1+ X 30C2 (v,m) Cy (v, m) (1+2X) (1 +A)*
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Finally, we get:

ag — paj| <3520h (an) ) {3unCy (v,m) — 203 (v,m) & (8 + 272) }
_ 30pa(l—a)Cy(v,m)(1+2))
3602 (v, m) Cy (v, m) (14 2X) (1 4 \)?
26(1—a)(1+A) 2 2
36C2 (v, m) Ca (rym) (1 + 2X) (1 + A)? {30 Grm) 203 (vom) (141}
N (1-a)
36C2 (v,m) Cy (v,m) (1 +2X) (14 N)

5 {316C1 (v,m) (1423) = 2CF (v,m) (1 4+ 2)°},
as required. The equality is attained by choosing v =0, p; = ¢ = 2i and ps = g2 = —2 in . O
Remark 2.1. Letting v = 0 in Theorem we have the result by Darus [4].

Remark 2.2. Letting v = 0 and A = 0 in Theorem [2.2] we have the result by Frasin and Darus [6].

Remark 2.3. Letting ®(z) = ﬁ, V(z) = 75,2 =a =1, and v = 0 in Theorem , we have the result by
Jahangiri [T1].

Finally, we ought to mention that we can gain a lot of results from Theorem by various choices of ® (z) and
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