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Abstract

In this article, we introduce the concept of R-control fuzzy metric spaces. We prove some fixed point results in the
sense of R-control fuzzy metric spaces and furnish our work with several non-trivial examples to verify the validity of
the proposed results. In the end, we incorporate this work with an application to solve an integral equation.
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1 Introduction

Since the inception of Banach contraction principle, many authors studied fixed point theory vividly and enriched
this field with different ideas. This classical result was generalized in different spaces and different structures were
attained using this topic. In this connectedness, Bakhtin [3] and Czerwik [5] gave a generalization of metric space, and
named it as the b-metric space, with a triangle inequality weaker than that of metric spaces. On the other hand, Zadeh
[23] introduced the concept of fuzzy sets and generalized the notion of metric space using fuzzy sets and named the
new space as the fuzzy metric space. Since then, these results have become the center of interest for many researchers
and in this sequel Roldan et al. [I8] introduced interrelationships between fuzzy metric structures. Gupta et al. [10]
presented the graphical interpretation of fuzzy metric space. Chauhan et al. [4] initiated Banach contraction theorem
for fuzzy cone-metric space. Altun et al. [I] introduced the notion of Ordered non-Archidemedean fuzzy metric spaces
and utilized this concept to investigate some fixed point results. Recently, Deng [6] generalized the notion of fuzzy
metric and introduced fuzzy b-metric space. Many authors used fuzzy b-metric space in different formats, to investigate
fixed point results, we refer the readers to please check [7), 14} 17, 20, [8, 22 [9]. Later, Mehmood [I3] introduced the
concept of extended fuzzy b-metric spaces and generalized fuzzy b-metric spaces. Recently, Mlaiki [I6] introduced the
concept of controlled metric type spaces and Sezen [21] used this concept of controlled metric spaces and introduced
the notion of controlled fuzzy metric spaces, which is the generalization of fuzzy b-metric spaces and extended fuzzy
b-metric spaces.
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Most recently, Khalehoghli et al. [12] introduced the notion of an R-set and gave a real generalization of Banach’s
fixed point results. Many authors used this idea to help them work on different structures. Lately, Ali et al. extended
this concept to investigate fixed point in partial metric spaces. Baghani et al. [2] initiated fixed point theorem for
set-valued mappings in R-complete metric spaces. Javed et al. [11] utilized this concept to find fixed point results in
fuzzy b-metric space. Sawangsup [19] used this idea to discuss fixed point results for JS-quasi contraction of multi-
dimensional mapping with the transitivity, and many more. For more information and results in fuzzy metric spaces
and applications, see [II, 4 10, [15], [18].

In this article, we generalize and extend the concept of control fuzzy metric spaces and introduce the concept of
R-control fuzzy metric spaces. To validate our results, we impart our work with an example and towards the end, we
present an application to solve integral equation.

2 Preliminaries

First, we recall some fundamental definitions related to this article.

Definition 2.1. [6] A 4-tuple (X, A, x,u) is called fuzzy b-metric space if X is an arbitrary (nonempty) set,  is a
continuous ¢t-norm and A is a fuzzy set on X x X X (0, 00) satisfying the following conditions for all z,w,z € X and
t,s > 0, and a given real number u > 1,

B1) A(z,w,t) > 0;

B2) A(z,w,t) =1 if and only if x = w;

B3) A(z,w,t) = A(w, z,t);

B4) Az, z,u(t + s)) > Az, w,t) * A(w, z, $);
B5) A(z,w,-) : (0,00) — [0,1] is continuous.

Definition 2.2. [13] A 4-tuple (X, A,, *,«) is called an extended fuzzy b-metric space if X is a (nonempty) set,
a: X xX — [1,00), * is a continuous t-norm and A, is a fuzzy set on X x X x [0,00) satisfying the following
conditions for all z,w,z € X and t,s > 0,

Al) Ay (z,w,0) = 0;

A2) A (xwt)—llfandonlylfx—w
A3) Ay(z,w, t) = Ay (w, x, t);
Ad) Ay (z, z,a(z, 2)(t+ 5)) > Az, w, t) x Ay (w, 2, 8);
A5) Ay (z,w,-) : (0,00) — [0,1] is continuous.

Definition 2.3. [2I] A triple (X, A, ) is called a control fuzzy metric space if X is a (nonempty) set, v : X x X —
[1,00), * is a continuous ¢t-norm and A, is a fuzzy set on X x X x [0, 00) satisfying the following conditions for all
r,w,z € X and t,s > 0,

1) Ay(z,w,0) =0;

2) A (z,w,t) =1 if and only if z = w;

3) Ay(z,w,t) = Ay(w, x,t);

4)A’Y(‘Tazat )>A ( afy(xw)*A( 7@);
5) Ay(z,w,-) : (0,00) = [0, 1] is continuous.

Definition 2.4. [21] Let X be a set and let ¢ : X — X and O(v) = {vo, (10, (?v0, ...} (for some vy € X) be the
orbit of ¢. A function T : X — X is said to be (-orbitally lower semi continuous at u € X if for v, € O(1p) such that
Vp — u, we get T(u) > limy, o0 supT (V).

Example 2.5. [2] Let R be a binary relation on X and define the binary relation R such that 2Ry if and only if 2Ry
or yRx. Then R is a binary relation on X.

Example 2.6. [II] Let X = [0,00) and define zRw if xw = min{x, w}. Take xy = 0. Then (X, R) is an R-set.
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Definition 2.7. [2] Suppose that (X,R) is an f-set. A sequence {z,} is said to be an R-sequence if (Vn;z,Rx, 1)
or (Vn; xpi1Ray,).

Definition 2.8. [12] (a) A metric space (X, d) is called an R-metric space if (X, R) is an R-set.

(b) A mapping T': X — X is called R-continuous at x € X if for each R-sequence {z,} in X, lim,,_, o d(zp,x) =0,
lim,, o0 d(Txy, Tx) = 0. Furthermore, T is called R-continuous on X if T' is R-continuous at each z € X.

(¢) A mapping T : X — X is called R-preserving if 2w, then TaRTw for all z,w € X.

(d) An R-sequence {z,} in X is said to be an R-Cauchy sequence if for every € > 0 there exists an integer n such
that d (2, xm) < € for all n,m > N. It is clear that z,Rx,, or z,, Rz,

(e) X is called R-complete if every R-Cauchy sequence is convergent.

3 Main Results

In this section we introduce the notion of R-control fuzzy metric space and prove some fixed point results.

Definition 3.1. A 4-tuple (X, 6, ,R) is called an R-control fuzzy metric space if for a nonempty set X, a reflexive
binary relation ® on X, a mapping v : X X X — [1,00), continuous t-norm * and a fuzzy set # on X x X x (0, 00), the
following conditions hold for all ¢,s > 0 and for all z,w,z € X with either (zRz or zRz) or (zRw or wRz) or (wRz
or zRhw),

0
z,w,t) =1 if and only if z = w;
0

( )

( )

(z,w,t) = O(w, x, t);
( +

(

w

) Z 9(1’7’(1), m) * 0(’(1}, 2, m%

x,w,-) : (0,00) = [0,1] is continuous.

Example 3.2. Let X =7Z = AU B, where A ={-1,-2,-3,...} and B =1{0,1,2,3,...}. Define a binary relation ®
by aRfw <= z+w > 0. Define § : X x X x (0,00) — [0,1] as

lif x =w,
otherwise.

0(z,w,t) = {

t
t+max{z,w}
For all ¢ > 0 and 2, w € X with continuous t-norm * defined as ¢ x to = t1 - t, define v : X x X — [1,00) as

1, z,we€ Aorx=0o0rw=20
max {z,w}, otherwise.

Y(z, w) = {

It can be easily seen that (X, 0, *,R) is an R-control fuzzy metric space but it is not a control fuzzy metric space.
First, we will check that (X, 0, %, ) is an R-control fuzzy metric space.

It is clear that (61), (62) and (65) hold.

(03) O(z,w,t) = O0(w,x,t) for all x,w € X,t > 0 such that (zRz or zRz), since

t t
Oz, w,t) = t+max{z,w} ¢+ max{w,x} bw,z,1).

(64) O(x, z,y(z,w)y(w, 2)(t + s) > O(x,w,t) * O(w, z,s) for all z,w,z € X,t, s > 0 with either (zRz or zRx) or
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(zRw or wRzx) or (wRz or zRw), since

max{z,z} < vy(z,w)[max{z, w}] + vy(w, z)[max{w, z}]
(ts + s%)[max{z, w}] + y(w, 2)(ts + t?) [max{w, z}]

tsmax{z,z} <7y )
)(t -+ )slmax{z, w}] + (w, 2)(s + t)timax{w, 2}]
)
)

w
T, w
T, w

smax{z,w} tmax{w,z}

]

tsmax{z, z} < (@, w)y(w, z)(t + s)] v (w, z) ~¥(z, w)

(
tsmax{z,z} < ~(
(
( )[smax{z, w} + t max{w, z}]

tsmax{z, z} < y(z,w)y(w, 2)(

A

t+s
tsmax{z, z} < vy(z,w)y(w, z)(t + s)[smax{x, w} + t max{w, z}
+ max{z, w} max{w, z}]
Y(z, w)y(w, 2)(t + s)ts + tsmax{z, z} < y(z,w)y(w, z)(t + s)ts
+y(x, w)y(w, 2)(t + s)[s max{z, w} + t max{w, z} + max{x, w} max{w, z}]
v(x, w)y(w, 2)(t + s)ts + tsmax{z, z} < y(z,w)y(w, z)(t + )
[ts + smax{x,w} + t max{w, z} + max{x, w} max{w, z}]
ts[y(z, w)y(w, z)(t + s) + max{z, z}] < y(x,w)y(w, 2)(t + s)[t + max{x, w}]
[s + max{w, z}|
At rs) ts
Y(z, w)y(w, 2)(t + s) + max{z, z} ~ [t + max{z, w}][s + max{w, z}]
soupleits) ;
t+s)
(w,2)

I

!

!

= ¥(x, w)y(w, 2)( +max{z,z} ~ t+max{z,w} s+ max{w,z}

=  O(z,z,v(x,w)y (t+8)) > 0(xz,w,t) x0(w, 2, 8).

Now, we show that X is not a control fuzzy metric space.

V(@ wyy(w, 2)(t + s)

O(z, z,v(z,w)y(w, 2)(t + 5)) = v(z, w)y(w, 2)(t + s) + max{z, 2z}’

4
0 t _——
(z,0,1) t + max{z,w}’
s
6 _
(w, 25) s + max{w, z}
Thus
wwnw st s
y(@, w)y(w, 2)(t + s) + max{z,z} ~ t+ max{z,w} s+ max{w,z}
Now, let = w = z = —1. Then y(z,w) = y(w, z) = 1, max{x, z} = max{z, w} = max{w, z} = —1. This implies

t+ s . t s ts
t+s—1"t—1 s—1 (t—1)(s—1)

b, s # 1.
Take t = s = 2. This is a contradiction. Hence X is not a control fuzzy metric space.

Example 3.3. Let X ={-1,1,2,3,4,...} = AU B, where A = {-1,1} and B = N\ {1}. Define a binary relation R
by 2w <= z+w > 0. Define 0 : X x X x [0,00) — [0, 1] as

1, ifx=w
t+1 .
g ifreBandwe A
— b
Bz, w,t) = Zr_i, ifre Aandw e B
P -
maxiz,w) .
r—— otherwise.

min{xz,w}
With continuous t-norm x defined as ¢; x to = t1 - to, define v : X x X — [1,00) as

V(@ w) = {

1, z,we€Aorx=0o0rw=20
max {z,w}, otherwise.



On ordered theoretic controlled fuzzy metric spaces 5

Then (X, 6, *,R) is an R-control fuzzy metric space but it is not a control fuzzy metric space. First, we show that
(X, 0, %,R) is an R-control fuzzy metric space.

(61),(02),(03) and (05) are obvious.

(04) We will show that 0(z,z,t+ s) > 0(x, w, e w)) * 0(w, z, ﬁ) for all z,w,z € X,t, s > 0 with either (zRz
or zRz) or (zRw or wRx) or (wRz or zRw).

We have the following cases to prove (64):

Case 1) If z = x, then (z, z,t + s) = 1. Also

0(x,w, (;w))<1and9( v(w,z))gl
This implies .
0(z,w, m) * 0(w, z, @) <1.
Case 2) If z = w, then 0(w, z, ﬁ) =1 and clearly 0(z, z,t + s) > 0(z, w, e w)) This implies
O(z,z,t+ 8) > 0(z,w, #) * 0(w, z, ;)
(@, w) V(w, 2)

Case 3) If z # x, z # w and © = w, then §(zr,w 1 and clearly,

’ 'y(z w) )

Oz, z,t+s) > 0(w, z

['his implies
O(x,z,t+s) > 0(x,w,——) *x0(w,z, ———
( ) ( v(x,w)) (

Case 4) If z # x, 2 # w and x # w, then we have the following cases:

r,z € Aand w € B;
w € A and z,z € B;
w,z € Aand x € B;
z,w € A and z € B;
z€ Aand z,w € B;
r € Aand w,z € B;
z,b,w € A;

z,b,w € B.

®© NSO W

Proof of (1): If z,2 € A and w € B, then

t+ s+
t+ s+

max{r z}

O(x,z,t+s) =

mm{z z}

Observe that max{x, z} = min{x, 2z} = 1. This implies 0(x, z,t + s) = 1. On the other hand,

1
t w0 T w
bovw, Ly = D
¥(z, w) ,y(m ) +3
Observe that y(z,w) = w. Then
s 1
t t +w
0z, w, )= vt 1, and 6O(w,z, > )= 'Y(u;’z) =
Tww) attw ) T s L
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Observe that vy(w, z) = w. Then

] zs+ 2z
)= <1
y(w, z) zs+w

0w, 2,

This implies
t
O(z,z,t+ 8) > 0(z,w, ) x 0w, z, 5

).

v(z, w) v(w, 2)

Similarly, for the other cases, we can prove it. Thus (X, 6, %, R) is an R-control fuzzy metric space. Now, we show
that 6 is not a control fuzzy metric space. Let x,w,z € A and also let x = 2z = 1, w = —1 and ¢,s > 1. Then

O(x, z,t + s) = 1. On the other hand,
t o t+1

Q(x,w,m) = m»(t?é 1),
s _s+1 s
o(w’z"y(mz))_s—l’( #1).

This implies
t+1 s+1
> + .

1>--
t—1 s—1

This contradicts to the condition (4) in Definition and hence 6 is not a control fuzzy metric space.
Remark 3.4. Every control fuzzy metric space is an R-control fuzzy metric space but the converse is not true.
Remark 3.5. Note that Example [3.2] also holds for t-norm ¢; * to = min{t;,ts}.

Definition 3.6. Let (X,0,*,R) be an R-control fuzzy metric space. Then an R-sequence {z,} in X is said to be
R-convergent to x if lim, 0 0(xy, x,t) = 1 for all ¢ > 0.

Definition 3.7. Let (X,0,*,R) be an $-control fuzzy metric space. Then a sequence {z,} in X is said to be an
R-Cauchy sequence if for each € > 0 and ¢ > 0 there exists ng € N such that 0(x,, xmy,t) > 1 — € for all n, m > ng.

Definition 3.8. Let (X, 60,*,R) be an R-control fuzzy metric space. If each R-Cauchy sequence is convergent, then
X is called R-complete.

Definition 3.9. A mapping T : X — X is called R-continuous in an R-control fuzzy metric space (X, 0, *, R) if for
each R-sequence {z,} in X such that lim, o O(x,,z,t) = 1 for all t > 0, lim, o0 0(Txy, Tz, t) = 1 for all ¢ > 0.
Furthermore, T' is called R-continuous if 7" is R-continuous in each x € X. Also, T is called R-preserving if TxRTw
whenever xRw.

Remark 3.10. It is necessary that the limit of a convergent sequence is unique in an R-control fuzzy metric space.
Remark 3.11. It is necessary that the convergent sequence is R-Cauchy sequence in an R-control fuzzy metric space.

Definition 3.12. Let z,w € [0,1] with zRw and ¥ be the class of all mappings ¢ : [0,1] — [0, 1] such that 1) is
R-continuous, nondecreasing and ¥ (1) > ¢ for all ¥ € (0,1).

If € ¥, then (1) = 1 and lim,, o ¢¥™(¥) =1 for all ¥ € (0,1).

Theorem 3.13. Let (X, 0, ,R) be an R-complete control fuzzy metric space with v : X x X — [1,00) and suppose
that
lim O(x,w,t) =1 (3.1)

t—o00

for all x € X. Assume that T': X — X is R-continuous, R-contractive and R-preserving and satisfies

0(Tx, Tw, kt) > 0(x,w,t) (3.2)
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for all z,w € X with zRw, ¢t > 0, where k € (0,1). Also assume that for every x € X,

Jim A(zn,w) and - lim y(w, )

are exist. Then T has a unique fixed point in X. Furthermore,

lim O(T"u,u,t) = 0(u,u,t) =1

n—oo

for all w € X and ¢ > 0.

Proof . Since (X, 60, ,R) is an R-complete control fuzzy metric space, there exists xo € X such that zoRw for all

w € X. This implies xoRTzg. Assume

T = Txo,.I?Q = TQ.TO = Txl,. ey = Tnl‘o = Tl‘n_l.

If z, = 2,,—1 then x, is a fixed point of T. Suppose that x,, # x,,_1 for all n € N. Since T is R-preserving, {z,} is

an R-sequence and T is an R-contraction, we have

t

o(xnyxn-‘rlat) = Q(Txn—thn:t) > G(J?n_l,xy“ %)
t
> o> 0(wo, 11, W) (3.3)
Now, from (64), we have
( H o> o LA S !
Tny Tn+m, = T, Tn Yy /N Tn s Tnd+my 57 %
* 1 2’7(9Cn,37n+1) + + 27(xn+1axn+m)
t t
> O(rn,Tpni1, ———) *0(Tpi1, Tpio,
o ( i 2’7(3;71;1:71-&-1)) ( + +2 (2)27(1%-1-1’xn+m)’y(xn+laxn+2)
t
O(Tn+2, Tntm, 3.4
*0(@ns2: T (2)2Y(Tna 1, Trgm )V (Tnt2; Tngm) (384
t
> Oz, x ,———— ) x0(x , T ,
2 b onn 2’7($namn+1)) (i1, T (2)27(Znt1, Tntm)V(Tnt1, Tnga)
t
*0(Tpt2, Tnis,
( ks (2)37(xn+17$n+m)'7($n+2a$n+m>7(xn+2=xn+3)
x6( t
Tpi3, T ,
s S (23Y(@nt1, Trm)V(Tnt2; Totm) Y (Tnt3, Tnim)
t
> - > 0(xn, Tny1, m
t
*[*?Iﬁ_129($i7$i+l) 7 )]
(2)m72(Hj:n+l (V(xjv xn—i-m)f}/(xia xi+1))
t
#[0(Tntm—1, Tntm, (Q)m_l(HTH—m_l’y(x . )))]
i=n+1 1y fn+m
t
> 0
e (anxla 2kn717($n,xn+1)
t
*[*?jﬁ;29($07l‘1a ; i )]
@)k I gy (V@ @ngm) v (@i, Tig1))
t
*[9(1‘0,]}1,

@)=tk ([T (@ o) !

Now, taking the limit as n — oo in (3.4]) and ) together with (3.1)), we have

lim 6(z,, Tpim,t) > 1xlx...x1=1

n— oo
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for all ¢ > 0 and n,m € N. Thus {z,} is an R-Cauchy sequence in X. From the completeness of (X, 8, *,R), there
exists u € X such that
lim O(zy,u,t) =1 (3.5)
n— oo

for all ¢ > 0. Now, since T is an R-continuous mapping, 0(x,+1,Tu,t) = 0(Tx,,Tu,t) — 1 as n — oco. For ¢t > 0 and
from (04), we have

t t

O(u, Tu,t) > O(u,Tpi1, ) % O0(xpy1, Tu, (3.6)

2y(u, Tnt1) 29(n+1, Tw)
t t
= 0 — )% 0(Txp, Ty, —————).
(U7 ot QV(U’ anrl) ) . ( o 2 2’7($n+1; Tu)

Taking n — oo in and using , we get O(u, Tu,t) =1 for all ¢ > 0, that is, Tu = u. Now, let w € X
be another fixed point for T. Then there exists ¢ > 0 such that 0(u,w,t) # 1. We have zoRu and zoRw. Since T is
R-preserving,

T"xoRT"u and T"xoRT™w for all n € N.

From (3.2]), we have

O(T" o, T™u, t) > O(T"z0, T"u, kt) > 0(z0, u, kin)
and t
O(T"zo, T"w,t) > O(T"xo, T"w, kt) > 6(xq, w, k;in)
Thus we have
O(u,w,t) = (T u,T"w,t) > 0(T"xo, T"u, W) 0(T"x0, T"w, m)
> B(zo,u ) % 0(xo, w t

"k 27y(xo, u) "k 27y(xo, w))

for all n € N. Taking the limit as n — oo, we get 0(u,w,t) =1 for all ¢ > 0 and hence v = w. O

Corollary 3.14. Let (X, 0,*,R) be an R-complete control fuzzy metric space. Let T : X — X be R-contractive and
R-preserving. Also, if {z,} is an R-sequence with z,, — x € X, then 2Rz, for all n € N. Furthermore, T has a unique
fixed point =, € X and lim, 00 0(T"x, 24, t) = O(x4, x4, t) for all z € X and ¢t > 0.

Proof . The proof of this corollary runs along the same line as the proof of Theorem that {z,} is an R-Cauchy
sequence and converges to x, € X. Hence z,Rz,, for all n € N. From (3.1)), we have

0Ty, xpi1,t) = 0(Txw, Ty, t) > 0(Txy, Tay, kt) > 0(zy, 0, t)

and
lim 0(Txy, zpy1,t) = 1.

n—o0

Then we have
t t

O(zy, Txy,t) > 0(xy, Tpy1, — ) * 0(xpy1, T4, ————————).
( ) ( i 27(x*axn+1)) (@i 2y(@p41, Tay)

Taking the limit as n — oo, we get 0(z., T4, t) = 1% 1 =1 and hence Tz, = x.. The rest of the proof is similar
to the proof of Theorem [3.13] O

Theorem 3.15. Let (X, 0,,R) be an R-complete control fuzzy metric space with v : X x X — [1,00) and suppose
that
lim O(z,w,t) =1

t—o0
forall z € X. If T : X — X is R-contractive and R-preserving and satisfies
O(Tx, T?x, kt) > 0(x, Tz, t)

for all x € O(x),t > 0, where k € (0,1), then T"zy — u. Furthermore, u is a fixed point of T if and only if
Tz = 0(x, Tz, t) is (-orbitally lower semi continuous at u.
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Proof . Since (X, 6, ,R) is an RN-complete control fuzzy metric space, there exists xo € X such that zoRw for all
w € X. Hence zogRTxy. Assume that

z1 =Tz, 20 = T?x0 =Tx1, ..., 20 =T 20 = TTp_1.

If x,, = x,,—1 then x,, is a fixed point of T. Suppose that x,, # x, 1 for all n € N. Since T is R-preserving, {z,} is
an R-sequence and T is an R-contraction, we have

t
G(T";vg,T"“xo,kt) = O(xp,Tni1, kt) > 0(xp_1,2n, E)
t

knfl)'

Y

e > 0(x0, 21,

Now, from (64), we have

t t
O(n, Tptm,t) > H(xn,anrl,m)*G(xn+17xn+m,m
t t
> 0 Tny Tn I a—— R 9 LT y L )
2t ) T o e )
x6( t
-rn 7']:1'7, mos
2 * (2)27(xn+17xn+m)7(xn+2axn+m)
t
> 0(xn, Tni1,——) * 0(Tpt1, Tnio,
TP L e U R PPy oY PPy
*0( t
x’n 7xn I’ <
2 e (2)37(5511—0—1, xn+m)7(mn+2a xn—O—m)’Y(xn—&-Qa :Cn+3)
*0( t
xn ,.Tn mo
3 * (2)3"}/(In+1, $n+m)’}/(l‘n+2, xn+m)7($n+33 In+m)
> > 0( t
Lny Iy e —
- - i 27(znaxn+1)
t
*[*?jﬁ;ze(%?xwl» ; )]
)" 2 (Il (V@5 Trm) v (@i, Tig1)
t
*[9<mn+mflzxn+m7 n+m— )]
(2)’”‘1(1_[1-;“1 V(Tis Tntm))
t
> O(xzo, 21, 3.7
o (‘TO o 2kn_17(£7L;$n+1) ( )
t
*[*747’:7717129(‘%0,%1, - n )]
o @)= = ([T o1 (V&g Tpgm) V(@0 Tig1))
t
*[9(x07$1, )]

—17.n4+m— n+m—1
(2)m—Lknt 1(Hiz+n+1 Y(Ti, Tnym))

Taking the limit as n — oo in (3.7)), we get

lim 6(z,, Tpim,t) > 1xlx...x1=1

n—oo
for all t > 0 and n,m € N. Thus z,, is an f-Cauchy sequence in X. From the completeness of (X,,x*,R) there is
u € X such that z,, - T"xg = u. Assume that T is R-semi continuous at u € X. Then we have

O(u, Tu,kt) = lim supO(T"zo, T xg, kt)

n—o0

> lim sup(zg, 1, =1.

n—oo kn—1 )

Conversely, let w = Tw and z,, € Z with z,, — u. Then we get
T(u) = 0(u, Tu, kt) = 1 > lim supT(z,) = 0(T"zq, T ag, kt),
n—oo

as desired. OJ
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Theorem 3.16. Let (X,0,x,R) be an R-complete control fuzzy metric space and T : X — X be R-continuous,
R-contractive, R-preserving and satisfy

O(z,w,t) >0 = 6Tz, Tw,t) > P(0(x,w,t))

for all z,w € X and ¢t > 0. Then T has a unique fixed point in X.

Proof . Since (X, 6,x,R) is an R-complete control fuzzy metric space, there exists zyp € X such that zoRw for all
w € X. Thus zoRTxg. Assume

1 =Tz, 20 = T?xg =Tx1, ..., 20 =T 20 = TTp_1.

If ¢, = x,,—1 then z, is a fixed point of T. Suppose that x,, # x,,_1 for all n € N. Since T is R-preserving, {z,} is
an R-sequence and T is an R-contraction, we have

a(xnymn—o—lat) = H(T:E—laTxnat) > w(a(ﬂcn—%xn—ht))
> > (O(wo, 71, 1)).

Now, from (64), we have

t t
(T, Tnim,t) > O0(@n, Tnia, m) #* 0(Znt 1, T, W
t t
> Gxn,mn R * 0 Tn+1s Ln+2;
- ( i 2’}/(xnaxn+1)) ( i 2 (2)27(xn+17xn+m)’y(‘rn+17xn+2)
x6( t
'TTL 7'2:1'7, mos
2 * (Z)QW(anrlvxn+m)7(xn+2’xn+m)
t t
Z Hxn,xn 5 /.. . >i<9'7;1’7, 1y Tn42,
( * 27(1'71; xn+1) ) ( * * (2)27(xn+17 $n+m)’7($n+1, xn+2)
*0( !
xn 71"1’7/ ’
2 3 (2)37(‘%“-0-13 xn+7ﬂ)’y(zn+23 xn—‘—m)’y(xn—&-Q; In+3)
*0( !
xn axn mo
3 * (2)3’}/(In+1, $n+m)’}/(l‘n+2, xn+m)7($n+3; zn—&-m)
> > !
. TnyTn41s 5 7. .
- - A 27(Tp, Tpy1)
t
*[*?:t:’j_f&(xi,x”l, - )]
@)™ 2(I T V(s T )Y (s Tig1))
t
*[9<mn+mflzxn+m7 n+m—1 )]
@)™ I LS 0 Y@ Tagm)
t
> "0(xg, 1, 3.8
> " [0(x0, 21 2k 1y (2, Tri1) (3.8)
n+m— % ¢
M2 (0o, 11, - )]

@) T jong (@ ngem)y (@3, Tig1)

! )l

—17.n4+m— n+m—1
(2)m— Lkt 1(Hi:n+1 V(s Tnym))

[T (O (o, a1,

Taking the limit as n — oo in (3.8]), we get

lim O(zp, Tpom,t) > 1xl*x...x1=1
n—oo
for all ¢ > 0 and n,m € N. Thus {z,} is an R-Cauchy sequence in X. From the completeness of (X, 8, x*,R), there
exists u € X such that
lim O(z,,u,t) =1 (3.9)

n—oo
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for all ¢ > 0. Now, since T is an R-continuous mapping, 0(z,41,Tu,t) = 0(Tx,, Tu,t) — 1 as n — oco. For ¢t > 0 and
from (04), we have

t t
— )% 0(vpypr, TUy, ————————
B T g T

t t
L yee(Te,, Ty, —
2’Y(ua$n+1)) ( 2y(2nt1, Tu)

t t
m) *w(e(xn,u,m)). (3.10)

O(u, Tu,t) > O(u,Tpi1,
= 6(u7$n+1;

Z 6(u7$n+15

Taking n — oo in (3.10) and using (3.9)), we get 0(u,Tu,t) = 1 for all ¢ > 0, that is, Tu = u. Now, let w € X be
another fixed point for 7. Then we have
zoRu and xoRw.

Since T is R-preserving, T"xoRT"u and T"xoRT"w for all n € N. Thus we have
O(T"xo, T™u,t) > (T xo, T"u, kt) > 1 (0(xo, u,t))

and
O(T"xo, T"w, t) > 0(T"xo, T"w, kt) > (0(xo, w,t)).

So we get

O(u,w,t) = O(T"u,T"w,t) > (T xo, T"u, kt) x 0(T"xo, T"w, kt)
Z 1/J(9(9507U7t)) * ¢(9($07w7t)) 2 9({,60, u7t> * 9($07w7t)

for all n € N. This is a contradiction and hence ©u = w. O

Example 3.17. Let X =7Z = AU B, where A = {-1,-2,-3,...} U{0,1} and B = {2,3,4,...}. Define a binary
relation R by 2Rw <= =+ w > 0. Define 0 : X x X x [0,00) — [0, 1] as

lif x =w,
O(xz,w,t) = ¢ therwi
m otherwise
for all t > 0 and z,w € X with continuous ¢-norm * defined as t1 * to = t1 - t2. Define v : X x X — [1,00) as

(2, w) = 1, z,w€e€Aorz=0o0rw=0
TEs max {z,w}, otherwise.

Then (X, 6, x,R) is an R-complete control fuzzy metric space. Observe that lim; . 0(z,w,t) = 1. Now, we define
T:X — X by
_J sifzed
7¢‘{1ﬁxeB
for all x € X. Observe that if xRw then clearly TxRTw. Now there are some cases to prove that T is an R-contraction
for k € [%, 1) .

1. If z,w € A then Tx = § and Tw = 3. This implies

Tz, T = 05, 5. k)= ———— ¢
I Tw k) = 0 5 M) = max (2, 2
t
> (] @),

2. If z,w € B then Tx =1 and Tw = 1. This implies
kt
0Tz, Tw,kt) = 0(1,1,kt) = ———F—=
( x? w7 ) ( ) ) ) kt+max{17]_}
t

t + max{z,w} = 0@, w,b).
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3. If v € Aand w € B then Tr = § and Tw = 1. This implies
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0(Tx, Tw, kt) = 9(%, 1, kt) = ]M
> m =0(x,w,t).
4. If z € Band w € A then Tx =1 and Tw = 5. This implies
OTa, Tw k) = 001, % k) = /m:i{wg
m =0(x,w,t).
Hence it is an R-contraction. Now we show that it is not a contraction. If z,w € A then Tx = 5 and Tw = 7.

Thus
0(Tx, Tw, kt) = e(g, 2 k)

Let z=w=-2,k= 1—90 and ¢ = 10. This implies

9

Tkt + max{Z, %}

O(Tx, Tw, kt) =

which implies §(Tz, Tw, kt) < 6(x,w,t). This is a contradiction.

= < =
9 + max{—1,—1} ~ 10 4+ max{-2, -2}

0(x, w,t)

If limy,— 00 Oy, x, t) exists, then lim, oo 8(Txy, T2, t) exists. This implies that it is R-continuous. Also observe
that lim, o y(zn,w) and lim,_,« y(w, x,) exist. Hence all the conditions of Theorem are satisfied and 0 is a

unique fixed point of 7'

4 Application

In this section, we apply Theorem to fuzzy Fredholm type integral equation and investigate the existence and

uniqueness of fixed point.

Let X = C([e, g], R) be the set of all continuous real valued functions defined on [e, g]. Consider the fuzzy Fredholm

type integral equation:

xz(l) = f(t) + B/g F(l,t)x(l)dt for all I,t € [e, g], (4.1)

where 8 > 0, f(t) is a fuzzy function of ¢t and F € X. Define 0 by
t

6((E(l), U)(l)7 t) = SUPi¢]e,g]

t + max{z(l),w(l)}

forall z,w € X and t >0

with continuous ¢-norm * defined as t1 % to = t1 - t3. Define v: X x X — [1,00) as

1

V(z,w) = {

Then (X, 6,R) is an R-complete control fuzzy metric space.

, zwe€Aorz=0o0rw=0
max {z,w}, otherwise.

Theorem 4.1. Assume that max{F(l,t)z(l), F'(,t)w(l)} < max{z(l),w(l)} for z,w € X, k € (0,1) and for all

I,t € le,g]. Also consider [Ydt=g—e<k<1. LetT:X — X be

1. R-preserving;
2. R-contraction;
3. R-continuous.

Then the fuzzy Fredholm type integral equation (4.1]) has a unique solution.
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Proof . Define T': X — X by
g
Tz(l) = f(t) + ﬁ/ F(l,t)x(l)dt for all I,t € [e, g].

Define R as z(I)Rw(l) if and only if z(D)w(l) € {|z(1)|, |lw(l)|}. We see that z(I) and Txz(l) belong to X. So observe
that if z(I)Rw(l) then clearly Tz (I)RTw(l). Observe that the existence of a fixed point of the operator T is equivalent
to the existence of solution of the fuzzy Fredholm type integral equation. Now, for all x,w € X, we have

kit
T T p—
O(Tx(D), Tw(D), kt) 1eley kit + max{Tz(1), Tw(l)}
ket
= Sup g 7
lefe.g) Kt +max{ [T F(I,t)x(l)dt, [7 F(I,t)w(l)dt}
Kt
= sup g
le[e.g] Kt + fe max{F(l,t)z(l), F(I,t)w(l)}dt
s kt
= e b+ [T max{x(l), w(l)}dt
. ket
= u
eleg) Kt + max{z (1), w(l)} 7 dt
s ket
= e kot kmax{z(D), w(l)}
t
> su

repoy £+ max{a(l), w(il)}
= (z(),w(l), 1).

Hence T is an R-contraction. Suppose {z,} is an f-sequence in X such that {x,} converges to x € X. Since T is
R-preserving and {Tx,} is an R-sequence, from (2), we have

0(x(l), w(l), kt) = 0(x(1), w(l), ).

So limy, 00 B(x(1),w(l),t) is finite for all ¢ > 0. It is clear that lim, . 0(x(1),w(l), kt) is finite. Hence T is R-
continuous. Therefore, all the conditions of Theorem [3.13| are satisfied. Hence the operator T has a unique fixed point.
This means that the fuzzy Fredholm type integral equation (4.1) has a unique solution. [J

Corollary 4.2. Let (X, 0, %) be an R-complete control fuzzy metric space. Define T : X — X as
g
Tz(l) = f(t) + 5/ F(l,t)z(l)dt for all I,t € [e, g].

Suppose the following conditions hold:

1. max{F(l,t)z(l), F(l,t)w(l)} < max{z(l),w(l)} for x,w € X, k € (0,1) and for all ¢ € [e, g];
2. fe‘th:g—egk<1.

Then the integral equation (4.1]) has a solution.

5 Conclusion

In this note, we introduced the notion of R-controlled fuzzy metric space and some new type of fixed point theorems
in this new setting. Moreover, we provided a non-trivial example to demonstrate the viability of the proposed methods.
We have supplemented this work with an application that demonstrates how the built method outperforms those found
in the literature. Since our structure is more general than the class of fuzzy and controlled fuzzy spaces, our results
and notions expand and generalize a number of previously published results.
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