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Abstract

The paper study the existence of at least one weak solutions for Dirichlet boundary value problem involving the
(p(:n)7 q(x))—Laplacian—like operators of the following form:
—AL iy — Ay = Ag(z,u, Vu) in Q,

p(z)
u=20 on 02,

where AIT(I) is the 7(x)-Laplacian-like operators, €2 is a smooth bounded domain in RY, X is a real parameter and g
is Carathéodory function satisfies the assumption of growth. The existence is proved by using Berkovits’ topological
degree.
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1 Introduction

In this work, we consider the following nonlinear problems for the (p(z), ¢(x))-Laplacian-like operators:

—A! = Afz(z) = Mg(z,u,Vu) in Q,

p(z

(1.1)
u=20 on 02,
where | ‘2 (c)—2
. Vu|?P\F)=2Vu
Al = div(|[Vuf P 2Ty + e ——— ),
p(x) 1V(‘ U| u+ T+ ‘VUPP(I))
and

|Vu |24 =2y, )

V1 + |[Vu|2a=)

Al = div(|vu|q<f>—2w +
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are the p(z)-Laplacian-like operators and g(z)-Laplacian-like operators respectively, ) is smooth bounded domain in
RN (N > 2), with a Lipschitz boundary denoted by 9, p(-), ¢(-) € C; (), A is a real parameter and g : Qx RxRY — R
is a Carathéodory function that satisfy the assumption of growth.

The motivation for this study came from the application of similar problems in physics to model the behavior of
electrorheological fluids (see [19] 23]), specifically capillarity phenomena, which is dependent on solid-liquid interfa-
cial characteristics such as surface tension, contact angle, and solid surface geometry. In the context of the study
of capillarity phenomena, recently, problem like has begun to receive more and more attention, for instance
[10; 25 26, 29, [, 20, 6] 211, 2] [13].

Many researchers have investigated problems relating to (1.1)), for example, W. Ni et al. [I4] [T5] study the following
equation:
. ( Vu
vl — Y=
V14 |Vul?

) is most often denoted by the specified mean curvature operator.

)zf(u) in RV,

Vu

V1+|Vul?

Not that, if A > 0, g independent of Vu and without the term Af;(m)? then we obtain the following problem:

The operator —div(

—A;(I) = Mg(z,u) in Q,
(1.2)
u=0 on ON.

In this case, M.Rodrigues [22], by using Mountain Pass lemma and Fountain theorem, established the existence of
non-trivial solutions of (|1.2)).

In the present paper, we study the existence of weak solution to the problem (|I.1]), by using another approach
based on the topological degree for a class of demicontinuous operators of generalized (S;.) type [5] and the theory of
the variable-exponent Sobolev spaces.

This article is organized as follows. In section [2] we present some necessary preliminary about Sobolev spaces with
variable exponent and an outline of Berkovits’ topological degree theory. In section [3| we give our basic assumptions,
some technical lemmas and finally, we prove the existence of weak solutions of (|1.1)).

2 Preliminaries
2.1 Lebesgue-Sobolev spaces with variable exponent

In this subsection we give some definitions and results about Lebesgue-Sobolev spaces LP(*)(2) and WO1 P (z)(Q).
For convenience, we only recall some basic facts with will be used later, we refer to [7} 12} 16 [I'7, [I8] for more details.

Let © be a smooth bounded domain in R¥(N > 2), with a Lipschitz boundary denoted by 9. Set
C,(Q) = {p :p € C(Q) such that p(z) > 1 for any x € ﬁ}
For each p € C(Q), we define
pT = max {p(x), T € ﬁ} and p~ := min {p(x), T € ﬁ}.
For every p € C4(Q), we define
LP@(Q) = {u : Q@ — R is measurable such that /Q Ju(z)|P® dx < 4—00}7

equipped with the Luxemburg norm

. u
[lp(z) = E{A > 02 ppa) (X) <1},

where



Existence result for double phase problem 3903
Pp(a) (U / lu(z)[P@dz, forall wue LP®(Q).

Proposition 2.1. [7] Let (u,) and u € LPO)(Q), then

[ulpe) < Lresp. = 15> 1) & ppay(u) < 1(resp. = 1;> 1) (2.1)
|u|p(:r) >1 = |u|£(;) < pp(:r:)( ) < |u|p(l (2.2)
+
ulpiay < 1 = J0lZ) < ooy () < [l (23)
hm [t — Ulpy =0 & hm pp(z)( —u) =0. (2.4)

Remark 2.2. According to and ., we have
|u|p(x) < pp(z)(u) + 17 (25)

ooy (W) < [l + ul?,. (2.6)

Proposition 2.3. [12] The spaces LP(*) (1) is a separable and reflexive Banach spaces.

Proposition 2.4. [12] The conjugate space of LP(*)(Q) is L' (*)(Q) where ﬁ + p,%w =1 for all x € Q. For any

u e LP@(Q) and v € LP' @) (Q), we have the following Holder-type inequality
[ ol < (S5 4 2 ) ololyier < 2l ol (27)

Remark 2.5. If 7, ry € C4(Q) with 71(z) < ro(x) for any = € Q, then there exists the continuous embedding
L7200 (©) <5 L) (@)

Now, let p € C(Q) and we define WP(#)(Q) as
Wire)(Q) = {u € LP@)(Q) such that |Vu| Lp(x)(Q)},

equipped with the norm
||UH = |u|p(z) + |vu|p(z)

We also define Wol’p(')(Q) as the subspace of W1P()(Q), which is the closure of C§°(Q) with respect to the norm
-1
Proposition 2.6. [8] 24] If the exponent p(-) satisfies the log-Holder continuity condition, i.e. there is a constant
a > 0 such that for every z, y € Q, = # y with |z — y| < 5 one has

Ip(x) — p(y)| < mv (2.8)

then we have the poincaré inequality, i.e. the exists a constant C' > 0 depending only on §2 and the function p such
that
|u\p(z) < C|Vu|p(x), forall wue Wol’p(.)(Q) (2.9)

In this paper we will use the following equivalent norm on I/VO1 P (')(Q)
|u

which is equivalent to || - ||. Furthermore, we have the compact embedding Wol’p(')(Q) — LPO)(Q)(see [12]).

1p() = [Vtlpa),
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Proposition 2.7. [7, 2] The spaces (Wl’p(‘”)(Q),| . |1,p(z)) and (W&’p(z)(Q),| : |1,p(z)) are separable and reflexive

Banach spaces.

Remark 2.8. The dual space of WP Q) denoted W—1#'@)(Q , is equipped with the norm
0

N
[ul-1e) = 0 { ol ) + D ailyrco -
i=1

where the infinimum is taken on all possible decompositions u = ug—divF with ug € Lp/(m)(Q) and F' = (uq,...,un) €
(LF @ ()N

2.2 Review on some classes of mappings and topological degree theory
Now, we give some results and properties from the theory of topological degree. The readers can find more
information about the history of this theory in [II, Bl 27, [, [11].

In what follows, let X be a real separable reflexive Banach space and X* be its dual space with dual pairing (-, -)
and given a nonempty subset Q of X. Strong (weak) convergence is represented by the symbol — (—).

Definition 2.9. Let Y be real Banach space. A operator F': @ C X — Y is said to be
1. bounded, if it takes any bounded set into a bounded set.
2. demicontinuous, if for any sequence (uy) C Q, u, — u implies F'(u,) — F'(u).
3. compact, if it is continuous and the image of any bounded set is relatively compact.

Definition 2.10. A mapping F : Q C X — X* is said to be

1. of class (S, ), if for any sequence (u,) C Q with u,, — u and

lim sup(Fuy,, u, —u) <0, we have u,, — u.
n—oo

2. quasimonotone, if for any sequence (u,) C  with u,, — u, we have limsup(Fu,, u, —u) > 0.
n—oo

Definition 2.11. Let T : Q1 € X — X* be a bounded operator such that Q C ;. For any operator F :
Q C X — X, we say that
1. Fof class (Sy)r, if for any sequence (u,) C  with u, — u, y,, := Tu, — y and imsup(Fu,, y, —y) <0, we

n—o0
have wu,, — u.

2. F has the property (QM)r, if for any sequence (u,) C Q with w, — u, y, := Tu, — y, we have lim sup(Fu,,, y—
n—oo
Yn) > 0.

In the following, we consider the following classes of operators:
Fi(2) := {F :Q — X™* : F is bounded, demicontinuous and of class (S+)},
Fr.p(Q) := {F :Q — X : F is bounded, demicontinuous and of class (S+)T},

s

Fr(Q) := {F :Q — X : Fis demicontinuous and of class (S+)T},

for any Q C D(F), where D(F) denotes the domain of F, and any T € F;(Q2). Now, let O be the collection of all
bounded open set in X and we define

F(X) = {F cFr(E):EcO, Te Fl(E)},
where, T € F;(E) is called an essential inner map to F.

Lemma 2.12. [IT, Lemma 2.3] Let T' € F(E) be continuous and S : D(S) C X* — X be demicontinuous such that

T(E) C D(S), where E is a bounded open set in a real reflexive Banach space X. Then the following statements are
true:
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1. If S is quasimonotone, then I + .S o T € Fr(E), where I denotes the identity operator.
2. If S is of class (S4), then SoT € Fr(E).

Definition 2.13. Suppose that E' is bounded open subset of a real reflexive Banach space X, T' € F; (E) be contin-
uous and let F, S € Fr(E). The affine homotopy
H: [0,1] x E — X defined by

H(t,u) := (1 —t)Fu+tSu, forall (t,u)€[0,1]xE

is called an admissible affine homotopy with the common continuous essential inner map 7.
Remark 2.14. [II, Lemma 2.5] The above affine homotopy is of class (S+)r.
Next, as in [I1] we give the topological degree for the class F(X).

Theorem 2.15. Let
M :={(F,E,h): E€0O, T € F(E), F € Frp(E), h¢ F(OE)}.

Then, there exists a unique degree function d : M — Z that satisfies the following properties:

1. (Normalization) For any h € E, we have
d(I,E,h) =1.

2. (Additivity) Let F € Fr g(E). If By and Ey are two disjoint open subsets of E such that h & F(E\(FE; U Ey)),
then we have
d(F,Ea h) - d(F, Ela h) + d(Fa E?v h)

3. (Homotopy invariance) If H : [0,1] x E — X is a bounded admissible affine homotopy with a common continuous
essential inner map and h: [0,1] — X is a continuous path in X such that h(t) € H(¢,0F) for all t € [0, 1], then

d(H(t,), E,h(t)) = const for all te[0,1].

4. (Ezistence) It d(F, E, h) # 0, then the equation F'u = h has a solution in E.

Definition 2.16. [II], Definition 3.3] The above degree is defined as follows:
d(Fv Ea h) = dB(F|E07 E07 h)a

where dp is the Berkovits degree [5] and Ey is any open subset of E with F~(h) C Ey and F is bounded on Ej.

3 Assumptions and main results

In this section, we will discuss the existence of weak solutions of the problem (L.1)). We assume that @ ¢ RN (N > 2)
is a bounded domain with a Lipschitz boundary 99, p,q € C(Q) satisfy the log-Holder continuity condition ([2.8)),
with 2 < ¢~ < gq(z) < gt <p™ <plx) <pt < oo, g: QxR xRY = Ris a function such that:

(My) g is a Carathédory function.

(My) There exists o > 0 and v € LP ©)(Q) such that |g(z, ¢, &)| < o(y(x) + [¢[21@ -1 4 [¢]9®)=1) for ae. z € Q
and all (¢,¢) € R x RV,

Definition 3.1. u € Wol’p(x)(ﬂ) is a weak solutions of (|L.1)) if

2p(z)—2 2q(xz)—2
/ <|Vu|p(‘”)*2Vu + W“'—V“)de +/ (|w\q<w>*2w + W—V“)de
Q Q

V1+ |Vul?r@) V1 + [Vu|2a=)

= / Ag(z,u, Vu)vdz,
Q

for all v € W™ ().
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First, let us consider the following functional:

1 1
Z(u ::/ ——(|VulP® + /1 4 |[Vu|2p@) d:L'Jr/ —— (V1™ + /1 + |Vu|29®) ) dz,
(0= | o5 (VP 1 (Varo o+ | s (1l 41 [Vup)

for all u € Wol’p(w)(Q). From [22], 7 is a continuously Gateaux differentiable and let F := Z'(u) € W~1¢'(#)(Q) such
that
(Fu,v) = (Fiu,v) + (Fhu,v),

where

|Vu|?P(@) =27y |Vu|?e(®) =27y )V
V14 |[Vul?P@) V1 + | Vul24d@)

for all w,v € Wol’p(l)(ﬂ)7 where (-,-) is the duality pairing between W~1#(#)(Q) and Wol’p(i)(Q). It follows from [22]

Proposition 3.1.] that F; and F» are continuous bounded, strictly monotone operators, and are of class (S;.). We have
also the following result:

<F1u,v>:/ <|Vu|p(“’)72Vu+ )Vvd:v, and <F2U,’U>:/ (\Vu|q(z)72Vu+
Q Q

vdx,

Lemma 3.2. The mapping
F WP (Q) — WP (@) ()
<.FU,’U> = <F1U7U> + <F2U,’U>,

is continuous, bounded, strictly monotone operator, and is of class (Sy).

Lemma 3.3. If (M;) — (M) hold, then the operator
S Wy (Q) — w1 @)(Q)
(Su,v) = —)\/ g(z,u, Vu)vdr, for all u,v € W™ (Q)
Q

is compact.

Proof . We'll take two steps to prove this lemma.

Step 1 : Let us define the operator & : Wol’p(m)(Q) — LP'@)(Q) by

Du(x) := —Ag(x, u(x), Vu(zx)).

We will show that ® is bounded and continuous. Let u € Wol’p(x) (©). According to (Mz) and the inequalities (2.5))
and (2.6, we obtain

|Puly (@) < Ppr(a) (Pu) +1
B / g (z, u(z), Vau(z) [P @ de + 1
Q

- / AP g (2, u(e), Vu(z) [P @de + 1
Q

< () [ le(a6e) + \Vu\q@)*)v*@)dx +1
Q

IN

(AP + 1) [ (@@ 4 a0 ) |00 ) 1
Q

IN

const/ (\’y(m)|p/(“’) + |uP@ + |Vu|p(‘”))d9: +1
Q

IN

const (pp/(w)( ) + Pp(a) (w) + pp(x)(Vu)) +1

< mst(m $> + |7|p )+ \u|p(w) + Julpy + \Vu\p @ T 1Vuly ) +1
< const(I z) + |u|p(x |Vu|p(1’ ) +1
< const( T) + |U|1p @ 1 |“|1 p(T)) +1.
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and as a result ® is bounded on W, ") (Q). It remains to show that ® is continuous. Let u, — u in W, 7"(Q).

Note that if u, — u in T/VOLP@)(Q)7 then u, — u in LP@)(Q) and Vu,, — Vu in (LP®)(Q))N. Hence, there exist a
subsequence (u) and ¢ in LP(®)(Q) and ¢ in (LP®)(Q))" such that

ug(z) = w(z) and Vug(z) = Vu(z), (3.1)

up(2)] < ¢(x) and [Vug(z)| < [(2)], (3.2)
for a.e. € Q and all k € N. Thanks to (M;) and (3.1]), we obtain,

g(x,ug(z), Vug(z)) = g(z,u(x), Vu(x)) as k — oo and a.e. x € Q.

From (M) and (3.2), we have

9@, u (@), Vur(@))] < o(y(@) + [6(@)|"@ 1 + ()] 1@ 1),

for a.e. x € Q and for all k£ € N. Seeing that
P (@) (Pug — Pu) = /Q |9, (@), Vu(2)) = g(x, u(z), Vu(@) [P de,
then, by Lebesgue’s theorem and (2.4)), we conclude that

duj, — Pu in LY P(Q),

that means /
du,, — du in LP @ (Q).

Then ® is continuous.

Step 2: Let I* : LV’ @) (Q) — W19 ()(Q) be the adjoint operator of the operator I : Wol’p(m)(ﬂ) — LP®)(Q).
We then define ,
I*o® : W™ () — W= 1P @)(Q).

Taking into account that I is compact, then I* is compact. Hence S = I* o @ is compact. The proof is completed.
O

Theorem 3.4. If (M;) and (M) hold, then the problem ([1.1]), has at least one weak solution in the spaces Wol"p(x)(Q).

Proof . Note that u € Wol’p(m)(ﬂ) is a weak solution of (1.1 if and only if
Fu=—8u, forall ueW,""(qQ), (3.3)

where the operators F and S, are defined as in Lemmas and respectively. From Lemma and [28, Theorem
26 A], the inverse operator

G:=F L W@ Q) - Wyt (),

is bounded, continuous, strictly monotone and of class (Sy). Consequently, following Zeidler’s terminology [28] and
Lemma the equation (3.3]) is equivalent to the following abstract Hammerstein equation

u=Gv and v+SoGv=0, ue€ Wol’p(x)(ﬂ) and v € W17 (@) (). (3.4)

To solve ([3.3)) it is thus enough to solve (3.4). We will apply the Berkovits topological degree introducing in Section
Let us set ,
B = {v e WP @(Q): 3t e[0,1] such that v+tSoGv = O}.

Now, we show that B is bounded in € W~27'(®)(Q). Let us put u := Gv for all v € B. Taking into account that
|GV]1 p(z) = |Vlp(), then we have the following two cases:

First case : If [Vu|,,) < 1. Then |Gv|y p(,y < 1, that means {Qv HONS B} is bounded.
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Second case : If |Vu|p) > 1. Then, we deduce from (2.2)) and (M>) that

901} ey = [Vl
< pp(az)(vu)
< (Fu, u)
= (v, Gv)
= —t(SoGv, Gv)

:t/ Ag(z, u, Vu)udz
< tol)\| /|7 |dx—|—/ ()| 7@ dm+/ V2 ud)
= 1o ( | pleyu@ide + @ + [ 190 o)

This, (2.7) and (2.6 yield

Gol? ) < const(h\p @)ty + Tl + [uld ) + /Q |Vu|q<w>*1|u|dx).
Using Young’s inequality, we see that
const(|’y|p (@) Ulp(a) + \u|q(m + |u|g(_z) +/Q\Vu|Q(””)_1\u|dx)

+ - 1 1
< const (Dl lulyie) + llfiey + iy + o=pa (Ve + = pyey ()

Therefore, |Qv|fjp< < const(\u|p(m) + |u| @t lul?  + |Vu|gz;)), according to LP@ — Li@) we get

q(x)
- +
GO} ey < const(1G0]1,p(e) + 1G0T ) + 1601y + 19017 o) )
what implies that {Qv HENS B} is bounded. Since S is bounded, then § o Gv is bounded, and thanks to (3.4]), we have
that B is bounded in W~12"(#)(Q). However, 3 b > 0 such that
|v] 1 pr(y) < b forall vebB,

which leads to
v+tSoGu#0, vedBy(0) and t € [0,1].

On another side I + S o G is bounded, then by Lemma [2.12] we conclude that
I+80G e Fg(Bp0) and I =FoG e Fgr(B0)).

Now, we define the affine homotopy

H :[0,1] x By(0) — W17 (#)(Q)
(t,v) = H(t,v) := v +tS o Gu.

Hence, by the properties of the degree d seen in Theorem we get
d(I +S8o g7 Bb(o)a 0) = d(I7 Bb(o)a O) =1 7é 0,
what implies that there exists v € By,(0) which verifies

v+SoGu=0.

Finally, u = Gv is a weak solutions of (|1.1)). The proof is completed. (]
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