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Abstract

Errors-in-variables regression is the study of the association between covariates and responses where covariates are
observed with errors. In this paper, we consider the estimation of regression functions when the independent variable
is measured with error. We investigate the performances of an adaptive wavelet block thresholding estimator via the
minimax approach under the L, risk with p > 1 over Besov balls. We prove that it achieves the optimal rates of
convergence.
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1 Introduction and problem statement

Let (Z1,Y1),(Z2,Y5),...,(Z,,Y,) denote n independent pairs of random variables and consider the problem of
estimating the regression function ¢g(z) = E(Y'|Z = z). Due to the measuring mechanism or the nature of environment,
the variable Z is measured with error and is not directly observable. Instead, Z is observed through X = Z 4+ U,
where U is a random noise. It is assumed that U has a known distribution and is independent of (X,Y"). We aim to
estimate g based on a given random sample (X1,Y7), (X2,Y2), ..., (Xp, Ys) from the distribution of (X,Y).

The problem of estimating ¢ for errors in variables model was originally investigated by several authors. For exam-
ple: Nadaraya-Watson kernel type estimators, constructed as the ratio of two deconvolution kernel type estimators,
see e.g. [IL 6 [7, 8, [IT) T4]. One assumption usually done in all those works, is that the regularity of the regression
function f and the regularity of the density g of the design are equal. In particular, when the regression function
f and the density g admit kth-order derivatives, [7] give upper and lower bounds of the minimax risk for quadratic
pointwise risk and for L, risk on compact sets for ordinary and super smooth errors U.

In this article, we propose an extension of the wavelet estimator in [3] based on bivariate thresholding method and
determine its convergence rate. We show that our estimator obtain the optimal rate of convergence under the mean
integrated squared error (MISE) over Besov balls.

The paper is organized as follows. Assumptions on the model and some notations are introduced in Section 2.
Section 3 briefly describes the periodized wavelet basis on [0, 1] and the Besov balls. The estimators are presented in
Section 4. The results are set in Section 5. The proofs are gathered in Section 6.
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2 Wavelets, Besov balls and estimators

2.1 Some notations

2
per

L 0.0 = {n: e = ([ #2@ar)

We assume that there exists a known constant C7 > 0 such that

Suppose that g belong to L
[0, 1]:

([0,1]), the space of periodic functions of period one that are square-integrable on
< oo}.

[flloo = sup |f(z)] < C1 < oo (2.1)
z€(0,1]

1/2

2
per

Any function h € L2,,([0,1]) can be represented by its Fourier series

h(t) =Y F (k)™ teo,1],
keZ

where the equality is intended in mean-square convergence sense, and F (h)(k) denotes the Fourier coefficient given by
1 .
F(h)(k) = / h(z)e* ™ dy; ke Z.
0

We consider the ordinary smooth case on g: there exist three constants, ¢, > 0,C; > 0 and ¢ > 1, such that, for
any k € Z, the Fourier coefficient of g, i.e. F(g)(k), satisfies

Cy

TN (2.2)

Cg
— < |F k)| <
This assumption controls the decay of the Fourier coefficients of g, and thus the smoothness of g. It is a standard

hypothesis usually adopted in the field of nonparametric estimation for deconvolution problems. See e.g. [5], [12] and
[16].

2.2 Meyer wavelets and Besov balls

In this part, for the purpose of this paper, we use the periodized Meyer wavelet bases on the unit interval. For
any z € [0,1], any integer i and any j € {0,...,2" — 1}, let ¢;;(x) = 2¥/2¢(2'x — j) and () = 2/2(2'z — j). We
assume that the father and mother Meyer type wavelets, ¢(x) and 1 (x), are orthonormal and compactly supported
over [0,1]. Also, we define

o = Z bij(x — k), "= Z Yij(x — k)

kez kez

their periodized versions. There exists an integer i such that the collection B = {¢}"7, j=1,..,2"0 =1, ", i>
12)5,.( [0,1]). In what follows, the superscript "per” will be dropped to
([0,1]), the wavelet expansion of g is

io, j =1,...,2" — 1} is an orthonormal basis L
lighten the notation. Therefore, for all g € L?

per
9(x) =D igjbini(x) + Y > Bijthij (), (2.3)
Jj€z i>ig jEZ
where

i = [ o@bas@)dn, By = [ o))
[0,1]

[0,1]

As is done in the wavelet literature, we investigate wavelet-based estimators asymptotic convergence rates over a

large range of Besov function classes B, , s >0, 1 <p,q < co. The parameter s measures the number of derivatives,

where the existence of derivatives is required in an LP-sense, whereas the parameter ¢ provides a further finer gradation.
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The Besov spaces include, in particular, the well-known Sobolev and Hélder spaces of smooth functions H™ and
C® and (B33 and B, ., respectively), but in addition less traditional spaces, like the spaces of functions of bounded
variation, sandwiched between B} i1 and Bi o The latter functions are of statistical interest because they allow for
better models of spatial of inhomogeneity (e g. [19] and [)).

For a given r-regular mother wavelet ¢ with r > s, define the sequence norm of the wavelet coefficients of a
regression function g € By, by

9B, = Z evio [7)1/P + {Z 2 Z |Bi[P) /71y (2.4)

’Llo

where 0 = s +1/2 — 1/p. [19] shows that the Besov function norm ||g||5; is equivalent to the sequence norm |g|p:,
of the wavelet coefficients of g . Therefore we will use the sequence norm to calculate the Besov norm ||g|[;, in the
sequel. We also consider a subset of Besov space B, such that sp > 1,p,q € [1,00]. The spaces of regression functions
that we consider in this paper are defined by

Fy (M) ={g:9¢€ By, 9gllps, <M, supp g < [0,1]},

i.e., F}; (M) is a subset of functions with fixed compact support and bounded in the norm of one of the Besov spaces
B;,- Moreover, sp > 1 implies that F}; (M) is a subset of the space of bounded continuous functions.

2.3 Block threshold estimator

The term-by-term hard thresholding procedure, estimates the function g(z) by

(@) =D Gigjdios (@) + > D BiI(|1Bij| > kX)ij (), (2.5)

Jjez 1210 JEZ
where X is a threshold and the empirical wavelet coefficients are defined by

&ioj — Z Z 22 l ¢10]) 72i7rlX,, (26)

v=11eC;

Ci = supp(F (¢i0)) = supp(F (¢i,;)), and similarly,

— % Zn: G I(G, <) (2.7)

v=1

where

GV — Z (2Z7Tl) F(/wij)lyye—Qi‘n'lXU

leD;

D; = supp(F (¥i,0)) = supp(F (¢,;)), and the threshold 7; is defined by

= 2% (2.8)

lnn

The above term-by-term thresholded estimator which is considered in [3], don’t attain the optimal convergence
rates of n =25/ (25+20+1) "but do attain the rate (n ="' log, n)?*/(25+20+1) 'which involves a logarithmic penalty. The reason
is that a coefficient is more likely to contain a signal if neighboring coefficients do also. Therefore, incorporating
information on neighboring coefficients will improve the estimation accuracy. But for a term-by-term thresholded
estimator, other coefficients have no influence on the treatment of a particular coefficient.

A block thresholding estimator is to threshold empirical wavelet coefficients in groups rather than individually.
It is constructed as follows. At each resolution level i, the integers j are divided among consecutive, nonoverlapping
blocks of length I, say Ty, = {j: (k— 1)l +1<j <kl, —oco <k < oco}. Within this block I';x, the average estimated
squared bias Ay = 171 ZjeB(k) 32 will be compared to the threshold. Here, B(k) refers to the set of indices j in
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block T';;. If the average squared bias is larger than the threshold, all coefficients in the block will be kept. Otherwise,
all coefficients will be discarded. For additional details, see [28].

Let p > 2 and A, =171 ZjeB(k) |i;|P and estimating this with Ajr, the block thresholding wavelet estimator of
g(x) becomes

R
g(z) = Z QigjPigs (T) + Z Z Z Biij(x)I(Age > en™%), (2.9)
jez i=io k jeB(k)

where the smoothing parameter R corresponds to the highest detail resolution level, parameter [ is the block length
and c is a threshold constant.

3 Asymptotic results

Our main theorem shows that the wavelet-based estimators, based on block thresholding of the empirical wavelet
coefficients, attain optimal and nearly optimal convergence rates over a large range of Besov function classes.

Theorem 3.1. If the above conditions hold and if §(x) is as defined by (2.9), with the block length I = logn and
R = |logy(nl=2)], then there exists a positive constant C' such that for all M > 0 and 1/p < s < r; q € [1, 00]:
1. if p € [2, 00),

sup  E / (6(2) — g(x))? < Cns/(429),
geEF; (M)

2.if p € [1,2),

sup E/(é(ff) — g(@))? < C(logy n) 7TEn pps/(1429),
geEFS (M)

3.1 Auxiliary results

In the following section we provide some asymptotic results that are of importance in proving the theorem. The
proof of Theorem is a consequence of Propositions and of [3] and we describe them below. They show
that the estimators Bjk defined by satisfy a standard moment inequality and a specific concentration inequality.
Before presenting these inequalities, the following lemma determines an upper bound for | Bij — Bijl.

Lemma 3.2. Suppose that the assumptions of Theorem are satisfied. Then, for any ¢ € {ig + 1, ..., R} and any
j €{0,...,2" — 1}, the estimator 3;; defined by (2.7)) satisfies

|Bi; — Bij] < (G I(G, <m) — E(G,I(G, <n:))) + E(G1I(Gy <))

3=
M=

N
Il
—

1 n
< |2 D (GG, <m) = B(GLI(Gy <m)) | + B (|Gi[1(G1 < my)). (3.1)
v=1
Now, we can show that,
E(G?) 1 Inn
E(|G1]I(Gy <)) < " L < o\

The inequality (3.1) holds for ¢; ; instead of +; ; and, a fortiori, &; ; instead of B” and a; ; instead of 3; ;. In
addition to the inequality (3.1)), the estimators j; ; defined by (2.7) satisfy several specific probability inequalities.
Two of them will be at the heart of the proof of the main result.
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Proposition 3.3. Let p > 2. Suppose that the assumptions of Theorem are satisfied, then there exists a constant
C' > 0 such that, for any j7 > jg, and n large enough, the estimator ﬂj k, defined by (2.7)) satisfies the following;:

E (m}-k - 5jk|2p) <Cn? (3.2)

The expression in 1) holds for &, as well, replacing Bjk by é&; i and Bji by aji.

Proposition 3.4. Let p > 2. Under the assumptions of Theorem [3.1] [3:1] there exists a constant ¢ > 0 such that, for any
Jj > jo, and large enough n, the estimators B]k defined by ([2.7)) satisfy the following concentration inequality:

1/p
P{D 1B —Bul?]| =Zen??| <Cn?, (3.3)
(1)

for some constant C' > 0.

4 Proof

In this section, C represents a constant which may differ from one term to another. We suppose that n is large
enough.

Proof of the Theorem For the sake of simplicity, we set éij = Bij — fBi;. Applying the Minkowski inequality
and an elementary inequality of convexity, we have E (H g— gHg) <4P~Y(Ty + Ty + T3 + Ty), where

T = EH(dioj = igj)Dioj ()15,

CBISY Y Bt < en DL

i=ig k jeB(k)

EHZZ Z wa Ay > en” 2)”

i=io k jE€B(k)

oo 29-1
T,=E| Y > Bilk
i=R+1 j=0

In order to prove the above theorem, it suffices to bound each term 77,75, T3 and Ty separately.

Lemma 4.1. Assume u € R" and ||ull, = (32, [us]?)'/?, for 0 < p; < ps < 0. Then the following inequalities hold:
a1
[ullps < llullp, < ner™ e luflp, .
Lemma 4.2. Using the L, Minkowski inequality yields

1) I(Ai, < en P I(Ag > en P2 < I (|Aik — Al > 2cn_p/2)

<1{" > 10i57) = 2en7/?
Jj€B(k)

2) I(Ag, > en P/ I(Ay, < en P2y <T| (171 Z 10;;1P) > 2cn~P/?
jeB(k)
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The upper bound for T;: Using a L, norm result on wavelet series (see [[9], Proposition 8.3]), the Cauchy-Schwarz
inequality and Proposition [3.3] we obtain

2'0 -1
T = EH(@lOJ - O‘ioj)(bio]( )H;D < 0210(771) Z E(&ioj - O‘ioj)p
=0
ig

N

200 1

< 0210(771) Z (E (aioj - aioj)Zp)
j=0

< 0205 Vgioy =5 — O(2lon )3,

Based on our choice of iy = 0, we have T} = O(n~?/2).

The upper bound for Tj: First, let’s consider ¥ < p. From Lemma and (2.4)), we have ||5; ||, < [|8i.]l, <
M2~ Thus 2251857 < MP27%7 Since sv > 1 and o > 1/2, we have

00 p
T, <C ( Z 2—1'”) < 2 Rop,

i=R+1

On the basis of our choice R with 2 ~ n(log, n)~2

and po > ps/(1 + 2s), we obtain Ty = O(n~P%/(11+29)),
For v > p which p > 2, from Lemma u

we have ||8;.||, < (CZi)%7%||Bi,||V < M27%. However, we can show that

p

o=

00 201

0o P
Ti<O| Y | Do 18P < C( > 2‘“) < G277,

i=R+1 \ j=0 i=R+1

Again, on the basis of our choice R with 2% ~ n(log, n) 2, we obtain Ty = O(n—Ps/(1+29)),
The upper bound for T5:

Applying the Minkowski inequality and an elementary inequality of convexity, we
have Ty < 2P~ (T + Thy), where

T =B (158, S0 e Bt @I (A < en /) I(Ay < e ?2)]p),
T =B (I, S Sienq Bigthis (@) (A < enP/2)I(Ag, > en~?/)|p) .

The upper bound for T5;: For the first term 751, we have Ty < 21’*1(T211 + T512), where

Ton=E || Z Z Z Bigbij () (Asre < en P/ (A, < cn*p/Q)Hi

i=io k jEB(k)

<C||ZZ Y Byt (@) (A < en )P

i=ip k jeB(k)

<C lz 9i(p/2—1) { Z Z |Bi; [P T(Au < Cn*[)/?)

i=ig k jeB(k)

1/p

Now, from the definition of A, we have 3. p ) B[P =

[A;. Since there are at most [~12? terms in > for
each i, we have

T <C Z (Qi(p/Q’l)Qin*P/2) <C (2isn—1)p/2 .

i=io
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The upper bound for T2: If v > 2, based on Lemma [4.1] . for any g € B}, we have

v,q?

Ton=E || Z S0 Bigthii (@) (A < en ) I(Ai < en™PP)|P ]

i=is+1 k jeB(k)

R R
=0 Z Z 1Bi|P < C Z 9=iPs < (—isPs

i=is+1 i=i+1

As to term Th1o, for v < 2, nothing that QCn*p/zAi_kl > 1, we have

Torx=FE || Z Z Z Bijij(x Ay < en P I(Ay, <Cn7p/2)”£ )

i=is+1 k jeB(k)

R _v
Y ZIA 2i(P/2=1) |l (2cn P24 ) ’

1=is+1
R v
—14% i(p/2—1 5
<Cln~'ts Y 2/ >ZA;;€
i=is+1
R
<Cllf;n L+y Z 1([)/2 1) 2—101/
i=is+1

< Cll—;n7%+%27iso’u2is(p/271)'
Putting the upper bounds of 7511 and Th15 together, we conclude that
Ty < C (2i5n—1’/2 n 2—isP5) . (4.1)

The upper bound for T5,: From Lemma, and Proposition we have

Too=E|| Z Z Z Bzg% zk <cn p/2) (A > Cnipm)Hg

i=ig k jeB(k)

R
<CE{IQ2Y" D7 18P I(Ai < en ) I( A > en /)|y () )2 |5

i=io k jeB(k)

R
<o (12> >0 18yl k< en P I(Age = en )] i () )2 |1

i=ig k jeB(k)

R
<ClIGSY. X 1B PIPUT D 16ylP = C2nP/2)] 7y () )2 |
k

i=ig jeB(k) jeB(k)
_b 1 _b _b
<on s IO0Y. D 18P @)P)z|E | < Cllglin™2 < Cn~ % (4.2)
i=0 k jeB(k)

Now, by using the results in Eq.(4.1]) and ., we have

T <C (2“”5 + n_p/2> .

Now, if i4 satisfies 2% ~ nl/(1+25) then T, < Cn~—Ps/(1+2s)
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The upper bound for T3: By the Minkowski inequality and an elementary inequality of convexity, we have
T3 < 271 (T3 + Tsy), where

Ts =E| Z D> by > en”2)I(Ai < en”?)|2,

i=ig k jeB(k)

T EHZZ Z Oi0ij (@) I(Age > en™ 8)I(Ai, > en™ 5)||B.

i=io k jeB(k

Applying the same argument as in T5, to find an upper bound for T3, and T3s.
The upper bound for T3;: Using Lemma the Cauchy-Schwarz inequality, and the propositions and

we obtain

B (103 I(Ai = en”™ ) 1A < en™8)) < B 105171070 Y 16,517 > C2n77/?)
JEB(k)

S

< [B0Os1*)] T | Pa 2 0yl = C2n77r?)
jeB(k)
<Cn™P. (4.3)

From , and the fact that Hwing = 21‘(1)/2—1)”1/)“7 we have

[N

R p
Ty <CE H SN 1045 PI(Ai > en” ) I(Ag < en” )i ()]
i=io k jeB(k) P
p Bo\q2 [
<¢ S S (B P I > o)A < on-5)] iy (o)
i=ig k jeB(k) p
R 2¢—1 3 R 2i—1
<Cn7P Z Z W)ij(x) 2 < Cn~P Z Z dew g Cn—PoR(®/2-1) < Cn~P/?
i=ig j=0 i=io j=0

where the last inequality arises from this fact 27 < n.
The upper bound for T35: By the Minkowski inequality and an elementary inequality of convexity, we have
Tyo < 2P~ (Tyo1 + T322), where

Tom = H Zz Zio 2ok 2jeB(k) 0iij(x) I (A > en=2)I(A > en™%)

Tyon = Hz S S enn st (@) (A > en= D) I(Ag > en~8)

The upper bound for Tsy:: Using a L, norm result on wavelet series (see ([9], Proposition 8.3)), Proposition
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-3 and the Cauchy-Schwarz inequality, we obtain

T321

The upper bound for Tj355: First, we find the upper bound for v > 2. Nothing A;pc™

<

IN

IN

IN

is R P
cE H SIS ST (P @)
i=io k jE€B(k) P
5 2p
cH 5 z E(10317))? [ ()2
i=ig k jeB(k P

oty Y Z s @)

i=i0 k jeB(k

[N

on ol 35229 < 0 (2 (0

i=1g

%1 > 1 and from

proposition [3:3] we have

T322

T322

IN

IN

IN

IA

<

IN

IN

IA

IN

IN

[N

ul p
CE H Z Z Z 10:;1PT(Aig > en™2))|abij (2)]?
i=is+1 k jeB(k) P
R , 1 .
CH > [E(10:5]")] " I(Aix = en™2)) [y (2)?
i=is+1 k jeB(k) »
R 3 )
Cn i D0 D0 X Awnf ()P
i=is+1 k jeB(k) D

R
c Y > pyl<c Z 27 < 09T es, (4.5)
=1 J

i=is+1

R -
v ( Z Z Z 10412 T(Ai > en™ %)) bz ()]

=is+1 j€B(k) P
R v/p
_P L
C Z Zln 2 (Azkn2) ||¢z]($)||p
i=is+1 k
n v/p
crTinTErE ) 30 20PN Y 1Al
i=is+1 JEB(k)
Cl pn_g+2215 (p/2-1) Z Z|ﬁz]|y
i=is+1 j

Cll*%n—g"l‘%2is(p/2_1)2_i50]/. (4.6)
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, (2-v)
Now, if 2% ~ (logn)»(F2n/1+25 and from ([&.4)), (4.6)), then

@=v)+v2(o—25/p)

Tsy < Clogyn)  »aFze  p Ps/(1+29)

Finally, by Combining these four bounds together, we complete the proof of Theorem [3.1 0O
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