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Abstract

The approximate equation for the forced fractional oscillator is obtained by approximation of the Riemann- Liouville
fractional derivatives. And the approximate symmetries and conservation laws of the forced fractional oscillator are
derived when the system is in resonance.
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1 Introduction

A wide class of fractional-order control systems can be described by ordinary fractional differential equations
e.g., [I 7). Also fractional calculus is widely used in formulation of constitutive relations for viscoelastic materials
e.g., [7 03, I8]. Such constitutive relations have many advantages over classical ones. Problems of vibrations of
the continuous structures (like beams, bars etc.), when one use fractional constitutive relations, leads to fractional
differential equations similar to the equation of forced, harmonic, damped oscillator e.g., [8, [0, 14]. We will call such
models: forced fractional oscillators. We consider here, Scott-Blair model which is the simplest model of this kind
e.g., [3 [16]. Scott-Blair model is a generalization of Hook’s law for perfectly elastic material and Newton law (stress
proportional to the rate of strain) for perfectly viscous material; forae = 0 one get Hook’s law, while for & = 1 Newton’s
law.

In this paper we approximate the fractional Scott-Blair oscillator by an perturbed integer order differential equation
and then in resonance case, we get approximate symmetries and approximate conservation laws of the system.

2 Approximation of Fractional-Order Operator

Riemann-Liouville and Caputo fractional derivatives of a—th order (0 < o < 1) of function z(t), denoted respec-
tively by D%, x(t) and D¢z (t), are defined below:

Dipwalt) = ey i (¢ =7 a(m)an) (21)
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DEa(t) = ot (11701) /O (t -ty

where I' denote gamma function. These definitions are not equivalent. Condition under which Riemann-Liouville and
Caputo fractional derivatives give the same result for a given function x(t) is: x(0)=0. We will consider only functions
x(t) which fulfill this requirement e.g.,[10], so we will denote fractional derivative omitting index RL or C and write
simply Dx(t).

Assuming that the order of fractional differentiation « in (2.1)) close to integer number n, we can write « = n % ¢
where € > 0 is a small parameter (i.e. € << 1). We will have e.g.,[2] the following first order approximation in e for
the left-sided Riemann-Liouville fractional derivative:

oD er ~ ™ () £ ef[p(n+ 1) — Int]x Zk A tk na®) (1)} (2.2)
where ¥(z) = T"(2)/T'(z) is the digamma function. A similar approximation can be derived for the right-sided

Riemann-Liouville fractional derivative.
The approximation (2.2) makes possible to approximate a FDE by an integer-order differential equation with a
small parameter. For example, an approximate equation for the FDE
F(t,a(t), i(t), ., 29 (£), D°x(t)) = 0
has the form
F(O)(t 2, @y ) + eFpy (L2, 8,7, ...) 2 0 (2.3)

where | = max{k,n}. Note that ( can be considered as a specific perturbation of the integer-order differential
equation Fgy(z) = 0, where z = (t z,&,...,21), in which the function F{(1) depends on all integer-order derivatives of
function x(t).

3 Approximate Fractional Forced Oscillator

Application of the Scott-Blair model of viscoelastic material to the vibration problems of the continuous structures
like bars, beams etc., after using Rayleigh-Ritz method, leads to the following equation of motion e.g.,[8, [0 [14] for
selected mode of free vibrations of given structure:

#(t) + v(a)Dz(t) = f(2) (3.1)

We will call model represented by the equation the Scott-Blair oscillator. Zero initial conditions are assumed
for oscillator: 2(0) = 0,#(0) = 0, which means that continuous structure is initially at rest. Unknown function
x(t) plays role of the free vibration displacement for the considered continuous structure and f(¢) being oscillating
excitation (external loading) is a given known function:

f(t) = A() Sin(Qot)

where Ay and Qg are respectively amplitude and frequency of external loading. We impose the following conditions
on function v(a):
v(0) = wi, v(1) = 2w

where wg is undamped angular frequency. For Scott-Blair oscillator, for & = 0 we get classical undamped forced
harmonic oscillator:

B(t) + wha(t) = f(1)

and for a = 1 we get equation of motion for a mass connected to the damper and loaded by a given external force:

If « is close to 0 then we get o = € and (2.2)) takes the form

Dz ~ x + e{[v(1) — Intlx ,; T
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In this case from € ~ e(—vx + f(t)) ~ e(—wiz + f(t)) we will have

E(t) +va(t) — f(t) + er{[¥(1) — Int — p(t)]x(t) — q()L(t) —r(t)} =0 (3:2)
such that )
p(t) = / Cos(tit)dt ~Int+ %tQ .

—1 [ sin(wot
q(t) = 7/Sm(f0 Vit st

wo
_ ii {cos(20t) (22)2- 1[/ sm(wot)dt i (wot)2n—1 |
wg & 0 t o] (2n —1)!(2n—1)

. Q0. 95_o; [ cos(wot) S (g o)
—51n(Qot)(;§)2k 2[/ %dt—ln(wot) *;(*1) m}}

and ¢, ¢’ are arbitrary constants. If « is close to 1 then @ = 1 — € and in view of (2.2)), we have

loe . oo s B -_{_m(_l)k_ k—1,,(k)
D~z =i —e{[t)(2) —Int]z Zkz t }.

It is follows from(3.1) that e ~ e(—vi + f(t)) =~ e(—2woz + f(t)). Thus, we get, the approximate differential
equation for (3.1)) as

. . . 1
&(t) +vi(t) — f(t) — er{[$(2) — Int — g($)]2(t) — S (t) - h(t)} =0 (3.3)
such that for arbitrary constant ¢’
1 62w0t 1
t)=— [ ——dt+ — —Int —wyt —
g( ) 2&)0 t2 b 2w, ot . o C
0o 2k+3 —
AO k Q 2%k QO / 62w0t (20.}0t>n L
h(t) =— -1 Qot dt —Int — —_—
(1) =5 S (D e P {eos(t) ) [ gzt —mme— > 0y
k=0 n=0,n#1
e2w0t 2k+2 (2&)015)”71
— sin(Qot dt —Int — —1}
sin(€ )[/ 2wot? . Z nl(n —1) I}
n=0,n#1
3.1 Approximate Symmetries
Let t = (t!,...,t") is a vector of independent variables and z = (x!,...,2™) is a vector of dependent variables. A

set of approximate point transformations

?Nﬁﬂ )+ fip(taa) i=1n

. 3.4
N9(0)< )+g(1)< a) j=1.,m (34)

satisfying the conditions 4 ‘ ‘ '
F|a:0 ~t .’fj|a:0 ~ x’

are called a one-parameter approximate transformation group if the group property is satisfied with the accuracy o(e).
The generator of an approximate transformation group (3.4) has the form

3} 0
V=V +eVy) = (C(O)(t x) + €C(1)(t x))a + (9(0) (t,x) + 60(1)(t a:))aﬂ (3.5)
where

: 9f(o)(t, 2, a) ; Ofy(t, . a)

Goyltz) = =P = lumo Clay(t,2) = g o
g’ (t, x,a) g’ | (t,x,a)

O w
Ot 2) = =5l By(t:0) = =5 loms
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An approximate equation
F(t,z,20), ..., x1), €) = Fo)(t, @, 21y, .. zy) + eFy (t, 2,21, ...,x(l),Dilﬂ, Dif{ )0 (3.6)

(such that () = {%}) is said to be approximately invariant with respect to approximate transformation group
(3.4) if and only if e.g.,[6]
V(k)F|Fg0 = 0(6)

k k k
Vs Floy + (V) Floy + Vi) Fiay)l = ofe). (3.7)

In which k is order of equation and V) is k-th order prolongation of V. The operator (3.5 satisfying equation
(3.7) is called an infinitesimal approximate symmetry of Eq.(3.6). If (3.6) admits an approximate transformation
group with the generator (3.5), where V() # 0 , then the operator V(o) is an exact symmetry of the unperturbed
equation and it is called a stable symmetry of this equation.

Suppose that the system is on resonance, that is, the angular frequency and the loading frequency are equal. In
other words, g is resonant frequency i.e in equations(3.2)),(3.3) Qo = wp e.g.,[11] and the amplitude of the oscillator
increases. Then we get the approximate symmetries of the Eq.(3.1)) in both cases when « is close to 0 and « is close
to 1.

Casel: The exact symmetries of unperturbed equation corresponding to Eq.(3.2)) are

0 Ao, . 0 0 . 0
v(lo) =5 + Ttsm(wot)%, v(zo) = cos(wot)%, V?o) = sm(wot)%
So the approximate symmetries are
1 1 . /
v1:Shﬂwoﬂé%;+6K(y%l—%g—%{%)wﬁ>fézwgﬁ)codwoﬂA%(f%i4—f%f)wgﬁn@mﬁ
1 1 1 1
— 5(,L;Ot cos(wot)Ci(wot) — iwot sin(wot)Si(wot) + 3 sin(wot)Ci(wot) — 3 cos(wot)Si(wot)]aﬁ,
x
0 ! 5 1 5 1
Vo :cos(wot)% + e[(—%t + 1—6t2)w8 cos(wot) — ((# + g + 1—6)wot - ﬂwgt?’) sin(wot)
1 . . 1 . 1,0
+ iwot sin(wot)Ci(wot) — §w0t cos(wot)Si(wot) — 5]%,

d Ao, . 13
V3 —e(a + ?tsln(wot)%),

vy =€ cos(wot) =,

Ox
v =esin(wot) =,

ox

where Ci(t) = v+ 1Int — fot 1=cos gy and Si(t) = f(f SILT gy An optimal system of one dimensional approximate Lie
algebras of the equation is provided by

Vi + avs Vo + avy + Bvy
v3 + avs + fvy V4 + avs vy

Case2: The exact symmetries of unperturbed equation corresponding to Eq.(3.3) are

0 0
1 2 _ 2wt
Vo =5z Yo=°¢ g
0 A 3]
3 _ _wot 0 wot .
Vip) = €%° En + me % (cos(wot) + QSln(wot))a—z
A
= 9 + =2 (= cos(wot) + QSin(wot))2

V(o) ot Buwy Ox



Approximate symmetries and conservation laws of forced fractional oscillator 199

So the approximate symmetries are

8 —2wpt a
V] = 6% Vo = €€ %
10 A 1 0
— cp2wot( = 7 0 _ -
vy = €€ (wo o (5 sin(wot) z cos(wot)) 8x)
0  Ap,2 .
Vyq4 = G(a + ;0(5 Sln(bd()t) — 5 COb(Wot))aix)

vs = (1+ e—%ot)a% + e[((20(2) + 2" + Dwot + wit?)e 290t — e= 20t (20t Bi(2wot) — Ei(2wot)) — Int + l]a%

where Ei(t) is the exponential integral function. An optimal system of one dimensional approximate Lie algebras of
the equation is provided by
Vi vo + avy V3 + ava

v+ avs + vy vs +avy + fvs

3.2 Approximate conservation laws

If approximate symmetries of Eq.(3.6) are known, then corresponding approximate conservation laws can be con-
structed using the concept of nonlinear self-adjointness e.g.,[5, [[2]. This concept is applicable for integer-order differ-
ential equations with a small parameter e.g.,[6]. Let £ be the formal Lagrange of equation(3.6):

L~ [,(0) + Eﬁ(l) = yFo) + eyF
hence, the adjoint equations of Eq.(3.6|) are defined as
é ~ F()B) (tv z,Y, ‘C.Cv yv e 71'(”, y(l)) + 6F’(l)(ta z,Yy, fba yv Ty x(l)a y(l)a Dlltirlxa Dijlya D)l:;er’ Dijzya ) ~0 (38)

where % is the variational derivative written in terms of the total derivative operator D;:

k
E DZ .Di
533 o v tk 59%1...%

If we consider y = ¢ o) (t,x) + €p(1)(t, z) # 0, we have
L= b Fro) + () Fay + ¢1) Flo))
and if it satisfies the nonlinear self adjoint condition:

Foylyxoo) +eony T €F (1) lymow = A0 Flo) + Moy F1) + Aa)Floy)- (3.9)

In which Ay and A(;) are to be determined coefficients. Any approximate symmetry equation (3.5)) of Eq.(3.6] .

leads to a conservation law ' 4 ' '
Dz(CZ) ~ O7 C’L ~ CZO) + EC(Z]_)

where the components C? are obtained by

i oL . okc
Clyy = Wiy (2 + Sy (~1)* Dy, . Dig 2

-1 I—s— 1% " s (3.10)
+Z 1Dj, DJQ(W(O))(GTW e +Z (- )Dil...leiamiilmikhmjs)
Clyy =Wy (220 +li( 1ED,, .. Diy 200 ZD D, (W) (- 22O +l_f1( 1Dy Dip— L0y
= - g R o —-0)"D;,..Dypy—————————
= @ O k=1 ' 8£C“1 g B ) 8xij1---js =1 ! axiil...ikjl...js
Moy S, "L
W —1)*D;...Dij ——————
+ (0)( ox; +kz::1( ) 1 lkafiil Zk)
-1 l—s—1 k
9L k . 9"L)
+ZD11DJ’(W(O))(W + Z (—1) D“D’Lkm) (3.11)
s=1 S k=1 c s
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in which W) = 6oy + eC(io)xi, Wy =60a) + €Cé1)$i- An approximate conservation law is called a trivial approximate
conservation law if ‘ A
Casel: By choosing approximate formal Lagrange
L= (d) +epw))E +ve— f(t) +e{(v(1) —Int —p(t))x —q(t)d —r(t)}]
we obtain adjoint equation using Eq.(3.8]) as:
"+ wiy + ewpla(®)y + (1) = Int = p(t) + ' ()y]-

It is easy to achieve an approximate formal Lagrange by solving characteristic equation of the Eq.(3.9):

-3 1
y =cg cos(wot) + €[(=—=wicot® + zwic cot +11) cos(wot)

16 2
1, 4 1 5 . 1
+ {ﬂwocot - §w000(¢(1) + 3 + o)t + lo} sin(wot) + 5¢0 cos(2wot)

+ %wocot sin(wot)Ci(wot) + %wocot cos(wot)Si(wot)]
and L ~ L) + €L(1) where
L0) = co cos(wot) (i + wiz — Ag sin(wot))
Lay=on)(E+ wix — Agsin(wot)) + cow cos(wot)[—q(t)a + (P(1) — Int — p(t))x — r(t)]

such that ¢, 1, s are arbitrary constants. Applying the formula equations(3.10) and (3.11)), we perform all computa-
tions to approximate conservation laws. Finally, we obtain

Cloy =W(oycowo sin(wot) + Di(W(gy)co cos(wot)
Clyy =Wycowo sin(wot) + Di(Wi))co cos(wot) + Wig)(—cows cos(wot)q(t) — Ded)) + De(Wio))b1)-

The only nontrivial approximate conservation law of the Eq.(3.2)) corresponding to approximate symmetry vs is

A A
¢ = e(—cg cos(wot)E — cowo sin(wpt)E + %cowot + TOCO sin(2wot)).

Case2: By approximate equation(3.3):

£ (610 + o)l + v = (1) — a{($(2) ~ Int — g(6)i — 2~ h(D)}]
in this case the adjoint equation is
F* & j = 2wof + 2ewo(1(2) — Int — g(t))y — g'(£)y]
therefore
y =ch + che? 4 e[—cyInt + 1) — chwot + chetwot

1
+ {l' + ¢4 Ei(2wot) — 2cywo(Ei(2wot) + 1 (2) + ¢ + i)t + chwdt? }e2ot]

and L) = (1 + e20") (& + 2woi — Ag sin(wot))

Ly = ¢1)(& + 2wod — Ag sin(wot)) — 2woch(1 + 20N [(¢(2) —Int — g(t))i — = — h(t)].

Here 06» lé, " are arbitrary constants. Then
C(to) :2W(o)c{)wo + Dt(W(O))(cg + c()eZLuOt)
Clyy =2Wychwo + De(Wiay)(ch + che?*°t) + Wig) [2wnd 1y — 2wo(ch + che® ) (1(2) — Int — g(t)) — Didy)]
+ Di(Wio))é)-
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By computing the components of approximate conserved vectors we find

/

2 9
1 = €0 200t (1 4 29013 900 (2 + €203 4 Ap(— cos(wot) + (z + ") sin(wot))]
wo

A
o = ech[—(1 + 20 i — 2wpi + Ag sin(wot) + ?062“)075(2 cos(wot) + sin(wot))]

which are the non-trivial conservation laws corresponding to vs, v4 respectively.

4 Conclusion

201

We obtained the approximate equation of the fractional oscillator for nearly integer orders 0 and 1, which is
applicable to calculating approximate symmetries, approximate conservation laws and approximate solutions. In this
work, in special case, when the system is on resonance, we compuetd the approximate symmetries and conservation

laws.

Appendix A appendix:calculation of approximate equations
We want to demonstrate the calculation steps of the equatlons and .

Casel: When a = ¢, the fractional derivative takes the form

Dz~ x+ e{[¢(1) — Intlx kz::l T

In this case, we have €i ~ ¢(—wdx + f(t)) in the same way

—wid + f(t))

oz —wp f(t) + (1))

0@ —wg f'(t) + £ ()

—wow +wo f(t) =W f7 (1) + FU (1))

Using these, we can obtain representations for ex(k)(k =3,4,...) as functions of ex and ex and by substituting in

. . L . : )* (wot)
the infinite series in Eq.(A.I), we can derive the coefficient of x as p(t) = > 5 ; W. So

(Ve (o t) 2k w2
tp'(t) = Z (1)(2(1{:)?t) = cos(wot) — 1 + ?Ot2
k=2

2
() :/Cosgﬂdt ~Int+ %R -

( 1)k 2kt2k+1

such that ¢ is an arbitrary constant. Similarly, the coefficient of & is ¢(t) = — >~ DR then
o° 2k+1
t
—twoq' (t E QkOjLO 1) = sin(wot) — wot

k=1

—1 [ si t
q(t)zi Mdt—i—t—cl

wo t

such that ¢’ is constant. Finally, we get the remaining of the series as

s B t2k oo B t2k:+1 ,
kZ:l(—Wg)k 1Wf(t)+;(—w§)k 1(2k+1)!(2k+1)f(t)+
T LA s o L i)
0 (2k)!(2k) 0 (2k +1)!(2k + 1)

k=2
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Ap sin(Qpt) then by summation of the coefficients of Agsin(Qot) and Ag cos(Qpt) we obtain

202
Since f(t) = i S i
P(t) = _1)k-102k—2 _ 2\n—k
1 Q0042 (wot)?"
o DY D B e
wi ; 0 g (2n)!(2n)
1=, Q0 052 / cos(wot) -— (wot)?"
- =32 CORDOY) 1t — m(wot n
wggég(wo) [ t (o ] (2nqu2nﬂ
as the coefficient of Agsin(Qot) and
= Fo2k—1 N 2\yn—k ¢t
Q) =D (=DM ) (-wd) @n+ Dl2n+ 1)
k=1 n=~k
1 Q0 ok o (wot)**!
wa l;( 0) ;( ) 2n+)!(2n+1)
1, Q0051 / sin(w (wot)?n—t
Cw? ;(wo) [ dt+z 2n71) (anl)]
as the coefficient of Ag cos(Qpt).
Case2: When a =1 — ¢, the fractional derivative takes the form
. . 0o 1 —
D! x%m—e{W() Int] ;:; 1tk1<“} (A.2)
2

In this case, we have €& ~ ¢(—2woi + f(t)) in the same way
ex® ~ e(dwdi — 2w f(t) + f1(t))
ex™® ~ e(—8uwiid + dwd f(t) — 2wo f' () + £ (1))
(16wpd: — 8w f(t) + dwg f/(t) — 2wo /" (t) + £ (1))

Q

EI(5)
as function of e and by substituting in the infinite
g

Using these, we can obtain representations for ex(*) (k=3,4,.
series in Eq.(A.2)), we get the coefficient of & as g(t) =Y 7o, (if(",: 7 then
2 S (2w0t)k 2wot (2w0t)2
2wot“g'(t) = Z o e 1 — 2wt — o
k=3
Y 1
)= — —— —Int—wyt —
g( ) 2w0 t2 br 2w Ot . wo C
such that ¢’ is constant. Also the coefficient of Agsin(Qot)
1 > QO 2th k 1 QO 2w0 plane ZL(JOt
I(t) =—— -1 n+1l/ 20 \2n n+1 / /
( ) 2w0 ;( (2(,00) k:;JrQ ! g 20.)0 QOJOt Z k" QUJQt
Q 2wt 2n+2 2 t k— 1
(=2 l/n7§47;fd N UETDY ”0
(2w0t)? k=0 k;él

- Z 2&)0

I—I
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and the coefficient of Ay cos(Qpt) is

1 9] QO ) 00 (2w0t)k71 x QO 2wo 2n+3 QWOt
Jt) =—— —1) (22 y2ntl _ 1) (20 \2n+1 / /
®) 2o ngO( ) (20.}0) k:§+3 El(k—1) n:O( ) (2w0) (2wpt)? Z k!(2wot)?
oo Q 2wt 1 2n+3 2 k—1
:Z 250 y2n41 / © sdt — 5—(Int + Z Buwot)™ 'wot) )
"0 20.)0 (2th) 2w0 k=0, k1 k(k — 1)

Appendix B appendix:calculation of approximate symmetries and conservation laws

We consider the resonance state, 2y = wy.

Casel: Let us consider the approximate group generators(3.5). The exact symmetry of unperturbed equation
#(t) + wia(t) = Agsin(Qot) is

0 R . 0
Vioy = o +[(é+ %Aot) sin(wot) + c2 cos(wot)]%

s.t é,¢1,co are constant. We need to determine the auxiliary function H by virtue of Eq.(3.7) e.g.,[15] , i.e by the
equation

(B.1)

1
= Vo) (Flo) + eFw)) [y +eFny =ol-
Substituting the expresion (B.1]) of the generator into above equation, we obtain the auxiliary function

— sin(wot) cos(wot) = wd

H=—cuj[( ool + 1)@ + (f + Tt)x + (P'(t) — woQ(t))Ag sin(wot) + (Q'(t)+
o P(0) Ao cos(ant)] + i (1) - [ g “B12)[(6-+ L At)sin(unt) +
¢o cos(wot)] + oJO[(CQ1 A — cawp) sin(wot) + (é+ CEIAOt)wo cos(wot)](/ Sui%ﬂdt —t)
Now calculate the operators V(1) by solving the determining equation for deformations
Vi Fo(2) |y + H = 0.
Finally the generator of approximate transformation group is
[ésin(wot) + 2 cos(wot)]aa + €le 5‘615 + ({(@é + gé + %g - %czc - sz(wot) — —Sz(wot))wot + CQ%wotg
2;1w0t3 — sz(wot) + ko } cos(wot) + {(— ¢(21)02 - 502 - 51% - %A c + ZATO - sz(wot) 4 & Cz(wot))wot
e B 2+ i) + K sin(ant) — 2) ]

such that kg, k' are arbitrary constants. To determine the conservation laws, first we need the adjoint equation F* of
Eq.(3.2). By (3.8) we have
. . 0 ) 9] )
Foy + eF(yy = (g = Dig + D g )y(t, o) (E(2) +wpa(t) = f(t) + ewg{[¥(1) — Int — p(t)](t)
—q(O)2(t) — r(t)}) = § + wiy + ewla()y + (Y(1) — Int — p(t) +¢'(t))y]
s.t y =~ P(o) + €p(1). Then selfadjointness condition (3.9)) leads to equations
$(0) + wWido) =0
b1) + Wi Fwila(t) b + (W(1) — Int — p(t) + ¢' (1)) b)) = 0

By solving the system of differential equations(B.2)), we can get y and £ as mentioned in paper. Finally by (3.10)),
(3.11)), the conserved vector can be obtained.

(B.2)
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Case2: The exact symmetry of unperturbed equation #(t) + 2woi(t) = Ag sin(Qot) is

0 —ow s . s
Vi) = (s1+ szewot)aﬂ(;ﬁ 1 kge—2wot 1 5710,40(2 sin(wot) — cos(wot)) + 102;0

Ape“ (2 sin(wot) + cos(wot))]g
Ox
such that s1,s9, k1, ko are constant, and the auxiliary function H is
1 . 1 .
H = —2wy(s1 + SQeWOt)[(—g -4 )z + 2T+ (—1I'(t) + woJ (t)) Ag sin(wot) — (J'(t) + wol(t))
Ag cos(wot)] — 2wo(¥(2) — Int — g(t))[—2kowoe™ 20 + %Ao(sin(wot) + 2 cos(wot)) + %Aoewot

2
(sin(wot) + 3 cos(wot))] + ;[wo(kl + kge2w0t) 4 %Ao (2sin(wpt) — cos(wot)) + %Aoe“’”t@ sin(wot) + cos(wot))].
The generator of approximate transformation group is

(k1 + k1€72w°t)% + 6[(%62w0t + 04)% +{ly + (lg + k1wot (29(2) + 2¢” + 1) + kyw?t?)e 20t 4
0
A 1 2 1 0
w—g(czl + w—OC362“’“t))(g sin(wp) — R cos(wp)) — k1e™ 20t Bi(2wot) (2wot — 1) — ky Int + kl}%}

where c3, ¢y, 11,y are arbitrary constants. The adjoint equation F* of Eq.(3.3) is

Fioy + By = (o = Dy Dua Jy(t,2) ((6) + 2 (8) — £(2) — 2e{[(2) — Int — g(1)}(1)
— alt) — h{t)} = § — 209 + 2 ($(2) — Int — g(1))i — o (1)]

By solving the system of differential equations
$(0) — 2wo(0) =0
b1y — 2wod(1)+2wol(1(2) — Int — g(t)) by — g’ (t)(oy] = 0

we can get y and £ as mentioned.
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