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Abstract

In this paper, we introduce a further generalization of the cyclic contraction mappings. Our main results generalize
the recent related results proved by M. Jleli and B. Samet [8] and solve a best proximity point problem. In order to
show the applicability of our main results, an example is presented.
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1 Introduction

Let X be a metric space and F' and G nonempty subsets of X. Put

F° = {xe€F:d(z,y) =dist(F,G) for somey € G},
G° = {zxeG:d(x,y) =dist(F,G) for somey € F}.

If there is a pair (xg,y0) € F x G for which d(xg,y0) = dist(F, Q), that dist(F,G) is distance of F and G, then
the pair (g, yo) is called a best proximity pair for F' and G.

We say that the point & € F UG is a best proximity point of the pair (F,G) for T : FUG — F UG, if
d(z,Tz) = dist(F,G) and we denote the set of all best proximity points of (F,G) by Pr(F,G), that is

Pp(F,G)={z € FUG : d(z,Tx) = dist(F,G)}.

Best proximity point also evolves as a expansion of the concept of fixed point of mappings, because if F' NG # () each
best proximity point is a fixed point of T

A Dbest proximity point theorem for contractive mappings has been detailed in Sadiq Basha [10, I1I]. Anthony
Eldred et al. [3] have elicited a best proximity point theorem for relatively nonexpansive mappings, an alternative
treatment to which has been focused in Sankar Raj and Veeramani [I2]. Anuradha and Veeramani [I] have discussed
best proximity point theorems for proximal pointwise contractions. Best proximity point theorems for various variants
of contractions have been explored Eldred and Veeramani [4], Haddadi et al. [5,[6], Karpagam and Agrawal [9], and [2].
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Theorem 1.1. ([4]) Let (F,G) be a nonempty closed convex pair of disjoint subsets of a uniformly convex Banach
space X. If T': FUG — F UG is a cyclic mapping such that

d(Tz,Ty) < kd(z,y) + (1 — k)dist(F,G), VreF, yeG
and either F' or G is boundedly compact, then T" has a unique best proximity point. Further, if zg € F and x,,41 = Ty,

then {zg,} converges to the best proximity point.

Consistent with [§], we denote by ©¢ the family of functions 6 : (0, +0c0) — (1, 400) so that:
(61) OF is increasing;
(62) for each sequence {p,} C (0, +00), lirf O(pn) =11iff liIJIrl pn = 0;
n—-+oo n—-+0oo

(03) there are k € (0,1) and A € (0, +00) so that lim UGSy
p—0t+ P

Theorem 1.2. [8, Corollary 2.1] Let T be a self-mapping on a complete metric space (X, d) so that
r,weX, dTz,Tw)#0 = 0(d(Tz,Tw)) < O(d(z,w))".
where § € Op and « € (0,1). Then T has a unique fixed point.

Note that the Banach contraction principle is a particular case of Theorem

Denote by OF the set of strictly increasing continuous functions 6 : (0,+00) — (1,400). Here, we have a wider
range of functions than those introduced in [g].

Remark 1.1. [7] It is clear that f(t) = e’ is not an element of ©p, but it belongs to OF. Other examples are

n et etet
F(£) = cosht, f(t) = 2B f(t) =1 +1In(1 +1), f(t) = %{fﬁ?, F(t) = e and f(t) = 2=, for all £ > 0.

Let ® be the class of functions ¢ : (1, +00) — (0, 400) so that:
(¢1) ¢ is continuous;
(62) O(t) = 0 iff £ = 1;
(¢3) for each sequence {¢,} C (1,+0c0); 1131 ¢(tn) =0iff lim ¢, =1.

n—+oo
The following functions ¢(t) = sinh(t —1), ¢(t) = cosh(t—1) —1, ¢(t) = tanh(t —1), ¢(t) = arccos ht, ¢(t) = t — /1,
é(t) =Vt — Vt are in .
We denote by Zg the family of functions 6 : (0, 4+00) — (1, 4+00) so that:

1) OF is increasing;

6
62) for each sequence {p,} C (0, +00),

Jm 0(pn) = 0(p) iff lim pn = p;

)
fs) there are « € (0,1) and A € (0,400] so that lim 22=L — )
p—0t P
)

(
(
(
(04) is continuous.

2 Main Results

In the following we provide a strong convergence theorem for a generalization of cyclic contraction for the best
proximity point problem in a complete metric space.

Theorem 2.1. Let F' and G be closed disjoint subsets of complete metric space X and T : FUG — FUG be a cyclic
mapping so that for every z,w € F, or z,w € G,

d(Tz, Tw) #0 = 0(d(Tz,Tw)) < 6(d(z,w))". (2.1)
and for every x € F, w € G,
d(Tx, Tw) # dist(F,G) = 0(d(Tx,Tw)) < 0(d(x,w))*0(dist(F,G))' . (2.2)

where 0 € Zg and « € (0,1). Then Pr(F,G) # 0. Further, if 29 € F and 2,41 = Ta,, then {x3,} converges to the
best proximity point.
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Proof . Fix € F UG and define a sequence {z,} in F UG by z, = T"z, n € Ng. We divide the proof into 4 steps:
Step 1. lim, oo d(p, Tnt1) = dist(F, Q).

So, without restriction of the generality, we can suppose that d(T"x, T""z) > dist(F,G) for all n € N. Now, from
(2.2), for all n € N, we have Note

0(dist(F,G)) < 0(d(znq1, Tnia))

0(d(Txy, Txyiq

)
O(d(2n, Tpny1))0(

< dist(F,G))' =
< 0(d(zn_1,0))* 0(dist(F,G)) ="
g 0(d(z1,22))* O(dist(F,G))' =",

Hence {0(d(xy,zn4+1))} is monotonic decreasing and bounded below. Therefore lim, o 6(d(Zn, Tnt1)) exists and
$0 limy, 400 A(Tny Tny1). Let limy, oo d(Zp, Tni1) = p > dist(F,G). Assume that p > dist(F,G). By the right
continuity of 6,

9(/)) = nllg_loo e(d(anrlv xn+2)) < ngr_‘r_loo e(d(xm xn+1))a0(di8t(F7 G))l_a < e(p),
so p = dist(F,G).
Step 2. lim, 400 d(Tnt1,Zn-1) = 0.

Now, from (2.1)), for all n € N, we have Note

1 <0(d(wny1,Tn-1))

0(d(Txy, Tx,—2))

< 0(d(wn, Tn_2))*
< O(d(wn 1,0 s)
< O(d(wa,x0))* =9

Hence {0(d(zn+1,2Zn—1))} is monotonic decreasing and bounded below. Hence

lim 6(d(zpy1,20-1)) = 1.

n—-+oo
and so
lim d(zp41,2n-1)=0.

n—-+oo

Step 3. {z2,} is Cauchy sequence.

From condition (f3), there exist r € (0,1) and ¢(0, +o0] such that

lim e(d(xn+laxn—1)) -1

=/.
notoo  [d(Tpg1, Tn1)]"

Suppose that ¢ < 4o00. In this case, let L = % > 0. From the definition of the limit, there exists ny € N such that

O(d(Tny1,Tn—1)) —

1
-l <L, Vn>ng.
[d(Znt1,Tn—1)]" < ’

This implies that
O(d(xng1,7n1)) — 1
[d(@nt1, Tp—1)]"

>¢{—L=L, VYn2>nyg.
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Then 1
nld(xnq1,Tn-1)]" < En[ﬁ(d(xn+17xn_1)) —1], Vn2>ne.

Using (2.3]), we obtain
n—1

1
nld(xp+1, Tn—1)]" < Zn[@(d(Ton,xo))a -1, ¥V n>no.

Letting lim,,_, ; o in the above inequality, we obtain

ngr-lr-loo n[d(xni1, 2n-1)]" = 0.

Thus, there exists n; € N such that
1

nl/r’

d(xn—i-lvxn—l) < vVn > ny.

Now, let m = 2k

d(mna mn+m) < d(Tn, Tng2) + d($n+27 $n+4) + ...+ d<xn+mf2a anrm)
< 1 + L + .+ L
ol (2T (nm)l/r
+oo 1
< Z 2.177 Vn>ng.

From the convergence of the series ), ill/r, we deduce that {za,} is a Cauchy sequence.

Step 4. Existence of best proximity pair.

Because {x2,} is Cauchy, X is complete and F' is closed, lim, o 2o, = € F. Now
dist(F,G) < d(z,T2n_1) < d(x,72,) + d(T2n, Tan_1)-
Thus, by step 1 we have d(zap, x2n—1) — dist(F,G) and so d(z,z2,—1) converges to dist(F,G). Since
0(dist(F,G)) < 0(d(xan, Tx)) < 0(d(22,_1,2))*0(dist(F,G)) ~*,
therefore by upper semicontinuity of § we have

0(dist(F,G)) < lim 60(d(zo,,Tz)) < lim 0(d(xon_1,x))*0(dist(F,G))' = = 0(dist(F,G)).

n—-+o0o n—-+oo

Hence
0(d(z,Tx)) = lim 6(d(zan, Tx)) = 0(dist(F,G))

n—-+oo
and so d(z,Tx) = dist(F,G). O

It is notable that if in Theorem we have FNG # (), then (2.1) and (2.2)) coincide and so we conclude Theorem
2] In the following we provide a strong convergence theorem for a generalization of cyclic contraction for the best
proximity point problem in the uniformly convex Banach space.

Theorem 2.2. Let F' and G be two nonempty closed and convex disjoint subsets of a uniformly convex Banach space
X. Suppose the mapping T : FUG — F U G satisfied in (2.1)) and (2.2)). Then there is a unique p € F such that
lp — Tp|| = dist(F,G). Also, if pg € F and p,, 11 = Tpy, then {pa,} converges to the best proximity point.

Proof . By Theorem Pr(F,G) # (. Suppose p,q € Pp(F,G) such that p # q. Hence ||p — Tp|| = dist(F,G) and
lqg — Tq|| = dist(F,G) where necessarily uniformly convexity of X, T?p = p and T?q = q. Since p # q, by (2.2)) we
have 0(dist(F,G)) < 0(||Tp — q||) and 0(dist(F,G)) < 6(|lp — Tq||). Therefore

0(llp— Tqll) = 0(|T%p — Tqll) < 0(|Tp — q|)

and
O(1Tp —qll) = 0(|Tp — T?q|)) < 6(|lp — Tql|)

that it is a contradiction and so p =¢. O
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Example 2.1. Let F and G be subsets of R? defined by

F={(z,00:2>1}, G={(0,y) : y > 1}.

Suppose T'(x,y) = (1/y, ) and

0(s) =

NG

dist(F,G)s

¢ < dist(F,G)

¢ > dist(F,G).
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Then T is a cyclic mapping on F' U G that satisfied in (2.1) and (2.2). Also we have ||(0,1) — T'((1,0))|| = dist(F,G).

Proof . Here dist(F,G) = /2. For (z,0), (y,0) € F we have

(I T(x,0) = T(y,0))

IA

0(1(0,v2) — (0, vi) | = V110, vz — vl =/ IVz — vl

Ve =yl =0(lz —yl)
0([l(2,0) = (v, 0)I)-

Hence we have (2.1). Also, for (z,0) € F and (0,y) € G we have

0(IT(z,0) = T(0,9)[)

IN

IN

Therefore we have (2.2). Also we have ||(0,1) —T((0,1))
in n = 21 iteration from Table [I] and Figure O

Table 1: Rate of convergence of the Picard iteration of Example

0(1(0, V&) — (V3, 0)l| = \/dist(F, @[5, Va)ll = \/dist(F,G)v/y T =
Va Ty <\V2Vat+y?

Vdist(F,G)||(x,0) — (0,y)]]
0(ll(z,0) = (0, 9)1)-

| = 11(0,1) = (1,0)|| = /2 = dist(F,G) that it is calculated

Top € F Tont+1 € G
0 3.000000,0) 1  (0,1.732051)
2 (1.316074,0) 3  (0,1.147203)
4 (L071075,0) 5  (0,1.034928)
6 (1.017314,0) 7  (0,1.008620)
8 (1.004301,0) 9  (0,1.002148)
10 1.001073,0) 11 (0,1.000537)
12 (1.000268,0) 13 (0,1.000134)
14 (1.000067,0) 15 (0,1.000034)
16 (1.000017,0) 17 (0,1.000008)
18  (1.000004,0) 19 (0,1.000002)
20 (1.000001,0) 21 (0,1.000001)
22 (1,0) 23 (0,1)

If in the Theorem [2.2 put 6(t) = ! then we have the following corollary.

Corollary 2.3. Let (F,G) be a nonempty closed convex pair of disjoint subsets of a uniformly convex Banach space
X. IfT: FUG — FUQG is a cyclic mapping such that

d(Tz,Ty) < kd(x,y), Vx,y € F, nor x,y € G,
d(Tz, Ty) < kd(z,y) + (1 — k)dist(F,G), VzeF, yeqaq.

Then T has a unique best proximity point. Further, if g € F and z,41 = Tx,, then {z3,} converges to the best
proximity point.

Remark 2.1. In Corollary boundedly compact F' or G is omitted with respect to Theorem [1.1
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Figure 1: Rate of convergence of the Picard iteration of Example @
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