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Abstract

In this paper, we obtain approximate analytical solutions for the fractional predator-prey and the generalized fractional
Lorenz-Stenflo systems using the Sumudu decomposition method. The fractional derivative is described in the Caputo
sense. The results show that the method gives an easy-to-implement procedure and accurate approximate solutions.
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1 Introduction

Fractional calculus generalizes the concept of integer order derivatives and integrals to non-integer orders. Studies
have shown that fractional calculus models physical phenomena more accurately than classical calculus. The fractional
forms of various classical differential equations have been studied by various researchers in recent times (see, e.g., [2],
131, @, 81, 2], [15], [19], [23], [25]).

The Lotka-Volterra equation describes two interacting populations that are in a predator-prey relationship. The
predators (e.g., sharks, foxes) feed on the preys (e.g., fish, rabbits), which in turn feed on some food items. The
classical Lotka-Volterra equation is given by the system of differential equations [6].

dx
i ax — bxy
(1.1)
&y =—dr+cz
dt Y

where z(t) and y(t) are the populations of the preys and predators respectively; a, b, c and d are positive constants.
Bildik and Deniz in [7] used the Sumudu decomposition method to obtain approximate solution of . The fractional
form of has also been studied by researchers. The homotopy perturbation method was employed to solve the
fractional predator-prey system in [I0] while Ghanbari used numerical techniques to obtain the solution of the fractional
predator-prey model in [11].

The Lorenz equation, a three-dimensional nonlinear system was proposed by the famous meteorologist Edward
Lorenz in 1963. The Lorenz system has two nonlinear terms and is given by ([13], [27]).
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dx

E:U(?J—ﬂ?)

dy

2 — oy — 1.2
priaki il (1.2)
dz

a—xy—bz

where z(t), y(t) and z(¢) are proportional to the convective velocity, the temperature difference between descending
and ascending flows and the mean convective flow respectively; o, r and b are real parameters. Several methods have
been employed in solving both the classical and fractional Lorenz system. The Adomian decomposition method and
the differential transformation method were respectively used in [I3] and [24] to obtain solutions of (I.2). Alomari et
al. in [I] presented the homotopy analysis method to solve the fractional Lorenz system while Milici et al. obtained
the solution of the fractional Lorenz system using the power series method in [22]. Lennart Stenflo improved on the
Lorenz equation by deriving a four-dimensional system with four parameters known as the Lorenz-Stenflo system to
model atmospheric dynamics [26]. To model the dynamics of the atmosphere more accurately, Chen and Liang [9]
proposed a generalization of the Lorenz-Stenflo system with six parameters.

The Sumudu transform is an integral transform introduced by Watugala [28] to solve differential equations and
control engineering problems. In recent times, researchers have used the Sumudu transform to solve problems involving
ordinary, partial and fractional differential equations (see, e.g., [7], [16], [I7], [18], [20], [21]).

In this paper, the Sumudu decomposition method (SDM), which is a combination of the Sumudu transform and
the Adomian decomposition method, is used to solve the fractional-order predator-prey, Lorenz, and Lorenz-Stenflo
systems. To the best of our knowledge, the Sumudu decomposition method has not been used to solve the fractional
predator-prey system. Also, the fractional-order version of the Lorenz-Stenflo system has not appeared in the literature.
The method used in this paper involves two steps: the Sumudu transform is first used to simplify the given systems of
equations, and then the Adomian decomposition method is applied to the nonlinear terms. Comparison of the Sumudu
decomposition method with other methods shows that it is easy to implement and gives a reliable approximate solution.

The paper is organized as follows: In section 2, we recall some important definitions and theorems. In section
3, we first construct the Sumudu decomposition method and then demonstrate how the method is used to solve the
systems of equations under consideration. Section 4 gives a concluding remark on the results obtained.

2 Preliminaries

In this section, we give a brief overview of the basic concepts of fractional calculus and the Sumudu transform.
These concepts will be needed subsequently in this paper.

Definition 2.1. [25] For « > 0, the Riemann-Liouville fractional integral of order a > 0 is defined as

i Jo @ =€) f(©)de, 0<E<u,
T f(x) = 21)
f(@) a=0.

Definition 2.2. [25] For a > 0, the Riemann-Liouville fractional derivative of order « is defined as follows (m > 1):

mdilm foﬂg(glj —mTlf(©)dg, m—1<a<m,

B (2.2)
%f(@ a=m.
Definition 2.3. [8] For a > 0, the Caputo fractional derivative of order « is defined as follows (m > 1):
‘Df(z) =J™ “D™ f(x)
Tonay Jo (@ =M (&) de, m—1<a<m,
B (2.3)

dijn (x) a =m.
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Definition 2.4. [28] The Sumudu transform is defined over the set of functions as

A= {f(OBM, 71,1 > 0,|f(t)] < Mem if t e (—1)7 x [0,00)}. (2.4)
by the formula
Flu) = S[f(t)] = / Flutye~tdt, u e (7). (2.5)
0
The Sumudu transform of some functions are given by ([5], [28]):
1. S[1]=1
2. St =wu

3. S[t" ] =u""'T'(n),n € RT.

Theorem 2.5. [7]: If F(u) is the Sumudu transform of the function f(¢), then the Sumudu transform of the nth
derivative of f(t) is given by

S =u

n—1
NOEY ukf<k'><o>] (2.6)
k=0

Theorem 2.6. [14]: If F(u) is the Sumudu transform of the function f(¢), then the Sumudu transform of the Caputo
derivative of f(t) of order « is given by

S[EDYf(H)] = u™

F(u) — ni ukf<k>(0)] , n—1<a<n. (2.7)
k=0

3 Sumudu Decomposition Method

In this section, we construct the Sumudu decomposition method for solving systems of nonlinear fractional dif-
ferential equations. The method is then employed to solve the fractional predator-prey, Lorenz and Lorenz-Stenflo
systems.

We consider the general system of nonlinear fractional differential equations of the form:
. k
‘DYx;(t) = gi(t,x1(t), z2(t), ..., xm(t)), xi )(0) =&k (3.1)
1<i<m, a; >0, & are real constants, where “D%iz;(¢t) is the Caputo derivative of x;(t) of order «.

Taking Sumudu transform of both sides of (3.1)) yields

S[°Di'zi(t)] = Sgi(t, x1(t), 22(t), ..., zm ()] - (3.2)

Applying Theorem equation (3.2]) becomes

-1
Sz =S w M (0) + uS[Gy], (3.3)
0

3

x>
Il

where G; = ¢;(t, z1(t), x2(t), ..., m (t)). Taking Sumudu inverse transform of both sides of (3.3) results in:

m—1

zi(t) =Y &Gk +S " uMS[Gi]] = nik + ST [ S [Li + Ni]. (3.4)
k=0

where ZZ:OI &r = nir and G; has been decomposed into two parts L; and N; (1 < i < m) being the linear and
nonlinear terms respectively.
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We assume that the unknown linear function z;(t) can be represented by the infinite series [29]

zi(t) = Z Tin(t), 1<i<m. (3.5)
n=0
and the nonlinear term can be decomposed as infinite series of Adomian polynomials A,,.
(oo}
ie, N;,= ZAm, 1<i<m. (3.6)
n=0

where A = v [Nl (7;0)\ T1in, ...,nzzo)\ xmn>] . (3.7)

A=0

Substituting (3.5) and (3.6) into (3.4) with L;(z1n, Zon, ---Zmn) = Li(Zn), we have

Z Jim(t) = Nk + S_l u*S LZ<.’fn) + Z Ain (38)
n=0 n=0
On comparing both sides of (3.8)), we have
zio(t) = mik
xll(t) = S_l [UaiS [Ll(if()) + Al()“
i (t) = ST [u™ S [Li(1) + An] (3.9)
Tin(t) = 8 [u®S [Li(Zn—1) + Aitn_1)]]
Finally, we can approximate the analytical solution x;(t) by the truncated series as
N
zi(t) = lim > win(t). (3.10)

In what follows, we now apply the Sumudu decomposition method in solving systems of nonlinear fractional
differential equations.

3.1 Fractional Lotka-Volterra System

Example 3.1. We consider the fractional version of the classical Lotka-Volterra system treated in [7] given by:

DY (t) = x(t)(2 — y(t))

y (3.11)
D7y(t) = y(t)(=3 + (1))
with initial conditions
z(0) = 1,y(0) = 2. (3.12)
Taking Sumudu transform of the system and by , we obtain:
z(t) =1+ 8 uS [2x(t) — z(t)y(t)]] (3.13)
y(t) =2+ S [u’S[-3y(t) + 2(t)y(1)]] '
By , we have:
an(t) =1+8! lu“S [2an(t) - Z A,
n=0 n=0 n=0 (314)

> ) =2+87" [uﬂs
n=0

=3 yn(t) + > Ay

n=0
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where A,, are the Adomian polynomials given by the formula (3.7). Thus, the first four values of A,, are as follows:
Ao = zoyo, A1 = T1Yo + Toy1, A2 = Toy2 + T1y1 + T2yo, A3 = Toys + T3Yo + T1Y2 + T2Y1-

On comparing both sides of (3.14)), we obtain

zo=1,90=2
1 =8 uoS [xo — Ao]] =0
4¢P
yl - 871 [UBS [7310 + AO]] = 7m
4to¢+ﬁ
_ c—1 «@ _ - =
X9 =87 [u*S 221 — A4]] NCEEE)
_ 8t28
y2 - S 1 [UBS [*3,1,!1 + AlH == m
B ]ta+28
w2 =87 [PS 22+ Al] = —Fm55T Ty
1638 gro+28

_c-1n,B8cr_ = -
ys =S [uPS[-3ys + As]] = F(35+1)+F(0z+2ﬁ+1)

By (3.10), it follows that:

x(t):£0+$1+$2+1'3+"'
yt) =yo+y1+y2+ys+ -

Hence, the solution of the system (3.11))-(3.12)) is given by:

4totB StOf—‘rQB
x(t) =1+ — 4.
®) MNa+p+1) T(a+28+1) (3.15)
4¢P 8t% 1638 gto+28 '
y(t) =2 — + - + +oe
rg+1) TE2g+1) TI'B+1) TI'(a+28+1)
For oo = 8 = 1, we obtain the same solution in [7] given as:
2 43
() =142 — 34 ...
3 A (3.16)
y(t) =2 — 4t + 4t% — §t3+~~
For a = 0.9, 8 = 0.8, we obtain:
x(t) =1+ 2.5895¢17 — 2.4072%5 + - ..
(3.17)

y(t) = 2 — 4.4024¢°® + 5.5960t" 6 — 5.3670t** + 2.4072¢*° + - -
The comparison between the classical and fractional solutions of the system (3.11)-(3.12)) is presented in Table 1.

3.2 Fractional Lorenz-Stenflo System

We first examine and solve the fractional form of the Lorenz equation introduced earlier in Section |1} Lorenz set
the parameters o = 10,7 = 28,b = %, where the system exhibits chaotic behavior [13].
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Table 1: Comparison of the approximate solution of the system (3.11)-(3.12) for « = =1 and « =0.9,5 = 0.8.

t

a==1

a=09,3=08

0.1

0.5

1.018667, 1.638667

1.333333, 0.833333

1.044055, 1.429078

1.371475, 0.726157

Mogbojuri

( ) ( )
0.2 (1.069333, 1.349333)  (1.124806, 1.141578)
( ) ( )
1.0 ( ) ( )

1.666667, 0.666667 1.182300, 0.233800

Example 3.2. We consider the fractional Lorenz system [22] given by
(
“DPy(t) = x(t)(28 - 2(1)) — y(t) (3.18)

with initial conditions
x(0) = 0.1,y(0) = 0.1,2(0) = 0.1. (3.19)

Taking Sumudu transform of the system (3.18]) and by (3.4)), we obtain:

x(t) = 0.1+ S HuS[10(y(t) — =(t))]]
y(t) =01+871 [uﬁs [28x(t) — y(t) — x(t)2(t)]]

(3.20)
2(t) =01+871 {UVS {iz(t) + :r(t)y(t)”
By (B.8), it follows that:
i Tn(t) =014+ 81 _uas -10 (i Un(t) — ixn(t)ﬂ]
n=0 L L \n=o n=
f: Yn(t) =01+ 87! -uBS -28 f: T (t) — f: Yn(t) — f: A, (3.21)
n=0 L L = n=0 =0

izn(t)zo.l—l—S_l u’S —gizn(t)—i—iBn
n=0 L n=0 n=0

where A,, and B,, are the Adomian polynomials given by the formula (3.7). The first four values of A,, are given as
follows: Ag = xgz0, A1 = 2120 + 2021, As = Tozo + 121 + L2209, A3 = Toz3 + x320 + X122 + T221. The first four values
of B, are given by: By = zoyo, B1 = 2130 + Toy1, B2 = zoy2 + x1y1 + T2Y0, Bs = zoy3 + x3y0 + x1y2 + 22y1. Now,
on comparing both sides of (3.21)), it follows that:

o = 017 Yo = 01, 20 = 0.1

1 =81 uS[10 (yo — 20)]] = 0

2.69t7
_c-17,8 e _
8 0.2567tY
— S|, _= —-_
z1=8 [u 8[ 320+BO:|:| F(’y+1)
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e 269t
2 =S8 SN0 — el = 5oy

2,692 N 0.02567t5+Y
reg+1) T(B+y+1)

0.6845t%7 N 0.269t8+7

L2y+1) T(B+y+1)

y2 =S [uPS 28z —y1 — Ai]] =

29 =81 |:U’Y$ [—221 —|—B1” =

_ 26.9t 128 0.2567ttA+y 269¢22+8
r3=3_8 1 [u*S 10 (y2 — z2)]] = — + —
MNa+28+41) T(a+B8+~v+1) TRa+B+1)
_ 755.89t>+26 2.69¢38 0.05257¢28+7  0.06845t5 27
Ys = S 1 [uﬁS [28%2 — Y2 — AQH = T + _ _
(a+28+1) T@BB+1) T@2B+y+1) T(B+2v+1)
1.82533Y 0.7147¢8+27 0.269¢28+7 2.69t> Aty

" T(3y+1) TI(B+2v+1) T[@28+~+1) +F(a+6+’y+1)

23 =871 |:U'YS [—22’24—32” =

By (3.10), it follows that:

z(t) =20+ 71 + T2+ a3+
y®)=vyo+y1+y2+ys+---
2(t) =20+ 21 +20+ 23+

Hence, the solution of the system (3.18)-(3.19)) is given by:

26.9t>+8 26.9t>+26 0.2567t> Aty 269¢2th8
z(t) = 0.1+ — + - +--
MNa+p+1) T(a+28+1) T(a+p+v+1) TQRa+p+1)
2.69t8 2.69¢28 0.02567¢2+Y
y(t) =0.1+ - +
r+1) resg+1) TE+y+1)
755.89¢+28 2.69¢38 0.05257t26+7  0.06845t5+27

MNa+28+1) +1“(3ﬁ+1) T T(28+~+1) _F(ﬂ+2ﬁ’+1)+m (3.22)

0.2567t7 N 0.6845t27 N 0.269t8+7
Ly+1) T@2y+1) TB+v+1)
B 1.8253¢37 0.7147¢5+27 0.269¢28+7 2.69t> 8+

T3y +1) TB+2v+1) T@Bt~+1) " TlatftrtD) &

z(t) =01+ —

For a = 8 =+ = 1, we obtain the solution:

z(t) = 0.140.00¢ + 13.45¢> — 49.27t3 + - .-
y(t) = 0.1+ 2.69t — 1.3322t% + 126.41¢° + - - (3.23)
z(t) = 0.1 — 0.2567¢ + 0.4768t> — 0.01983t> + - - -

For a = 8 =~ = 0.95, we obtain the result [22]:

2(t) = 0.1 4 0.0000£%% 4 14.7202¢"° — 59.2978(%% 4 ...
y(t) = 0.1 4 2.7452¢%% — 1.4580t"° + 152.13¢t>° + . .. (3.24)
2(t) = 0.1 — 0.2620t°9° + 0.5218" — 0.0239t>% + - ..

The generalized Lorenz-Stenflo system proposed by Chen and Liang ([9], [30]) is given by
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Table 2: Comparison of the approximate solution of the system (3.18)-(3.19) by SDM and the method presented in [22] for « = 8 = v = 0.95.

t SDM Milici et al [22]

0.1 (0.201556, 0.604551, 0.077138) (0.200580, 0.601168, 0.077137)

0.2 (0.187713, 2.175898, 0.067482) (0.180693, 2.158627, 0.067435)

0.5 (-4.180199, 22.230193, 0.100878) (-4.275788, 22.055188, 0.100084)
1.0 (-44.477600, 153.517200, 0.335900)  (-45.166800, 152.405900, 0.330040)

W — a(y(t) — 2(6)) + s0(0)
W~ a(t)(e— (1)) + dy (1)
©  n(ay(r)  b=()

‘% = —a(t) — ro(®)

where z(t), y(t), z(t), v(t) are state variables; a,b, ¢, d,r, s are real parameters.

(3.25)

We now propose and solve the fractional generalized Lorenz-Stenflo system. We set the parameter values ([9],
B0)): a =19.42,b = 1.91,c = 29.45,d = —2.86,7 = 0.23,s = 9.64 and the initial conditions zg = 2.2,yg = 2.0, 29 =

10.5, o = 20.0.

Example 3.3. Consider the system:

‘D¥x(t) = 19.42(y(t) — =(t)) + 9.64v(t)
cDPy(t) = x(t)(29.45 — 2(t)) — 2.86y(t)
‘D7z(t) = x(t)y(t) — 2.862(1))

DHu(t) = —z(t) — 0.23v(t)

with initial conditions
x(0) = 2.2,y(0) = 2.0, 2(0) = 10.5,v(0) = 20.0

Taking Sumudu transform of the system (3.26)) and by (3.4)), we obtain:

z(t) = 2.2+ S uS[19.42(y(t) — x(t)) + 9.64v(t)]]
y(t) = 2.0+ S [u’S[29.452(t) — 2.86y(t) — x(t)z(t)]]
2(t) =10.5 + ST u'S [-1.912(t) + z(t)y(t)]]

v(t) = 20.0 + S [ulS [ (x(t) + 0.23v(t))]] .

Clearly, by (3.8]), it follows that:

i Tn(t) =224 87! [uas [19.42 (i Yn(t i ) +9.64 Z v (t H

n=0

iyn(t):ZO—&-S_l[ [2945230” —2862yn ZAn

n=0 n=0

WS l—1.91 > z(t) + Z B,
n=0 n=0

o (5]

D za(t) =105+

> vn(t) =200+

n=0

(3.26)

(3.27)

(3.28)

(3.29)
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where A,, and B, are as given in Example On comparing both sides of (3.29)), it is easy to see that:

o = 22, Yo = 20, 20 = 105, Vo = 20.0

1 =8 [u*S[19.42 (yo — x0) + 9.64v0]] = %.
y1 =S [u’S[29.45z0 — 2.86y0 — Ag]] = m
21 =S8 WS [-1.91% + By]] = —%.

v =S [u'S [—(w + 0.23v)]] = —%.

698.54t°T8  3668.83t2  65.55t
=S u*S[19.42 (y; — 9.64v,]] = - — .
2 ST (g = 21) +9.64v1] Tla+pB+1) TRa+1) T(a+p+1)
3580.03t+8  102.87t28  34.45t017
=S [uPS[29.452, — 2.86y; — A1]| = - - .
b2 (15 20452, v = Ail] Ta+f+1) T(28+1) T(B+y+1)
20914 37784107 79.13t5+7
F2y+1) T(a+~v+1) TB+y+1)
188.92t+~ 1.5621

+ .
Fa+p+1) T@2p+1)

Z9 = 571 [U’YS [—1912’1 + Bl]] =

vy = S [u!S [—(x1 +0.23v1)]] = —

N 55958.54t29+8 1997744 +28 669.02t> T8+
z3 =8 [uS[19.42 (y2 — x2) + 9.64v2]] = 2o+ 5Tl Tat25:1) + Tatfi7 D)
71248.68t3%  1272.98t2F1  1821.19¢2FH 15.04¢+20
I'Ba+1) i T2a+p+1) T(Q2a+p) M Fla+2u+1)
2098.44t+t2F  69524.33t20HF 124217t +H
vo = ST [ S 294502 2860 — Aol| = F T T TRa s 54 D) TlatBrat D)
20421138 272621277 65.80t°+2Y 831.25t A+
I(38+1) TI@28+~v+1) T(B+2y) TDla+B+~+1)
2058.49T (v + v + 1)t A+
Fla+DI'(y+ ) (a+B8+~v+1)
25 = S~UUIS [=1.912 + Bo]] = — STA3t 72167t 7535400 N 9273.15t A+
'Gy+1) T(a+2y+1) TB+2v+1) T(a+8+v+1)
131.1¢+r+m 226.31¢20+7  7337.66t22T7
Dla+~v+p+1) T@2B+~v+1) T(2a+7)
6795.45T (o + B + 1)totA+y
Fla+ 1)+ (a+B+vy+1)

698.54t+A+H 3668.83t2+H 109t +2m 0.3588¢34

v3 = S [u!S [ (w2 + 0.23v2)]] = ~T + + -

(a+B+p+1) TRa+p+1) T(a+2p+1) TBu+1)

Hence, the solution of the system (3.26)-(3.27)) is given by:

188.92t™  698.54t>FF  3668.83t2 65.55tF#
x(t) =22+ + — _
MNa+1) Ta+p8+1) TQRa+1l) TI(a+p+1)

55958.54¢2+8 1997 744> +28 669.02t>+A+y 71248.68t3

+ +
r2a+p8+1) T(a+28+1) T(a+p+~v+1) T(Ba+1)
1272.98¢2t#  1821.19¢2¢FH 15.04¢0+21

+
2o+ p+1) T2+ ) Ma+2p+1)

333
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35.97tP N 3580.03t°F  102.87t*°  34.45t°H7
rs+1) TDa+6+1) T(268+1) TB+v+1)
2998.44t>+28  69524.33¢22+8 1242 17t +B+r 294.21¢38
T(a+28+1) TQRa+B+1) TDla+B+u+l) + (33 +1)
272.62t2t7  65.80t°+27 831.25t> A+
F28+~v+1) T(B+2y) T(a+B8+y+1)
2958.49T (o + y + 1)te+A+y N
Fa+1DI'(y+D(a+B8+~v+1)
15.66¢" 29.91t%7 377.84t>H 79.13t8+ 57.13t37

y(t) =2.0+

2(t) =105 - I'(y+1) + r(2y+1) + Fla+~y+1) + L(B+~v+1) TI(3y+1) (3:30)
721.67t+2Y 75.35¢°+27 9273.15¢t A+ 131.1¢tvte
TTat29+1) T+ 4D T@atB847+1) Tlatr+utl)
226314277 7337.661> 6795.45T (o + B + 1)tot+5+y N
res+vy+1) I'(2a+7) Fa+1DI'B+ 1) (a+8+v+1)
6.8tH 188.92tF# 1.56¢2# 698.54t T8 +H
v(t) =20.0 — - + -
F(p+1) Dla+p+1l) T'@Re+1) Dla+pf+p+1)
3668.83t2 N 10922+ 0.3588¢%
F'2a+p+1) T(a+2p+1) TI'Bu+1l)
For a = 8 =~ = p =1, we obtain the solution
x(t) = 2.2 + 188.92t — 1517.92t* + 20890.89t> +
y(t) = 2.0 4 35.97t 4 1721.36t% — 10454.42t3 + -
2(t) = 10.5 — 15.66t + 243.44t + 2385.81t + (3.31)
v(t) = 20.0 — 6.8t — 93.68t* + 513.16t> - -

4 Conclusions

In this work, the Sumudu transform method combined with the Adomian decomposition method was used to
solve some systems of nonlinear fractional differential equations. The approximate solutions of the two-dimensional
fractional Lotka-Volterra system, the three-dimensional fractional Lorenz chaotic system and the four-dimensional
fractional Lorenz-Stenflo system were obtained.

The solution obtained for the fractional Lotka-Volterra system coincides with the solution of the classical
Lotka-Volterra when o = 5 =1 (see [7], equations (21)-(22)). Table 1. shows a consistent relationship between the
classical and fractional solutions of . In Table 2, we compare the solutions obtained in the case of the fractional
Lorenz system using the SDM with the method used in ([22], page 119).

The results show that the Sumudu decomposition method is easy to implement and gives an accurate solution to
systems of nonlinear fractional differential equations. Hence, the method can be extended to solve more systems of
strongly nonlinear fractional differential equations.
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