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Abstract

In this paper, we prove some fixed point theorems for modular metric spaces endowed with partial order sets by using
the mixed monotone mapping property which is a generalization of the definitions and results of T. Gnana Bhaskar
and V. Lakshmikantham.
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1 Introduction

The theory of modular spaces was initiated by Nakano [15] in 1950, and generalized and redefined by Musielak and
Orlicz [14] in 1959.

In 2008, Chistyakov [5] introduced the notation of modular metric spaces generated by F-modular and developed
the theory of modular spaces. By the same idea he defined the modular metric spaces on an arbitrary set which is a
new generalization of metric spaces [6], [7]. The field of the metric fixed point theory and its applications [10], [12] are
far reaching developments of Banach’s Contraction Principle [3], and the first fixed point results in modular function
space were given by Khamsi [12].

Recently some authors have introduced and have established some notions and fixed point results in modular metric
spaces (c.f.[4 [8 13]). Many authors investigated on the existence of the fixed points for contraction type mapping in
partially ordered metric spaces [T, 2] [TT].

In this paper we state and prove some coupled fixed point theorems for partially ordered modular metric spaces.
These results are extensions of the results obtained by T. Gnana Bhaskar and Lakshmikantham [9].

Definition 1.1. Let X be an arbitrary set. A function w : (0,00) x X x X — [0,00] that will be written as
wi(z,y) = w(\, x,y) for all z,y € X and for all A > 0, is said to be a modular metric on X (or simply a modular if
no ambiguity arises) if it satisfies the following three conditions:

(i) given z,y € X, wx(z,y) =0 for all A > 0 iff x = y;

(#1) wx(z,y) = wr(y,x), for all A > 0 and z,y € X;

(119) warp(z,y) < wr(x,2) +wu(z,y) forall A\, u >0 and z,y,z € X.
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If instead of (i), we have only the condition:

(i1) wa(z,x) =0 for all A > 0 and = € X, then w is said to be a (metric) pseudomodular on X and if w satisfies (i1)
and

(i) given x,y € X, if there exists A > 0, possibly depending on z and y, such that wy(x,y) = 0 implies that z = y,
then w is called a strict modular on X.

Definition 1.2. [6] Given a modular w on X, the sets
Xo=Xu(zo) ={z € X :wi(z,25) > 0as A — oo}

and
X=X (o) ={z e X :wr(x,z,) <00 for some A> 0}

w

are said to be modular spaces (around z,). Also the modular spaces X, and X can be equipped with metrics d,,
and d};, generated by w and given by

dy(z,y) =inf{A > 0:wy(z,y) <A}, z,y€ X,
and

di(z,y) = inf{A > 0:w(z,y) <1}, z,y€ X

If w is a convex modular on X, then according to [0, Theorem 3.6] the two modular spaces coincide, X, = X.

Definition 1.3. Given a modular metric space X, a sequence of elements {xn}ff:l from X, is said to be modular
convergent (w—convergent) to an element 2 € X if there exists a number A > 0, possibly depending on {x,} and z
such that lim,, o wx (2, 2) = 0. This will be written briefly as z,, = z, as n — oc.

Definition 1.4. [8] A sequence {z,} C X, is said to be w-Cauchy if there exists a number A = A ({z,}) > 0 such
that limy, n— o WA (Tn, Tm) = 0, ie.,

Ve >0 3 no(e) €N such that Vn,m > no(e) : wx(Tn,Tm) <e.

Modular metric space X, is said to be w-complete if each w-Cauchy sequence from X, is modular convergent to an
r € X,.

Remark 1.5. A modular w = w)y on a set X, for given z,y € X, is non-increasing on A. Indeed if 0 < A < u, then
we have

wp(z,y) S wp-a(z,2) +wr(z,y) = wir(w,y)

for all z,y € X.

Let w be a modular on X such that X, is a w-complete modular metric space and (X, <X) is a partially ordered set.
Further, we endow the product space X, x X, with the following partial order:

for (z,y), (u,v) € Xy x Xy, (w,0) 2 (zy) &z zu, y 2o

Definition 1.6. [I7, 18] Let X, be a modular metric space , we say that T : X, — X, is modular continuous
(w-continuous) if
Tn — = T, T

for each {z,} € X, as n — .
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Definition 1.7. Let (X, <) be a partially ordered set and T : X, x X, = X,. We say that T has the mixed
monotone property if T'(x,y) is monotone non-decreasing with respect to 2 and is monotone non-increasing on y, that
is, for any x,y € X,,,
21,29 € Xy, o1 X x2 = T(x1,y) X T(x2,y)
and
y1,y2 € Xo,t1 2y = T2, y1) = T(z,92).
Definition 1.8. We call an element (z,y) € X, x X, a coupled fized point of the mapping T : X, x X, — X, if
T(x,y) =x,  T(y,x) =y.
Remark 1.9. For each (z,y), (u,v) € X, x X, we set,
wx((z,9), (u,v)) = wa (@, u) + wx(y, v).

It’s obvious that wy is (metric) modular on X, x X,,,.

Lemma 1.10. Suppose that {z,} and {y,} are two sequences in modular metric space X,,. Then {z,} and {y,} are
w-convergent to x and y (respectively) iff coupled sequence {(zn,y,)} is w-convergent to (z,y).

Proof . Let {z,} and {y,} be two w-convergent sequences such that z,, <> z and y, — y as n — oo. By definition
of the modular convergence, there exist A = A({z,},2) > 0 and p = u({yn},y) > 0 such that, wx(z,,x) — 0 and
Wy (Yn,y) —> 0, as n — oo. Let ¢ > max{A, u1}, it follows from Remark that

we(@n, x) <wz(Tp,z) — 0 as n — 0o
and

we(Yn,y) < wu(Yn,y) — 0 as n— oo.
So we have

w(((xfuyn)v (x7y)) = WC(mnax) +w<(ynay) — 0 as n — oo.

It follows that {(z,,¥,)} is modular convergent, i.e., (Z,,¥n) — (x,y) as n — co. Conversely, suppose that (z,,y,) —
(z,y) as n — oo, then there exists A = A({(xn,yn)}, (x,y)) such that

wrx((Tn,Yn), (z,y)) — 0,a8 n — .

By Remark [I1.9 we have
0 < w)\((xVL?yn)? (mvy)) = W)\(l'n,df) + w)\(ynay) — 0.

Therefore z,, <> = and y,, = y as n — oo. [

2 Preliminaries
In this section, we prove the fixed point theorem for a function 7" on the partial ordered product space X, x X,

which is a generalization of T. Gnana Bhaskar and V. Lakshmikantham [9].

Theorem 2.1. Let w be a strict modular on X such that X, is a w—complete modular metric space and T :
X, x X, — X, is a w-continuous mapping having the mixed monotone property on X,. Assume that there exists
ake€0,1) with

wx(T(z,y), T(u,v)) <

o |

[w,\(:c,u) —l—w)\(y,v)] ) (1‘ Zu, y = 'U)- (2.1)
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If there exist zq,yy € X, such that
xo 2 T(z0,90) and yo = T(yo, Zo),
then there exist =,y € X, such that

z=T(z,y) and y=T(y,x).

Proof . Taking T'(zo,y0) = z1,T (Y0, 0) = y1, 2 = T(x1,y1) and y2 = T'(y1, z1), we obtain

T2($07y0) = T(T($07y0)>T(yo, 330)) = T($17y1) = T2

and

T%(yo, z0) = T(T(yo, %0), T(x0,90)) = T(y1,21) = y2.
By mixed monotone property of T' we get,

zy = T?(z0,90) = T(z1,91) = T(w0,y0) = 21

and
yo = T%(yo, o) = T(y1,21) = T(yo,20) = y1-
We construct sequences {z,,} and {y,} as following:
i1 = T (w0, y0) = T(T" (20, Y0), T (Y0, ¥0))

and
Ynt1 =T (yo, 20) = T(T"(yo, %0), T" (20, Yo))-

By induction and the mixed monotone property of T', we get the following two relation:
xo = T(xg,y0) = x1 = T?(x0,90) = 22 < ... X T" (20, 90) = Tpa1 =< ...

and

Yo = T(yo,20) = y1 = T*(yo,0) = y2 = .. = T" " (y0,20) = Yn+1 = .. .

Now we show that for n € N,

n

(T (w0, 90), T" (w0, 30)) < 5 [wA(T (20, 30), 0) + wr(T(yo, 7o), 90)],

and
n

wWA(T" " (yo, 20), T" (30, 70)) < - [wr(T (110, 70), y0) + wr (T (x0, y0), 0)]-
For n = 1, using we get
wA(T*(x0,0), T (0, 90)) = wr(T(T(x0,¥0), T (Y0, ¥0)), T(x0, o))
[wr(T'(z0,y0), o) + wA(T (0, o), Yo)]-

Similarly,

Rahimpoor
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Now, assume that (2.2)) and (2.3)) hold. Using
T (z0,0) = T"(x0,50) and T (yo,x0) = T"(yo, w0),
we get

wA(T" 2 (20, 90), T (0, 10))
= wA(T(T" (0, 90), T" (Yo, 0)), T(T" (w0, y0), T" (Y0, o))

k
< 5[60,\(Tn+1(1170, Y0)s T™ (20, y0)) + wx(T" " (yo, 0), T" (yo, T0))]

kn+1
2

< [wA(T'(20,%0),70) + wA(T (Y0, Z0), Yo)]-

Similarly, one can show that

kn+1

wA(T™ 2 (yo, o), T (yo, m0)) < [wA(T(yo, %0),Y0) + wa(T (w0, y0), Zo)]-

This implies that {T™(zo, y0)} and {T"(yo, o)} are w-Cauchy sequences in X,,. In fact, for m > n,

wA(T™ (@0, y0), T (0, Y0)) = watm=n) (T (0, 90), T" (0, 0))
w_a (T™(x0,90), T"" (0, 40)) + oo +w_a_(T™ (0, 40), T (20, Y0))

T )
2
(kn _ km)

= m[wmin (T(.%‘o,yo),$o)—l—wﬁ(T(yo,xO)’yo)]

IN

IA

[w_s_(T(x0,90),z0) +w_»_(T(yo,T0), yo)]

< %[wmzn (T'(wo, o), %0) +w_a_(T(yo, %0), yo)]-

Similarly, we can verify that {T"(yo, o)} is also a w-Cauchy sequence. Since X, is a w-complete modular metric
space, there exist x,y € X, such that

T™(w0,y0) >z 3 T"(yo,20) = .

Now we claim that T(z,y) = z and T(y,z) = y. Because T"(xo,10) — = and T"(yo, o) — ¥ as n — oo, so there
exist A\ = M ({T"(20,90)},2) > 0 and Aa = A ({T"(yo, o)}, y) > 0 such that,

WX, (Tn(x()a yO)v‘r) —0 5 Wha (Tn(y07 l‘o), y) — 0.

The mapping T : X, xX,, — X,, is w-continuous. Soif (z,,y,) — (z,%), then there exists A3 = \s({T(zn, yn)}, T(2, 7))
such that

wxs (T(@n,yn), T(x,y)) — 0.

This implies that
W (T (20, 90), T(,y)) = wrg (T(T™ (%0, Y0), T" (Y0, 70)), T(z,y)) — 0.

Therefore for A > A\ + A3 we have,

w)\(T(l‘, y)u (E) < WAL +As3 (T(.’L’, y)7 37)
S W, (TnJrl(IO; y0)7 JC) + Whs (T(Ia y)a Tn+1(x07 yO)) — Oa

as n — 00. So by strictness of w, T(x,y) = x. Similarly T(y,z) = y. O
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Theorem 2.2. Let w be a strict modular on X such that X, is a w—complete modular metric space and (X, <) is
a partially ordered set. Suppose that X, has the following properties:

(i) if a nondecreasing sequence x,, % z, then z,, < z, for all n;

(ii) if a non-increasing sequence y,, 2 4, then y < y,, for all n.

Let T : X, x X, — X, be a mapping having the mixed monotone property on X,. Assume that there exists a
k € [0,1) with

wx(T(z,y), T(u,v)) <

|

[wa(z,u) + waly, V)], (z = u, y 2v).
If there exist xg,y0 € X, such that xg < T(xo,y0) and yo = T(yo, o), then there exist x,y € X, such that
z=T(z,y) and y = T(y,z).

Proof . Following the proof of Theorem [2.1} we only have to show that T(x,y) = x and T(y,x) = y. Because
T (x0,Y0) 2 2 and T™(yo, x0) 2 y, there exist \; = A (T™(x0,y0),x) > 0 and A2 = A2 (T™(yo,x0),y) > 0 such that

wx, (T™(x0,90), ) — 0,wx, (T™ (Y0, Zo),y) — 0, as n — +o0.
Now for A > 2max{A;, A2} we obtain:

wA(T(l'v y)a CU) S OJ% (T(.’ﬂ, y)7 TnJrl(mOa yO)) + W% (TnJrl ((L'(), yO)v LE)
(T'(x,y), T(T"(x0,y0), T" (Y0, 0))) + wg(TnH(on,yo),x)

Therefore by strictness of w we have T(x,y) = z. Similarly one can show that T(y,z) = y. O From [16] we have

that for each (g) , (ch*) € X, x X, there exists a <zl) € X, x X, which is comparable to (i) and (g*) In
2

other words, each pair of elements in the product space has an upper bound or a lower bound.

Remark 2.3. The contractivity assumption is taken on the comparable elements in X, X X,,, and so Theorem [21]
doesn’t imply the uniqueness of the fixed point. In the next theorem we add the comparability condition to the
hypothesis of Theorem and conclude the uniqueness of the coupled fixed point of T'.

Theorem 2.4. Adding comparability condition to the hypothesis of Theorem [2.1] we obtain the uniqueness of the
coupled fixed point of T'.

*

Proof . If (g*) € X, X X, is another coupled fixed point of T', then we show that
x xz*
w 9 * = 07
& <y> <y ))

lim T"(xzo,y0) = ; lim T"(yo,z0) = y.
n—oo n—00

for some A\ > 0, where

We consider two cases:
*

Case 1: If <§) is comparable to <Z*) with respect to the ordering in X, x X,,, then for all n € NU{0}, <;ng’zg> =
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AN T (z*, y*)) <x*)
is comparable to L =17, ], also
(y) P (T”(y ;") y

=wx(T™(z,y), T"(x",y")) + wx(T"(y,2), T"(y", "))
= wA(T(T" (2, y), Ty, ), T(T"H (", y"), T" Hy* "))
+wn(T(T"  y,2), T (), T(T"H(y*, a™), T (2", "))
k — mn— * ok n— n— * *
< §[W)\(T" 1(x,y),T 1(*7: Y ))+WA(T/ 1(y7x),T 1(y y L ))}
< EMwa (@, 27) + wa(y, y7)]
= k"w,\(<x) , m* ) %0, as n — oo.
Y Y
So w,\((x) , (i)) = 0 for some A > 0.
Y Y
Case 2: Suppose that & = ;j is not comparable to z* = <Z*) . We know that there exists an upper bound or a lower
bound z = <2) € X, x X, of #,z*. So, foralln=10,1,2,..., z = <§n223 Z;) is comparable to (;ng: ig) = <;§)

ot (i ) = (5
() () =) - (i)
(e 0)- () en(mE3) (i)

:wi(Tn(x’y)an(ZhZ?))+WA(Tn(yv )7 (22721))

2

+ w%(Tn(Zlv ZQ),T”(I*, )) + w% (Tn(227 Zl)7Tn(y y L ))
< {0y (2, 20) + wy (9, 22)] + [y (0, 21) + w0y (57, 22)]} 5 0,

w

IN

[N

as n — oo.
Thus, w;((i) , (;)) =0 for some X > 0, and by the strictness of w, we get z* = . O

Theorem 2.5. In addition to the hypothesis of Theorem suppose that each pair of elements in X, has an upper
bound or a lower bound in X,,. Then there exist x,y € X,,, such that z = y.

Proof . Case 1: Suppose that = is not comparable to y. By the assumption there exists a z € X,, comparable to z
and y such that z < z and y < z. Then we have,

T(x,y) < T(z,y) and T(x,y) = T(x,2)
and
T(y,z) X T(z,2) and T(y,x) = T(y,z).

The mixed monotone property of T yields:

(1) T?(z,y) = T(T(z,y), T(y,z)) X T(T(2,y),T(y,2)) = T%(z,y). This implies that T?(z,y) < T?(z,y);

(2) T*(y,z) = T(T(y,x), T(z,y)) < T(T(z,2),T(z,2)) = T?(z,2). This implies that T?(y,z) < T?(z,);

(3) T*(z,y) = T(T(z,y), T(y,z)) = T(T(z,2),T(z,2)) = T?(z, 2), which is equivalent to T?(x,y) = T?(z, 2);
(4) T2(y, ) = T(T(y,2), T(z,)) = T(T(y, 2), T(2)) = T(y, 2), or equivalently T(y, z) = T(y, 2).
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By induction it can be shown that similar relations hold for all n > 2 too. Now, consider

wx(z,y) = wA(T" (2, y), T (y, 2))
= w(T(T" (2, y), T"(y,2)), T(T" (y, x), T" (x,y))
(T(T" (2, 9), T"(y, 2)), T(T" (2, 2), T" (2, x))

o (T(T"(, 2), T" (2, 2)), T(T" (y, ), T" (2, y))
(T(T"(2,y), T"(y,2)), T(T" (2, 2), T" (2, x))

T (x,2), T"(z,2)), T(T"(z,2), T"(x, 2))
T(z,2),T"(x, 2)), T(T" (y, x), T" (, y))

wa (T (y, ), T" (2, 2))]

N
S
>

N+
&
Wl

+ +
& & g
Wil ey
57

IN
\:v

wr (T"(2,y), T"(z,2)) +

w\y
w\y

_|_
€ ??‘M\?rm\?r'w

wl>

wa (T"(,2), T" (2, 2)) + wxr (T" (2, 2), T" (x, 2))]

w\y

_|_
B
o>
~—
S
3
—~
N
-
~
3
=
8
S~—
S~—

[UJ% (Tn(1'7 y)a Tn(xa Z))
(T"(z, %), T" (y, x))]-

+

Proceeding, then we obtain wy(z,y) < k"+1[w%(x,z) +w %(z y)] = 0asn — oo, so wy(x,y) = 0, and by the
strictness of w, we get x = y.
Case 2: If x is comparable to y, then x = T(x,y) is comparable to y = T'(y, z), and we obtain

wx(@,y) = wr(T(,y), T(y, z)) < kwa(z,y).

Because 0 < k < 1 we conclude that wy(z,y) =0,s0 z =y. O

As an application of Theorem we consider the following example.

Example 2.6. Let the triple (R, d, +) be a metric semigroup, i.e., the pair (R, d) is an Abelian semigroup with respect
to addition, +, and d is translation invariant in the sense that d(p + r,q + r) = d(p, q) for all p,q,r € R. Let X be
the set of all real valued functions x on the closed interval [a,b] C R with a < b such that x(a) = z,. The function
¢ : Rt — RT is a ¢-function, i.e., a continuous nondecreasing unbounded function vanishing only at zero. Suppose
that ¢ is a convex p-function on RT. We define the function w : (0,00) x X x X — [0,00] for all A > 0 and z,y € X

y otz t;

where the supremum is taken over all partitions 7 = {¢;}/, of the interval [a, b]. It was shown in [§] that w is a strict
convex modular on X, and X (z,) = X, (here z, denotes the constant mapping z.(t) = z, for all ¢ € [a,b]). For
more details see [10]. Fix an z, € R ,it is easy to show that

X, ={z:]a,b] = R|z(a) =z, and wr(x, x,) < 00 for some A > 0}

w

(z,20) = sungp <t_tt:11)))) (t; — ti_1).

Note that by the last relation wy(z, z,) is independent from x, € R. This value is called the generalized @ \-variation
of x, where ¢, (u) = p(u/\),u € RT. Recall that R with d(z,y) = |z — y| is a complete metric space so the modular
space X! = X, is w-complete, (see [10]).

Now we set [a,b] = [~1,1], zo = 0 and ¢(t) = v/t for t € RT. With this modification we have

X=Az:[-1,1]] >R | z2(-1) =0}
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and
X, ={z:[-1,1] > R | 2(—1) = 0 and wy(z,0) < oo for some A > 0}.
Let the binary relation < on X, be the ordinary relation that define for all z,y € X as follows:

z <y iff z(t) <y(t) forallt e [-1,1].

Define T': X, x X, — X, by T(z,y) = = (z(t) — y(t)). We show that T has the properties of Theorem [2.1{ Indeed,

| =

r(T(o).9) = on (30 -).0)

1 1
m —(x(ts) —a(ti-1)) — 2 (y(t:) + y(ti-1))]

:sgp;@ 5 G —tf_l) (t; —ti—1)
1. () —at )+ Iwt) —yE ),
VB TP;SO ( Alti = ti1) ) (=t
< e 0, (2.0) + 2, (.0)

< 0

where, A > max{A1, A2}. On the other hand (T'(z,y))(-1) = (5

Xo-

T has mixed monotone property, because if x1(t) < xo(t) for all t € [—1,1] then T(z1,y) < T(x2,y), similarly if
y1(t) < yao(t) for all t € [—1,1] then T(z,y1) > T(z,y2).

—(z— y)) (—1) = 0. This implies that T'(z,y) € X}, =

2
Now let 2,(t) = —1 and y(t) = 1 be constant functions on the closed interval [—1, 1], then T (2o, yo) = —F = x1(t)

2
is constant function that implies z, < 1. Similarly yo(¢) =1 > y1(t) = T(yo, x0) = £ For inequality (2.1) we have;

m St — () + (ultio) — v(tio) — (@(tior) — y(tir) — (ult) = oft)]

= SEPZSD( 3 P )(ti — tie1)
1 @) +ultion) — 2(tion) —ulta)| + [(y(6) + oltion) —y(tio) — o))l ,,

< 75 bgp; o( At —ti1) )t —ti-1)

< = (o) + wn(5:0).

Therefore k = % < 1, and by Theorem there exit x,y € X, such that x = T'(x,y) and y = T'(y, x).
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