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Abstract

We propose the iterated Jacobi spectral multi Galerkin method for weakly singular Volterra integral equations of
Urysohn type and obtain the superconvergence results in uniform norm. The convergence analysis is discussed in two
cases: when the solution is sufficiently smooth and when it is not. To back up our theoretical approach, we present
numerical findings.
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1 Introduction and convergence analysis

These forms of integral equations are commonly seen in situations involving gas absorption, heat conduction, and
heat transfer [9][7]. The goal of this research is to obtain approximate solutions to Volterra-Urysohn integral equations
with weakly singular kernels. In [I}, 2 [3], H. Brunner presented a polynomial spline collocation method based on both
quasi uniform and graded meshes, demonstrating that it converges O(h'*7), in the uniform mesh and with O(n="),
in graded mesh. K. Kant et al. [6] discussed the Galerkin and multi Galerkin methods for Volterra-Hammerstein
weakly singular integral equations by using piecewise polynomials based on graded mesh and obtained the convergence
analysis. In [8], R. Nigam et al. proposed the Galerkin and multi Galerkin methods based on piecewise polynomials for
weakly singular Volterra-Urysohn integral equations and found the superconvergence results. When using piecewise
polynomial-based projection methods, increasing the accuracy of the solution necessitates increasing the number of
partitions, which raises the computational complexity of the approach. Therefore, Jacobi polynomials are used in
place of piecewise polynomials to lower the computational complexity. In [5], K. Kant discussed the error analysis of
Jacobi-Galerkin method for solving weakly singular Volterra—Hammerstein integral equations. In [10], for nonlinear
Volterra integral equations with weakly singular kernels, the Jacobi spectral collocation approach is explained, and
convergence results are obtained. Jacobi spectral approaches for Volterra-Urysohn integral equations with weakly
singular kernels were studied by K. Kant et al. in [4]. The motivation is to consider the iterated Jacobi spectral
Galerkin method is to incorporate the weakly singular kernel in the weight function and obtain the superconvergence
results. Here, we develop the iterated Jacobi spectral multi Galerkin method and obtain the convergence analysis.
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Let X = C[-1,1] be a Banach space. Consider the weakly singular Volterra integral equation of Urysohn type as
follows:

y(z) = / “(@— o) 2(z, 0.9())do + g(x), z € [0,1], (L.1)

where z and g are known functions and y is the unknown function to be approximated. To use the Jacobi spectral
methods, we must first define the transformations that will be used to alter the variables

1 2x 1 20
= _T(1+1¢). t==22-1 = _T(1 == 1 1.2
x 2 (+)7 T 79 2(+8)7 S T i ( )
and
141 t—1
S(t,w):i;F pt— —lsesl (1.3)

Putting these transformations, the Volterra integral equation (|1.1)) transformed to the following

o(t) = / (1= @) 5(t, 5(t, ), v(s(t, )))dip + (1), (1.4)

1

where Z(t, s(t, ©),v(s(t, p))) = (%)lfﬂyl(t, s(t, ), v(s(t,))). Note that Z(t, s(t, @), v(s(t,¢))) is sufficiently differen-
tiable with respect to variable ¢ and continuous with respect to variable ¢ in the interval [-1, 1]. Let Z : X — X be
the integral operator defined by

200 = [ (1) 5 s(t ) v(s(t, 0 (1.5)
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At v, the Fréchet derivative of Z is defined as follows

1
Z'(v)y(t) :/ (1= @) 7720 (t, s(t, ), v(s(t,9)))y(s(t; ) dep, (1.6)
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where Z,(t, s(t, ), v(s(t,))) = %E(t, s(t, @), v(s(t,¢))). We express the equation (1.4) as using the integral operator
Z,

o(t) = Z2(v)(t) = f(t), te[-11]. (1.7)
Now we define the operator 7 on X by

Tw)=Zw)+ f, veX (1.8)

The equation above can then be represented as
v="T(v). (1.9)

We make the following assumptions on Z(-,-,-) throughout this article:

(i) z(+,-,-) is Lipschitz continuous w.r.t. third variable v i.e., for any vi,v € R, 3 C7 > 0 such that

|2(t7577j1) - 2(t787’02)‘ S 01|U1 - ’UQ‘- (110)

(ii)  The derivative Z,(-,-,-) of Z(+,-,-) exists and Lipschitz continuous w.r.t. third variable v, i.e., for any
v1,v2 € R, 3 Cy > 0 such that

|2, (t, 8,01) — Zy(t, 8,09)| < Calvg — val. (1.11)

1

If MCy < 1, where M = (QIﬂ)ﬁ, the equation (1.9) then has isolated solution, say vy € X.

=
Throughout this article, we assume that 1 is not an eigenvalue of the linear operator 7' (vg), i.e., (Z —T"(vo)) ™! exists
and uniformly bounded in infinity and weighted L?— norm.
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Now we discuss the Jacobi spectral Galerkin method. Let Xy = span{ty, ¥1, 12, ..., ¥x }, be the Jacobi polynomials
of degree < N on A = [—1,1], where ;(z) is the j-th Jacobi polynomial corresponding to the weight function
wP(z)=(1-2)*1+2)% —1<a,<1.

We can generate the Jacobi polynomials by the following three-term recurrence relation:

T (@) = (@ = 0% I (@) — e Il (2), N> 1, (1.12)
1 1
JoP () =1, JP () = glatB+et(a-p), ~l1<ap<l, (1.13)

where

gof - @N+a+f+1)2N+a+5+2)
N 2IN+1)(N+a+p8+1) ’
posf (82 —a®)@N +a+B+1)

N TN+ 1)(N+a+B+1)2N+a+p3)’
B (N+a)(N+B)(2N+a+p+2)
N TN+ D)((N+a+B+1)2N+a+8)

Orthogonal projection : Let the orthogonal projection operator pNﬁ X=Xy, —1<a,8<1, be defined by

(pN’Bu UN ) o8 = (Uy UN )y s VueL?as,uy € Xy, (1.14)

where

(u1,u2)ye.s :/ ul(T)uQ(T)wa7ﬁ(T) dr.

-1

Lia,g = {u: u is measurable and ||ul[ .5 < o0},
L 3
full s = ([ a5y ar)
1

vas(N) ={v: DFv e Lwag(A)70 <k<r},
w‘)‘ﬁ)

T
iz, = (>

k=min(r,N+1)

Further, define

with

ully (Z H .

and the seminorm on HJ , 5(A) is defined by

w) . (1.15)

The crucial properties of the orthogonal projection operator p% , which we need in our convergence analysis are
(1, 12]) the following, for any u € C[—1,1], we have

@) o8 o < cllog N), (1.16)

(i1) P53 e < plluefloo, (1.17)

(i) [|o%" wllers < tt]lgers, (1.18)

and if u € C"[—1,1] and r > 1, we have

(D) llu—p§ul yos < ONfual g, (1.19)

(i) Jlu—p%Pul, < ONT"|u|rn (1.20)
w8
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The main motivation behind using the Jacobi spectral method to incorporate the weakly singular kernel in the
weight function. For the rest of the article, we restrict @« = —vy, § = 0. Define the multi projection operator on X by

(ZN)() = oy Z(0) + Z(px""u) = p " Z(py" ). (1.21)
For the equation , the multi Galerkin approach seeks an approximation v € X such that
Mo ZMM) = g (1.22)
We define the iterated approximation solution by in order to obtain a more accurate approximate solution:
oM = Z(w¥) + f. (1.23)

Lemma 1. Let vg be the non-smooth solution of the integral equation (|1.9). Let the Jacobi orthogonal projection
operator py”" : X — Xy be defined by - ) for « = —, f=0. Then there hold

(I = pn"")vol-m0 = O(N =), (1.24)
11 = PN ")volloe = O(N~U"10g N), (1.25)
(I = pp" Vo (2, 5(2, ), v0(s(@, ) -0 = O(NTETD), (1.26)

Proof . The proof of the above Lemma follows from Lemma 3.1 of [4]. O

Theorem 1.1. Let the orthogonal projection operator p;”o : X — Xu be defined by (1.14]) for « = —, 8 =0 and
vg € C[—1,1] be an isolated solution of the equation (1.9)). For sufficiently large N, there exists Lo > 0 such that
I = 23 (v0)) oo < Lo

Proof . First we show that Z}' (vy) is norm convergent to Z’(vg) in infinity norm.
Consider for any y € X, we obtain

IZN (v0) = 2’ (wo)lylloe = lIlpn"" 2" (v0) + (I = pR"*) 2" (PN v0)py™" — Z’(vo)]y\loo
= [l[(ox™" = 1) 2" (v0) = (3" = DZ" (o3 v0) o5 Tyl
= [l(ox"" = DIZ'(v0) = Z'(px""v0)pN" Iyl
< 1+ llon" o) 12" (v0) = 2" (o3 "v0) pn " Tylloo
< (1+ Clog N)|I[Z"(v0) = Z'(px""0)pN" 1yl s (1.27)

Consider

12" (o3 "v0)pn"" = 2! (v0) oo = 12" (03" "v0) o™ = 2" (v0)pp™" + 2/ (v0) oy = 2/ (w0)llx
< 12" (pn" 00)pN™" = 2" (00) P oo + 112" (w0) P = 2" (v0)l - (1.28)

Now from the first term of the above estimate, we obtain
2" (pn""v0) = 2 (vo)] o ()]
= ‘/ (1- ko (@, 5(2,0), pyvo(s(x,0))) = ko, s(2,0), v0(s(, 0)))]py" "y (s(x, 0))do

< |[ko (@, 5(2,0), p" w0 (s(x, 0))) = ko (2, 5(x,0), v0(s(x, 0)))] Lol lox" Y (5(x,0)) |0
< Colllon""v0 = vl (s(x, ) w0l 3" Yl -0
< Colllpn""v0 = vo) (5(x, )0 [y]s—0- (1.29)

NN
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Now from the second term of the estimate (1.28) and applying Cauchy-Schwarz inequality, we obtain
2" (wo) o™ = 2" (wo)ly(x)] = |2/ (v0) oy — T]y(2)|

1
| [ =0y (). (s 0) o = Dt )0
@

= |(ku(z, s(2, ), vo(s(2,)))s (o™ = Dy(s(z, )]
= [((pN"" = D2, 5(x, ), 00(s(x,))), y(5(x, )0
< (pN"" = Do, 5(x, ), v0(5(2, )| [yllw-0- (1.30)

Combining the estimates (1.28)), (1.29)) and (1.30]), we obtain

128" (v) = 2" (v0)lylloe
(1= P2 (™ vow’ = 2/(v0) ]yl

|

< (1+ Clog N)[Calllpy™"vo — vol(s(z, )lw-o0 +11(px"" = Dku(x, s(, ), vo(s(@, ))lw-0]l[y]l-0
<1+ Clog N)[Colllpy" w0 — vl (s(z, ) [lu-no

+ (o™ = Do(@, s(z, ), vo(s(@, ))llw-0]llylloc — 0 as N — oo, (1.31)

Now from Lemma [I| and estimate ((1.31]), we have

12" (on" v0) oy = Z'(w0)]| < Co(1+ Clog N[y vo — vo] (s(x; )| ss0
+ (1+Clog N)||(pn"° = Dky(, 5(x,-), vo(s(x, )]0 — 0 as N — oco. (1.32)

From estimates and (1.32)), we can show that IZM (v0) — Z'(v0)]|lec = 0 as N — oco. Since 1 is not an
eigenvalue of the linear operator Z’(vp). This implies that for sufficiently large N, there exists constant Lo > 0 such
that ||(I — ZM (v0)) ™ Hw-v0 < Lo
This completes the proof. [

Theorem 1.2. Let p;ﬂ’o : X — X be defined by be the orthogonal projection operator for « = —vy, 8 =10
and vg € C[—1,1] be an isolated solution of the equation and let v be the Jacobi spectral multi-Galerkin
approximate solution defined by and for sufficiently large N, vd € B(vg,d) = {v : |[[v — vo||w-~.0 < d}, for
some d > 0 and the following results holds

O(N~27), if vy is sufficiently smooth
M ’ ’
w = 1.33
[ = vollu—o {O(N—Q(l—v)), if vg is nonsmooth. (1.33)
O(N=37), if vy is sufficiently smooth
z! zM _z - = ) ’ 1.34
[12°(wo) 2 (vo) (o)l {(’)(N—3(1—’Y))7 if vy is nonsmooth. ( )

Proof . The proof follows from [4]. O

In the following theorem, we prove the error bound for iterated Jacobi spectral multi Galerkin approximate solution
in uniform norm.

Theorem 1.3. Let the orthogonal projection operator p;”o : X — Xu be defined by (1.14]) for « = —, 8 =0 and
vo € C[—1,1] be an isolated solution of the equation (1.7) and let 94/ be the iterated Jacobi spectral multi-Galerkin
approximate solution defined by (1.23). Then we have the following results

_ O(N—3"1log N), if vy is sufficiently smooth,
B vo|oo—{ N aog ) o ’ (1.35)

(’)(N—?’(l_V) log N), if vy is nonsmooth.
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Proof . Consider

12" (vo)ylloo = sup |Z'(vo)y(t)]

te[—1,1]
= o | [ a0 m s o mistt Do) de
< 200,504, , 0501 D)l (s Dl o
< Mly(s(t, o (1.36)

Since [|Z/(v0)]loe < M and ||(Z — ZM (v0)) " |oo < Lo < 00, it follows that
12" (wo)(Z = 28 (10)) " loo < MLy = My < 0. (1.37)
From equations and (1.23)), we have
o —vo = Z(vn) = Z(vo)
= Z'(vo + ¢1(vo — i) (vo — V),

in the above, we have used the Mean value theorem, where 0 < ¢; < 1. For simplicity, let &y = vg + ¢1(vo — Uf‘v/[),
then

158" = volloe < 12" (vo + @1 (vo — vi))(vo — V) |loo
<2 (¢n) — 2" (o)) (vo — vN)loo + |12 (v0) (vo — VN )||so- (1.38)

Now consider the first term of the above estimate
(2" (En) — Z'(v0)] (v o—UN)(t)!
‘ / (1= @) [Zu(t, s(t, ), En(s(t, 0))) — Zu(t, 5(t, @), v0(s(t, )] (vo — vN ) (s(t, @) d

<M/ (1 - @) 2 [Eults(t ), v (st ) (1.39)
— Zu(t, 5(t, ), vo(s(t, )1 = ) 77| (vo — vi)(5(t, )| dep.
Using the Cauchy Schwartz inequality, we obtain

12" (€n) = 2" (v0)](vo — v¥ ) ()]
< M|[20(t, s(t, ), En(s(t, ) = Zo(t, 5(E, ), vo(s(E, )l lw—o (w0 — 0|0 (1.40)

Now using the Lipschitz continuity of Z, (¢, s(t,-),&n(s(¢,))), we obtain
120 (t, 5(t, ), En (5(t ) = Zo(t, s(¢, ), vo(s(t, )70
= | [ Bl 80,00 6500 ~ 25l ot )

<| [ a-prmdteno.o) - wist ) i

= AllEn —volls -0 < Ellon) — ol [0 (1.41)
Combining this estimate with , we obtain

1[2" (w0 + @1 (vo — v ) = Z"(v0)](vo — v )l[oc < Mer[[onf —woll3—-.0- (1.42)
Next for the second term of the estimate , consider

v — vy = ZN (M) — Z(vo) = ZN (o) — ZN (vo) — ZA (vo) (v — vo) + ZX (o) (vAF — o) + ZA! (vo) — Z(vo).
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This implies
(T - 28 (v0) (0N = v0) = ZN (o)) = 2N (v0) = ZX (o) (v — v0) + Z¥ (v0) — Z(v0).

Hence, using the Mean value theorem, we have

o — o = (T — 28 (v0)) 2N (w8 — Z¥ (v0) — ZX (vo) (WM — vo) + 2 (vo) — Z(0)]

= (T - 2N (v0)) '[{ 2" (en) — ZX (v0) YN — )] + (T — 2N (v0)) "} [2¥ (v0) — Z(wo)]-

Applying Z’(vp) on both sides of the above equation, we obtain

12" (v0) (N = v0)l[oe < 1127 (0)(Z = ZX' (v0)) M lo 2N (6n) — ZA (v0)](WA! — v0)lloo
+ 112" (w0)(Z — 23 (v0)) "M [ZN (v0) — Z(v0)]l|o
< My|[2) (&v) = 2N (o)) (N — v0)]loo
12 (0o)(Z — 23 (v0)) M2 (v0) — Z(v0)]]] oo

43

(1.43)

(1.44)

(1.45)

Using the identity (Z — Z3 (v))™! = Z+ (T — ZM (v0)) "' 23" (vo), for the second term of the above estimate, we

obtain

12" (vo)(Z — 28" (v0)) [N (v0) — Z (o))l oo

= 12" (w){Z + (Z — 28" (v0)) " 2} (v0) HZN (v0) — Z(v0)]]oe

< |2 (vo) (2 )

< |12 (v0)[ZX (v0) = Z(v0)]lloo + M[|ZX (v0)[ZX (v0) — Z(v0)][|oe

Combining this with the estimate (1.45]), we obtain

12/ (v0) (0N = vo)lloe < MI{ZA (6n) = ZX (v0)H(oN = v0)lloo + |12 (v0) [ZA (v0) = Z(v0)][]oc

+ M| Z2¥ (v0) [ZX (v0) — Z(v0)]||oe-
Note that

2N (en) — 28 (vo) = o2 (En) + 2 (o (En )" — pfw’OZ’<pm°<sN>>p;v” 0
— "2 (o) — 2/ (" v0) o0 + on V2 (o v0)p )]
= pn 12/ (En) — 2/ (vo)] + (T — o) 2 (on " (En)) — 2 (N uo) o

Therefore

{2V (En) = 28 (o) }(oN = v0)llos < llon" 127 (En) = 2/ (w0)] (N = vo)llos
+ T = o )E (o3 (Ew)) = 2 (o3 o)y (o8 = v0)loo
< Clog N[|[2"(¢n) = 2 (v0)](vA — v0)loo
+ (14 Clog N)[|[2'(py""(€n)) = Z' (03" "v0)loN" " (0N — v0)l s

Now following the steps of (1.39) to (T.42) and using ||px"""v||w-r.0 < |[0]|w-0, We can show that
12" (05" (€3)) = 2" (o5 v0)px" " (0r] = w0)l|oe < Men|Jo) — vol [ 0.

Merging the estimates ([1.49) and (1.50)), we have
I{ZN (6n) = 28 (00)} (W = vo)lloe < Mer(log N + (14 Clog N))[[of = voll%—-.0-

Also note that

123 (v0)[Z¥ (v0) = Z(wo)llloe = [P 2" (v0)[Z¥ (v0) — Z(v0)]lloc < log N2 (v0)[Z¥ (v0) — Z(v0)]l]e-

(v0) = Z(v0)]lloe + 1| 2" (v0)(Z = 23" (v0) "X (v0) [Z¥ (v0) = Z(w0)]l]

(1.46)

(1.47)

(1.48)

(1.49)

(1.50)

(1.51)

(1.52)
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Now using the estimates (1.51)) and (1.52)) in the estimate (1.47]), we have
12" (w0) (vl = v0)lloe < My Malog Nvyf — voll5 -0 + (12" (v0)[ZX (v0) — Z(w0)][|
+ My log N2 (v0) [Z21 (v0) — Z(v0)][oc- (1.53)

Now combining this with the estimate (|1.38)), we have
158 = volloo < (Mey + MiMzlog N)|[vy = vol[—- 0

(1 + M log N)| K (v0) I (t6) = K (v0)] |- (L.54)

Now from Theorem we have

_ O(N~3"1log N), if v is sufficiently smooth,
|v%—vo|oo—{ N g it ’ (1.55)

(’)(N—?’(l_V) log N), if vy is nonsmooth.
Hence proved. OJ

Remark 1.1. From Theorem we have seen that the error bound in iterated Jacobi spectral multi Galerkin
solution in uniform norm is O(N 3" log N'), when solution is sufficient smooth and O(N 3177 log N), when solution
is nonsmooth.

2 Numerical Illustration

Numerical examples are offered in this section to support our theoretical conclusions. Jacobi polynomials are
used in this case as basis functions of the subspace Xy, which are created by the recurrence relations established in
and . In uniform norm, we discuss the errors in iterated Jacobi spectral multi-Galerkin methods. The
approximate solutions in Jacobi spectral multi-Galerkin methods are denoted by 17% in the following Tables.

Example 2.1. Consider the following weakly singular Volterra Urysohn integral equation of second kind
va)+ [ (@0 el e pledde=gla), zE 0, 0<y<L,
0

with z(z, 0,y(0)) = y(0)?, v = % and g(z) = %x% + 22 and the exact solution is given by y(z) = z2. We use the
following formula for obtaining the order of convergence a.

logn ’

Table 1: Iterated Jacobi spectral-multi Galerkin methods

[v — 03 [loo a
1.04346 x10~% | 13.22
1.84747 x10=% | 12.01
4.53015 x10~8 | 12.91
2.78615 x10~19 | 13.67
1.15702 x10~11 | 14.05

S UL W NS

Example 2.2. Consider the following weakly singular Volterra Urysohn integral equation of second kind

o)~ | “@— o) e o y(@)do = g(), we0,1], 0<y<l,

and the solution is y(z) = 2*.

with Z(:Ca g,y(@)) = y(@)27 Y= % and g(l’) =a* - 160595339653317/2

Remark 2.1. Here we have developed the iterated Jacobi spectral multi Galerkin method and obtained the conver-
gence analysis in uniform norm and verified the convergence snslydianalysis numerically.
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Table 2: Iterated Jacobi spectral multi-Galerkin methods

[[v = 9§ lloo a
1.9447 x10~H | 15.32
3.222 1013 | 16.05
1.6142 x10714 | 16.32
2.8770 x10~16 | 17.20
1.7640 x10~17 | 17.55
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