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Abstract

We investigate in this paper a value problem related to the following nonlinear higher-order wave equation
t.
met (=) "= [ g(t=2) (=) "(s) ds =t .
0
Firstly, we prove the existence and uniqueness of the local solution under suitable conditions for the relaxation function
g and viable-exponent p ( .) , using a method, which is a mixture of the Faedo-Galarkin and Banach fixed point theorem,

and prove also the solution blows up in finite time. Finally, we give a two-dimensional numerical example to illustrate
the blow-up result.
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1 Introduction

We consider the following boundary value problem:

t
e+ (=A)"n— [gt—s5)(=A)"n(s)ds+n = |77|p 777,1th7
0
(1.1)
n(x,t) = 1=0,i=1,2,..,m—1, on I'y
n(z,0) = 7/0( ) ne (z,0) =m (fﬂ), in Q,

where m > 1 is a natural number, Q is a bounded domain in R®, n > 1, 99 is smooth boundary of 2, Q; = Q x RT,
Iy = 02 x R, g is the relaxation function satisfying some condition to be specified later. p(.) is given measurable
functions on (2, satisfying

{2<p1<p(x)<pz<p*forn<2m, (1.2)

2<p1 <p(z)<py <p*forn>2m.
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with
. o0, if n<2m,
Pr= 2 it > 2m,
where

p1 = essyeqinf (p(z)), p2 := essyeqsup (p(z))

We also assume that p (z) satisfy the following condition:

€ (1) — € (a2)] < i

————— for a.e. x1, x5 € Q, with |x; — zs| < p, (1.3)
log |z1 — z2|

R>0,0<pu<l.
The exponents of nonlinearity are given constants:
Many authors looked into the following equation with memory and source terms

Mot + (=)™ — / gt —3) (=A™ (. 5) ds = |1, (1.4)

When m = 2, Tahamatani et al [20] in the both instance of nonpositive initial energy and positive initial energy
demostreted the existence of weak solution and proved that solution blow-up in finite time and gave the lifespan
estimates of solutions. In the case of m > 1 and by used the Galerkin’s method Yaojun Ye [23], studied weak global
solution, under appropriate conditions on the relaxtion function g and the positive initial energy as well as the non-
positive initial energy proved that solution blow up in finite time. The higher-order in case when m > 1, equation
(1.4) with damping term and without the viscoelastic term becomes

e+ (=A)™ 4+ ang [ = by . (1.5)

Brenner et al. [3] proved the existence and uniqueness of classical solutions in the Hilbert space. Pecher in [16] by
used the potential well method, investigated the existence and uniqueness of the Cauchy problem for the equation (|1.5]) .

For more attached results concerning the existence and asymptotic properties of solutions of (|1.1]), can also referred
to [21 [ [6] [T, [12] 131 141 211, 24].
The exponents of nonlinearity are given functions:

Messaoudi et al. In [9] considered the following equation:

et — An -+ a [ ™2 g = b [P, (1.6)

and used the Faedo-Galerkin method to establish the existence of a unique weak local solution. They also proved
with negative initial that the solution blow up in finite time. Messaoudi and Talahmeh [7], considered the following
equation:

me = div (|9n]" 72 V) 4 a | "7 g = b ", (17)

where a, b and are all positive constants. They proved a finite-time blow-up result for the solution with negative initial
energy as well as for certain solutions with positive initial energy; in the case where m (z) = 2 and under suitable
conditions on the exponents, they established a blow-up result for solutions with arbitrary positive initial energy.

In [I7] Pigkin studied the global nonexistence of solutions for the Klien-Gorden equation

e — A+ mPu+ |2y = "2, (1.8)
Antontsev et al. In [2] considered the strong damping Petrovsky equation with variable exponents
Mo+ A% — Ang + [y [ g = |y [P, (1.9)

they proved the local existence and blow up of solution.
Sun-Hye Park in [15] studied a blow up result for the following viscoelastic wave equation with varible exponents

t
e — An +/ g(t — 8)An(s)ds + aln [™®) 72y, = bly [PE 72 g, (1.10)
0

Our objective in this paper is to study, in section two, we state some notations and assumptions are introduced,
in section third, we prove the existence of local solution, in section foor, we show that the solution with the negative
initial energy blow up in the finite time. In section five, we give a two-dimension numerical example to illustrate the
blow up result.
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2 Preliminaries

We begin this section with some notations and definitions. Let H™ (2) be the Sobolev space. H[" (2) denotes
the closure in H™ (§2) of C§° (2). we denote the norm ||Dm ||, instead of H{™ (€2) norm ||. ||Hm(Q) , where D denotes

the gradient operator, that is D™. = V. = (8%1’ 322 Y B > Moreover D™. = AJ. if m = 25 and D™. = DAJ. if
m=2j+1.
Let £: Q — [1, + o0] be a measurable function. The Lebesque space with variale exponent & (.) by:

LEO) Q) := {v 1 — R : measurable in Q, g¢() (Av) < +o0, for some A > 0} ,
h 5(95
where o¢( ) (v f v ()]
The set L&) (Q) equipped with the Luxemburg’s norm

HUHq(,) =inf A >0: / ‘v(m)

Q

L£O) (Q) is a Banach space [5]. The Sobolev space with variable-exponent W) (Q) is:

whel) (Q) .= {v € L5V (Q) such that Vv exists and |Vo| € L50) (Q)} .

This is a Banach space with respect to the norm [[v[[y1.60)(q) = [[vlle) +[[Volle) - Furthermore, we set W, 140) Q)
to be the closure of C§° (Q) in the space WhE() (Q).

Lemma 2.1. [5] If

1<& :==essinf & (z) <€ (x) < & = esssupé (z) < oo,
e pr=te)

then we have
min {Inl )5 15} < ey O < max {InllEf, InlE) b,

for any n € L10) (Q).

For that purpose, we assume that

(H) g € C! (0, +00)) is non-negative function satisfaying
t
1_/09(8)ds=5>0, g (t) <0 fort>0. (2.1)

In the proof of our main result, we shall make use of the following Lemma.

Lemma 2.2. [25] Assume p () is a twice continuously differentiable satisfying

pl(t)+p (t) > Cpt(t), tC,a>0 9.9
p(0) >0, p' (0) >0. (2.2)

Then, p () blows up in finite time.

Furthermore, the energy of problem (1.1) is
1 2 1 ¢ m 2 1 m
B0 = glm O+ (1= [ 9(ds) 1D 1+ 5 0o D™n)
1
- [P . (23)
x
) p()

where (go D) (t) = [1 g (t — s) [|[D™v (t) — D™v (s)||* ds.
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Lemma 2.3. Suppose (H)and (1.2) hold. Then E (t) decreases, which

B (0)= 5o o D" (1)~ 59 (01D (1)1 ~ [l <0,

furthermore,

E({t)—E(0)<0, t>0. (2.4)

Proof . Multiplying the first equation in (L.1]) by n; and integrating over 2, we get

t

/mnttdﬂc + /nt (—=A)" ndx — /m/g (t —s) (=A)" 0 (z,s)drds + /n?dw

Q Q Q 0 Q

= /nm |~ da,

Q

then use integration par parts, yields

2 (/ml dm+/|Dmn\ da:) —/g(t—s)/Dmnt (t)Dmn(s)dxds—i-/nthg;

Q Q

d p()
= (51/ @ [0 dm) . (2.5)

t t

We take account [ g (¢t — s)ds = [ g(s)ds, the third term in (2.5) can be estimated as:
0 0

t

/ g(t—s) Q/ D™, (t) D™ (s) deds

0
t

- 0/ g(t—s) J D™y (£) . (D™ (s) — D™ (1)) dads + O/ g(t—s) / D™, (t) D™ (¢) dads
/g<t—s>%/|Dws>— (o) deds+ [ gt ( /|Dm o da:) ds
0 0

_7% Vgt—s/u)m — D™ (1) dxds]

0

N |

[\

t t

[o =) [1Dm(s) = Dm0 dods + 5 l/g /\Dm <>2dx]—égu)/wmn(t)ﬁdw (26)

0 Q 0 Q

+

| =

Insert (2.6) in (2.5)) to get

2dt{/|nt| d”“L/'Dm | d”f} +§@ (/tg (t =) /len(S)—Dmn(t)lzda:ds)

Q 0
t

=3[9 @9 [t - D asds - 3 5 [oas [10ma @ ds+ 590 [IDmn@F dot [ e
0

Q 0 Q Q Q
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We deduce that

d |1 ) 1 ) 1 ()

202 de + = [ |D™n|*dz — | —— |n|"'" d

o 2/|m\ r+ 2/| n|” dx /p(m) || T
Q Q Q

t t

45 9t =) [1D"0(9) = D™y (o) dods — 5 [9(s)ds [ 1Dmn @) de
0 Q 0 Q

t

=3 [ [0 - D asds - 300 [10m0F e [ e

0 Q Q Q
Using the equality (g o D™n) (t) = fot gt —s)||D™n(t) — D™n (s)||§ ds, we get
d [1 1 ! 1
Asm@i+5 (1= [ g as) Ipma @i+ 5 @o om0 -
dt | 2 2 o 2

Q

L P(®) g0
Pt a

= %/gl (t—s)/|Dmn (s)—Dmn(t)|2dxds—%g (t)/|Dm17 (t)|2 dx—/nfdx,
0 Q Q Q

hence, using (2.3]), we obtain

1 m 1 mo2 2
E'(t) = 3 (9" o D™n) — 29 @O 1ID™nlly = llme]l” < 0.

Using integration of last inequality, we get
E(t) < F(0) (2.7)

O

Lemma 2.4. [8] Suppose that(1.2), (1.3)) hold and E (0) < 0.Then the solution of (1.1f) satisfies

/Q " dz > el (2.8)

3 Local existence
In this section, we will prove the nonexistence global solution of (|1.1)), we state the following lemma witch can be

obtained by using the Faedo-Galerkin method by combining the argument of [9] [T5], 22] 23].

Lemma 3.1. Assume that (1.2) and (L.3) hold and (no,m) € (Hg" (), L? (22)) and give f (¢, ) a fixed function on
Q x (0,t). Then there existe a unique local solution 7 of

t
N+ (=A)"n— [g(t—s)(=A)"n(s)ds+n = f(t,z), in Q,
n(zt)=0,22=0,i=1, 2,...m—1, on T,
U(xao)zﬁo (1‘)7 Tt (%0):771 (l‘), in Qv

o

(3.1)

Satisfying n € L> ((0, T), HF* (Q)), n: € L=((0, T), L* (Q))NL2? (2 x (0, T)), where f € L?(Q x (0, T)) . Now,
we prove the local existence of (1.1) by using the method of Banach fixed point theorem.
Theorem 3.2. Suppose that (1.2) holds. Suppose further that

2(n—m)
n—2m

and (no,m) € (HF (), L2 (©)). Then there exists 7' > 0, such that (L.I)) has unique local solution

2<p1 <px)<p2 < , (n>2m) (3.2)

n € L*((0, T), Hy" ()1 € L=((0, T), L*(Q)) N L* (2 x (0, T)).
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Proof . Let v e L® ((0,T), H™(Q)) and f (v) = [v]"™ %0, we have

If (v /|v|21’ 2)= 2d9c</\v\2p2 2dx+/|v|2p1 2 de < o0,

Since
2n

2p1 —2<2py —2 < , (n>2m).

n—2m
We have
f(v) € L= ((0,t), Hy" () € L* (2 x (0, T)).

Therefore, for each v € L*° ((0, T), H{" (12)), there existe a unique
n € L ((0, T), HF" (), me € L=((0,T), L*(2)) N L* (2 x (0, T))

Satisfying the following problem

ntt—l—(—Amn—fg (t—3s)(=A)"n(s)ds+n = f(v), in Q,

n(x, t) = o,gqufo i=1,2,...,m—1, on T
n(% 0) =mno (), ne(x, 0) =m(z), in Q,

(3.3)

Let a map G : X7 — X1 by G (v) = u, where

Xp ={we L>®((0,T), H"(Q)),w, € L®((0,T), L* ()} .

where, X7 is Banach space with respect to the norm
1 2 1 2
il = 5 sup lwell3 + Ssup [ D™l
(0,7) (0,T)

Multiplying the equation (3.3) by 7 and integrating over Q2 x (0,¢), to get

sln @+ 5 (1= [ 9@ as) 1Dmn 13 + 5 (a0 D™ 1)

t 1 " 1 " t o t )
[ 3@ ermi© - jee DR s+ [ [ asasyiml g 1omaml e [ [ 100 ondsds

(3.4)
Using the Young and the Sobolev-Poincare inequalities, we obtain
xXr)— (5 xr
[l o] < 01+ 5 [ o2
Q
6 2 4 2p2—2 2p1—2
<7l +< ([ [vl do+ [ |v| dx
4] 4c, m m
< 3 lne @15 + == (100377 + D™ ?) (3.5)

Thus by (3.4) and ., we get

1 2 1 m 2 oT 2 | de T m, ||2p2—2 T m,,(|2p1—2
S I 3+ SUID™ (O < ko + 2 sup e (I3 + = ([ D™=+ [ D)3 ) ds.
(0, T) 0 0
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Then we have

4c, T
0l2p2—2

1 1 oT
5 Sup [l (D3 + 51 sup [D™ 0 (D)l < ko + = sup [lne (1)]13 +
(0, 7) (0, T) (0, 7)

1 r 1
[t i
0

where kg = 1 [|m Hg +1 ||Dmn0||§ and ¢, is the embedding constant. Taking 67 = 1, we get

8¢, T

1 9 1 2
= s t —1 sup ||D™n#)|? < 2k
Sup e Oz + 5 (3}1% 1D™n ()l < 2ko + 55—

> (o5 + etz ]
(0, T)

Then )
1
Inllcp < K + T ol + oI, -

Choosing Mj large enough and 7' Sufficiently small such that
Inllx, < K +2TaMi?*~% < M.
If K <M} andT<To<ﬁ Thus, we have G : A — A, where
A= {w € Xr, [wlx, < Mg} .

Next, we show that G is contraction. For this purpose, let 71 = G (v1) and 72 = G (v2) and set n = n1 — 72
satisfyies

Mot + (—AY" 1 — [ g (t — 8) (—A)" () ds + (mar — 72)

0
= o1 [P@ 720y — Juo] )2y in Q x (0,¢) (3.6)
(@) =0,90=0i=1,2..,m—1, on Iy
n(x, 0) =mn: (z, 0) =0, in Q,

Multiplying (3.6]) by 7: = m1: — n2: and integrate on Q x (0,t), we get

g1+ (1= [ aas) 10ma 1 + 5 a0 D™ 1)

trq 1 t t . .
- [ 3@ erm e - je@iomeB]ass [ mltaes [ ] (10F© 20 - 1P 2 ) s
0 0 0 JQ

Then, we have
1 1 k
3 I 13+ 5" @13 < [ [ (o) = b (00) mds, (37)
0

where h (s) = |s|"® 72 5. Now, we estimate | = fot Jo (h(v1) — h (v2)) nedxds. We get

I< h(v1) — h(v2)) nedxds

< /Q I (O] o] e da,

where v = v; —vg and € = av; + (1 — @) ve, 1>« > 0. By the Young inequality implies

<@+ 5 [ WOF P s

é 2 1 _
< e a1+ % [ v+ (1= @) PO o o

n— 27YL

1) 2 1 p(x)—2)
< 5 llne 15 + |v|" T d Iav1+(1—a)v2|’"

5 2m

2n n n _ n —
< 5 Il @1l3 + s </ o] dx> [/ lawvy + (1 — @) vg| 7 (P2 2>dx+/ lawy + (1 — @) vg| 7 P27 dg
Q Q Q

(3.8)
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Since 2 < p; <p(z) <py < 2("_m), (n>2), we get

n—2m

o 2 m, .12 m 2 -2 m 2(p1—2 m 2 -2 m 2 -2
1< S e (013 + eoce |00 (1001|577 + 1D 01 5772 + | D™ gl 57272 4 || D™ 30 2)

1 _
< 5 e Dl + des e Mg | D™ o]l
Therefore, (3.7) takes the form

1 1 m 5.1 _ "
= sup e ()5 + =L sup D™ ()3 < =To= sup ||ne (8)]13 + desie ToMg P2~ sup |D™ |3 .
20, 1) 2 (0,1 2 20,1 )

s

Then, we arrive at
2 -2
7] x, < 0To Il + 8csexToMg P2~ [fo]l . -

We take § small sufficient, we obtain
1l x, < ATo l|vllx,. -

There exists Ty small for that ATy < 1, then we get

Inllx, <Olvlly,, 0<6<1.

Then, G is a contraction maping. Thus, implies that the unique solution n € A satisfied G () = n. Thus, 7 is
nonglobal solution of (1.1)). O

4 Blow up of solution

Now we state our main result

Theorem 4.1. Suppose that (H) holds. Assume further

/0 g(s)ds < fm, vt > 0, (4.1)

and the initial condition
(no,m) € Hy* () x L* (),

satisfying
E(0) < 0 and nom > 0.

Then the solution of (1.1) blows up in finite time.
Proof . To apply the Lemma [2.2] the following is defined:

p)=3 | G0 e

Therefore,

o )= [ e, ") = [ (it i) e (4.2
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By using the first equation of (1.1)), the second equation of (4.2)) becomes

p" (t) :/ (7777tt+ |7]t|2) dr = / 7777ttd33+/ |77t\2d517
Q Q Q

= / el d + / 0 (t) (—(—A)mn(t) + / g(t—s) (=A)" 5 (s)ds —n, + |n<t>”“”n<t>) dz
Q Q

0

— [ il - / D™ (O da = [ nOmdo+ [ nOF© da
/ (t—s) /Dm .D™n (s) dxzds.

¢
We add and subtract the term [ g (¢t —s) [ D™n (t).D™n (t) dzds, and we take account that
0 Q
t t
fgt—s fDm ).D™Mn (t)dxds = [ g(t —s)ds [ D™n(t).D™n (t) dz, we obtain
0 0 Q

t

:/ e | dx—/\Dmmzdx—/nmdx—l—/ |[P®) dx—i—/g(t—s)/Dmn(t) .D™n (t) dzds
Q Q Q J J
/ (t—s /Dm D™n(t) — D™n(s)) dxds.

¢ ¢
We recall that [ g (t — s)ds = [ g(s)ds, then
0 0

¢
:/ \nt|2dx—/|Dmn\2da:—/nntdac—i—/ I[P da:+/ cls/Dm ).D™n (t)dz
Q ) Q
0

/ t—s/Dm D™y (t) — D™n(s)) dzds

So that,
(1) = — (1—/g<s>ds)/|DMn<t>|2dx—/g(t—s>/Dm (t). (D™ (t) — D™ (s)) duds
0 Q Q
G (|2 da — da
+/Q|77| d+/ﬂ\n|d /and (4.3)

Using the following Young inequality

for a, b € R, and § > 0, we estimate

t

g(t—s) / D™ (). (D™ (£) — D™ (s)) dads = / Dy / g (t— ) (D™ () — D™n (s)) dsda

Q Q 0

/5|Dm (t)? dm+/45 (/g t—s) (t)—Dmn(s))ds) dw

0

o—_ .
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Using the Holder inequality, we get

/ t—s/Dm D™ (£) — D™ (s)) dads

/g t—s)d ) (/g(t—S)IDmn(t)—Dmn(S)lzdS) dx

0

—6/|Dm O do+ 45 O/gt—s )/gos—s)|Dmn<t>—Dmn<s>||3ds

g(t—s) dS) (go D™n)(t)

m 1
_5/|D n(O)f do+

Q

oL oY~

g9(s) dS) (goD™n) ().
We deduce that

= [at=9) [ D). 0™ (0) - D) dods =~ 5 [ Do) do - 45 ( [96 ds> (9o D" n)(®). (44)
Q

0 Q 0

By combining (4.3]) and ., we get

Pl (t) > — (1+5—/9(5)d8) D™ nl5 — % (/9(8) dS) (goD™n) (t)+/Q|n|”(“”) da:+/ﬂ|m\2dx—/gnmdx-
0 0

Now, we exploit (2.3]) to substitute for ||Dmn||§. Therefore,

t 1+57ftg(s)ds
p”(t)—l—p/(t)Z—% (1+5—/g(s)ds)E(t)+ 1+ ;3 /Q\nt|2d:c

0

1+5—ftg(s)ds 1 . 1+(5—ftg(s)ds
0 _ o D™ _ 0 p(z) )
+ 3 5 (/O g(s)ds) (goD™n)+ [1-2 B /anl dx

Using Lemma [2.2] we get

1+5—ftg(s)ds

(1—!—5 /g(s)ds)E(t)—i— 1+ g /Q|77t|2dx
0

1+5—ftg(s)ds ) . 1+(5—jg(s)ds
0 m 0 1
+ 3 5 (/0 g(s) ds) (goD™n)4+c|1-2 o Hn||g1. (4.5)

Pl +p (1) =

Q\M

At this point § > 0 is chosen so that:

1+57ftg(s)ds

(s
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¢
1+6— [g(s)ds
0

cll1—-2
Bp1

This is, of course, possible by (4.1]). Thus by using (2.4)) and the negative initial energy, (4.5) becomes:

P () + 0" (t) = [l

1+67f6g(s)d5
where y=c|1—-2 o

where || is measure of the doman 2, then

2
(/ i dz) s (/ de) et
Q Q
%
/Q P da > < /Q |77|2d93> Q)

So,

From the expression of p (t) = 3 [, | (z,t)|* dz,we get

2(0) = [ Ina.6) de

Then

2% = ([ mtaofas)

2

') +p () =27y (p(t)2 |0 2

Combining (4.7)), (4.8]),and (4.6) yield

p1 Pl

We simplify the last inequality, we arrive at
p" () + p' (t) > wp (1)

where

P1 2-p1 pr—2

w=22~|Q"2 >0, a=

Therefore p (t) blows up in the finite time. O

5 Numerical example

>0

— |- Now, we use Holder’s inequality to estimate

/ 2 di < ( / |77|p1dx> " ( / m) g
Q Q Q

2

2

Pl

121

(4.6)

(4.8)

(4.9)

Now, we present an example to illustrate numerically the result of Theorem [4.1} For solve problem (|L.1)), we
consider m = 1, n = 2 where the domain is taken to be © = [=1, 1]>. We chosen g (t) = Ae™%, (0 <A< 1),
no (w1, 22) = M (21, 72) = 3(2 — 27 + 23), such that 0 > E (0), nony > 0, and we take p (21, z2) = 4.8, which satisfy

condition ([1.2)).
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5.1 Numerical method

We first choose a suitable numerical scheme to discretize (|1.1)) using finite differences for the time variable ¢ and the
space variable = (x1,22). Comprehensive details about the finite difference methods, see in [18, [19]. We subdivide
the time interval [0, T] into N equal subintervals [t,_1, t,], ¢, =n 0t, n =1, 2,...,N + 1, where 0t is the time
step.

Let ™ (z) = n (a1, 2, t,), and use the finite-difference formulas:

0 (@) =" (@)

o™ =
" (x) St
e @)~ 20" (2) + " (2)
n" z)—=2n"(x)+n"" " (z
Oun™ (z) = .
n" () (5t)2
Then the discrete problem of (L.1)) reads: Let 1y and n;, calculate {n2, n3, ...,77”“} such that
n41 n _ opgn_pnl n_ n—1
G — AT = T -
tn n nip(x1,22)—2 n .
— [ g (tagr — 8) A (s) ds + [ PO T2 i (5.1)
n*tt =0, on 9N
1’ =mno, 1t =n"+(dt)m, in O

Problem ([5.1]) is solved iteratively by using the history data 7™ and 7™~ ! in the second side of the equation, satisfies
the boundary-value problem:

n+1 .
T — A"t =F (o, 0" 71), i (5.2)
nnJrl = 07 on th
n n—1 n n—1 21 o) — n
where F (i, " 1) = BLE— — B = [ g (b = 8) A (s) ds + [ P

5.2 Numerical results

Now, we present the results of the numerical scheme (5.1). The numerical results are obtained using the Matlab
codes.

Figure 1: U6 Figure 2: U26

The parameters that have been set up for numerical experiments are:

e Number of discretisation points is: 100 x 100;

e Time step is: ot = 0.01;

e The spatial discretisation step h ~ 0.01;

e \=1073.

Figures. 1, 2, 3 and 4 present 5™ for iterations n = 16 (¢t = 0.16), n = 26 (¢t = 0.26), n = 29 (¢t = 0.29) and n = 30
(t = 0.30) respectively.

Figure. 4 present n™ for iteration n = 30 (¢ = 0.30), which the blowup.

In conclusion, the previous numerical example verifies and agrees with the results of Theorem
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Figure 3: U?? Figure 4: U30
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