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Abstract

We prove a common coupled fixed point theorem on fuzzy bipolar metric spaces. An application of our key results is
given to solve a system of integral equations. Our results generalize and expand the literature’s well-known results.
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1 Introduction

Zadeh [16] introduced the notion of fuzzy sets. Using this concept of fuzziness, Kramosil and Michalek [9] introduced
the fuzzy metric spaces. Subsequently George and Veeramani [5] further modified the idea of fuzzy metric spaces.
Grabeic [6] and Azam et al. [3] 2] extend the well known Banach fixed point theorem to fuzzy metric spaces in the
sense of Karamosil and Michalek [9and also refer [I]. After that, Gregori and Sapena [7] extended the fuzzy Banach
contraction principle to fuzzy metric space in the sense George and Veeramania [5]. Recently, Mutlu and Gurdal
[12] presented bipolar metric spaces by generalizing metric spaces and proved some fixed point results and also refer
[I°7, 1], 10]. Bartwal, Dimri and Prasad, [4] extended it to fuzzy bipolar metric space and obtained several fixed point
theorems. Afterward Mutlu, Ozkan and Gurdal [13] studied coupled fixed point on bipolar metric space and also refer
15, 8, [14].

The aim of this paper is to prove common coupled fixed point theorem on fuzzy bipolar metric space with an
application to solve a system of integral equations.

2 Preliminaries

Now we present some basic definitions:
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Definition 2.1. [] Let {2 and 7" be two non-void sets. We say that quadruple (§2,7, I', %) fuzzy bipolar metric space
if * is continuous g-norm and I" is a fuzzy set on 2 x 7" x (0, 00), fulfill the following conditions for all g,w,t > 0:

I'(¥9,n,0) >0 for all (¥,n) € 2 x7T;
I'v,n,o)=1iff v =nforve PandneT;

I'(9,n,0) =I'(n,9,p) forall 9,n € 2N7T;

I'(91,m2, 0 +w+1t) > I'(91,m1, 0+ (92,01, w)*I'(V2,m2,t) for all
191,’[92 € (2 and n1,M2 € T;

r'(¥,m,.):[0,00) — [0,1] is left continuous;

I'(¥,n,.) is non-decreasing for all ¥ € 2 and n € 7.

= W oo

o o

Definition 2.2. [4] Let (2,7, I, %) be a fuzzy bipolar metric space. A point nn € 2U7 is called a left point if n € (2,
a right point if n € 7" and a central point if it is both left and right point. Similarly a sequence {¢,} on the set {2
is called a left sequence and a sequence {n,} on 7" is called a right sequence. In a fuzzy bipolar metric space, a left
or a right sequence is called simply a sequence. A sequence {7,} is said to be convergent to a point 7, iff {n,} is a
left sequence, 7 is a right point and limy—yeo I'(Ma, 7, 0) = 1. A bisequence ({94}, {na}) on (2,7, T, %) is a sequence
on the set 2 x 7. If the sequence {¥,} and {n,} are convergent, then the bisequence ({Jo},{na}) is said to be
convergent, and if {¢,} and {7, } converge to a common point, then ({¥,}, {n.}) is called biconvergent. A bisequence
({9}, {na}) is a Cauchy bisequence, if limy g—yo0 (9, M, 0) = 1. In a fuzzy bipolar metric space, every convergent
Cauchy bisequence is biconvergent. A fuzzy bipolar metric space is called complete, if every Cauchy bisequence is
convergent, hence biconvergent.

Definition 2.3. Let (2,7, I, %) be a fuzzy bipolar metric space, @ : 22U7? — QUY and g: QUT — 2U7T be two
functions. An element (9,7) € 22 U7? is called a coupled coincidence point of @ and g if ¢(J,n) = gd, (n,9) = gn.

Definition 2.4. Let (2,7, 1, %) be a fuzzy bipolar metric space, ¢ : 22U7? - QUY and g: 2UY — 2U7T be
two functions. An element (J,7) € 22U T2 is called a common coupled fixed point of @ and g if &(J,n) = g = 9,

D(n,9) = gn =n.

Definition 2.5. Let (2,7, I, %) be a fuzzy bipolar metric space, ® : 22U7Y2 - 2UY and g: 2UY — 2U7T be
two functions. An element (9,7) € 2?2 UT? is called a common coupled fixed point of ® and g if ®(J,7n) = g = 9,

?(n,9) = gn =n.

Definition 2.6. Let (2,7, I, %) be a fuzzy bipolar metric space, ® : 22U7? - Q2UY and g: 2UT — 2UT be
two functions are called w-compatible if g(®(9,n)) = &(g¥, gn) and g(P(n,9)) = &(gn, gv), whenever &(9,n) = g
and &(n, 9) = gn.

Example 2.7. Let 2 = [0,1], T = {0} UN — {1}. Define I'(¢,7,0) = e~ %" for all o0>0and v e Randne?.
Clearly, (2,7,T,%) is a complete fuzzy bipolar metric space, where * is a continuous g-norm defined as axb = ab.
Define @ : 22U7T?% - QUY and g: QUT — 2U7T defined by

N if 9, e 022,

oW, n) = T4
(0. ) {0, if9,n €12,

for all 9,7 € 22U 7T? and

9, ifd,nen,
9(v) = Lo
0, ifd,neT,

for all 9,np e QUT.

Motivated by Mutlu, Ozkan and Gurdal [13], we prove common coupled fixed point theorem on fuzzy bipolar
metric space with an application.
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3 Main Results

Theorem 3.1. Let a* b > ab for all a,b € [0,1] and (2,7, I, %) be a complete fuzzy bipolar metric space. Let
G:2?UT? - NUTYT and g: 2UT — 2UT be two functions such that

(®(9,n), (u,v),t0) > (g9, gu, 0)% * I'(gn, gv, 0)* (3.1)

for all ¥,n € 2 and u,0 € T, where 0 < £ < 1, (2?2 UT?) C g(RUT), g(2UT) is complete and the pair (&, g) is
compatible. Then the mappings ¢ and g have unique common coupled fixed point.

Proof . Let 9,79 € £2 and ug, 00 € 7. Since &(22 x T2) C g(2U7T), we can construct bisequence ({¥a}, {ta}),
({na},{va}) such that

ga+1 = P(Va,na) and gnat1 = P(Na,a),
giat+1 = P(uqn, 0,) and gog1 = P(b,, Uy ), (3.2)

for all & > 0. Now, we denote

[N
N

da-1(0) = (F(gﬁal,gumg)> * (F(gnahgbmg))

From (3.1)) and (3.2)), we have
I'(g0a; gutat1,t0) = I'(D(Va—1,Ma-1), P(ta; ba), to)

> <F(9190¢—1a9u0¢79)>1 * <F(977a—1a90a79)>
= 60-1(0). (3.3)

Nl

2

Similarly, from (3.1)) and (3.2)),
F(gna,gna-i—lv?@) = F(¢(na—17ﬁa—l)7¢(na7uoc)vgg)

* (F(gﬁa_l,gua, 9))

2

=

Z (F(gna—la gnaa Q))

= 60_1(0). (3.4)
Adding by o - norm * and (3.4), we obtain
6o (€0) > ba—1(0) * 6a—1(0) > da-1(0)- (3.5)
Thus, we have
50 (0) > 601 (%) > ... >4 (E%) : (3.6)

Since lim dg ({%) =1, for all p > 0, we have

a—r 00

lim 04(0) =1, for all p > 0.

a— 00

On the other hand, we denote

1 1
2 2

Ya-1(0) = <F(g?9a,9ua—179)) * <F(977aa9t’a—179)>

From (3.1)) and (3.2)), we have
I(g¥a+41,0ua,80) = I'(P(Va;s1a), P(Ma—1,00-1), £0)

1 1

> <F(gﬂa7gua1,g)> * <F(gna7gna1,9)>

= Ya—1(0)- (3.7)

2
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Similarly, from (3.1)) and (3.2)),
F(gna+1,gnavég) = F(@(Wm190[)7@(%71,11&71),39)

Z (F(gna,90a1,0)> * (F(gﬁowgualag))

2

2

= Ya—1(0)- (3.8)
Adding by o - norm * and (3.8)), we obtain
Ya(t0) = Ya-1(0) * Ya-1(0) > Ya—1(0)- (3.9)
Thus, we have
Ya(0) > Va1 (%) >... 2% (e%) : (3.10)

Since lim g ( ¢ ) =1, for all p > 0, we have
a—r 00

e

lim ~,(0) =1, for all o > 0.

a—0o0

Moreover,

1 1
2 2

fa—1(0) = (F(gﬁa-lvgua-he)) * (F(gna-l,gna-l,g))

From (3.1)) and (3.2)), we have
F(gﬁaagulxa EQ) = F(é(ﬁa—lana—1)7¢(ua—1a na—l)aBQ)

> (F(gﬁa_l,gua—1,9)> * (F(gna_l,gna-l,g))

= tta—1(0). (3.11)

N

2

Similarly, from (3.1)) and (3.2)),
F(ngaaQUmEQ) = F(Q(na—lvﬁa—l)aé(na—lvuoc—l)aEQ)
1
> (F(gna_hgba_l,@)) * (F(gﬂa_l,gua_l,p))
= pta—1(0)- (3.12)

2
Adding by o - norm x (3.11]) and (3.12]), we obtain
H’a(EQ) Z H’a—l(@) * Ma—l(@) Z M(x—l(@)-

(NI

Thus, we have

ta(0) = pa—1 (%) > ... > o (E%) : (3.13)

Since lim pg (ﬁ) =1 for all o > 0, we have
a—00 o

lim pq(0) =1, for all p > 0.

a—r 00
Using the property 4] we get

Y Y 4
I'(g0a,gup, 0) > I'(g0q, GUtat1, g) * I'(g0a+1, QUat1, g) -k I(g0p-1, gug, 357_1)

0 @ 4% 4
I'(g0a+1, Bart1, g) > I'(g0a> 90a+1, g) * I'(gNat1, 0%a+1, g) -k I'(gns—1, 098, F) (3.14)
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and
0 0
F(g’ﬂﬂvguaa ) > F(g’&ﬁ?guﬂ 1, 3) *F(gﬁﬂ 179“’[3 1, 3) : *F(gﬂoﬁ-lvguavgia)
Q 0 o
F(gnﬂﬂgnaa Q) 2 F(W?Bagnﬂ—h g) * F(gnﬁ—hgbﬁ—la g) O F(gna+17gba7 370[)7 (315)

for each o, f € N, a < 8. Then, from (3.6)), (3.9), (3.13)), (3.14) and (3.15)), we have

0 4 0
F(gﬁaaguﬁa Q) * F(gnaagnb’a Q) ( (g'&aagua+lv 3) * F(gﬁaaguaﬁ-la 3)) * (F(gna+1agna+la 7) * F(gﬁa+1790a+1, 7))

3 3
0
<k (IN(g¥s— 1,9uﬁ,35 =) * I'(gns— 1,gb,3,3ﬁ -))
0 0 0 0
0ot on) ()
> 02 (-2 0 Vg2 (—2 |
=0 (3{’0‘) i (3{204+1) *oex 0o (3;371{3571) (3.16)

and

) (@051, 0us1, 2) % D(gna-1,905-1, 3))

3
4%
ok (I'(g0a+41, Uas 3n) * I'(gNa+1, 90a, 3*))

0 0 0 0 0
V51 <3> *u%_1(3) *7}‘;_2(3) oo *ui+1(3a+1> * Vo (3a)

gt ) 8 ) o (55 o)

(g0, gua, 0) * I'(gns, 994, 0) > (I'(g9s, gus— 1,3)*F(gna,gv5 15

\%

Y

As a, 8 — oo, we have

lim (I'(g¥q, gug, 0) * I'(g1a, 805, 0)) =1

a,B—00

and

lim (I'(g0s, guta, 0) * I'(g1p, 994, 0)) = 1.

a,3—00

Therefore ({g¥a}, {gua}) and ({gna}, {90 }) are Cauchy bisequences. Since g(£2U7") is a complete subspace of
(2,7, T, %), s0 {g0}, {gua}, {00a}, {gba} C g(2UY) are converges in the complete bipolar metric space (¢(£2), g(1), I, *).
Therefore, there exist ©,7 € g(£2) and u,v € g(T") such that

lim gd, =u, lim gn, =0
oa—r00

a— 00

and

lim gu, =9, hm go, =1.

[e%mdee]

Since g: PUY — QUT and 9,1 € g(£2), u,v € g(7), there exist [, 3 € 2,v,w € T such that gl =, g8 = n and
gt =u, gw = v. Using the property EL we get

L(@(1,5),u,0) = I'((L, B), guta+1, g) # I'(g0a+1, a1, g) x I

* F(g§a+17 GUa+1,

0
9
* F(g'ﬁa+1,

(gﬁoﬂrh u

:F(@([,B),é(ua7ua)7§) 3) ’g)

2

1
2
> (F(g[ gUa+1, 39)) * <F(g/6,gt)0“ sz)) (91904-'1-179110’-‘1-1’ )*F(gﬁa-l-lv u, g)

3

As a — 00, we have

lim I'(®(1,8),u,0) = 1.

a—r00
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Therefore &(I, ) = u = gr. Similarly, we can prove that #(3,[) = v = gw, &(r,w) =9 = gl and d(w,t) =n = gS.
Since (@, g) are w-compatible mappings, we have ®(9,n) = gd, ¢(n,9) = gn and d(u,v) = gu, &(v,u) = go. Now we
show that g =1, gn = n and gu = u, go = v. Now, we denote

Aalo) = (F (gu, gua, @))

2
* (F(gb,gnmg)) . Then

2

Nl
Nl

I'(gu, gua, to) = I'(P(u,0), P(ug—1,04-1), o) > (F(gu7 gua_l,g)> * <F(gn,gba_1,g)> = Aa—1(0)

N
Nl

I'(go, goa,to) = I'(P(b,u), P(04—1,Ua—1), L0) > (F(gn,gna_l,g)> * (F(gu,gua_l,g)> = Aa—1(0).

Therefore

F(gumgnouég) Z )\O(Eagl)

and

I'(gv, gu,, to) > Ao (EO:Q1>'

Since limgy_so0 Ao (E(,égl) =1, we get

lim gu, = gu
a—0o0

and

lim gv, = gv.
a— 00

This shows that gu = u and gv = v. Similarly, we can show that g = ¢ and gn = 1. Therefore,

S(u,0) =gu=u=gr=o(I, )
P(v,u) =go =v = gw =P, )
(0, n) =g =19 =gl=d(r,w)
P(n,0) =gn=n=gB=P(w,1).

On the other hand, we get
I(gl,gv,0) = I'(V,u,0) = I'( lim_gua, lim gda, 0)
= lim F(guaagﬁavg)
a—r 00
=1

and
I'(gB,gw,0) = I'(n,0,0) = I'( lim_go,, lim g7q, 0)
= lim I'(gvq, §a, 0)
a—r 00
-1
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Therefore ¥ = uand = v. Hence, (9,7) € 22072 is common coupled fixed point of @ and g. Let (9*,7*) € 22072
be another common coupled fixed point of @ and g. If (9%, n*) € 22, then
[(9,9%, k) = T(®(0, ), D(9*,0*), o) > (I'(g0, g9, 0))* * (I'(gn, an’, 0))
= (D(9,9%,0)% * (D (n,n", 0))*

and
I(n,n*,k0) = D((n,9), D(n*,0%),k0) > (I'(gn, gn*, 0))% * (I'(g?, g9", 0))*
= (I(m",0))? = (D(¥,9",0))?.

Adding by ¢ - norm x, we obtain
L(0,9%,¢0) * I'(n,n*, o) > I'(V,9", 0) * I'(n,n", 0)-
Therefore

* * * « 0
F(ﬁaﬁ MQ)*F(”?’U 7@)211(79379 a%)*r(ﬂﬂ? ,E)

« O « O
Zf(ﬂ,ﬂ a@)*F(U,Tl 7@)'
As a — oo, we have
I©,9%0) =1

and I'(n,n", 0) = 1.

Therefore ¥ = ¥* and n = n*. Similarly, if (9*,1*) € T2, then ¥ = 9* and n = n*. Hence (9,n) € 22N 7% is a

unique common coupled fixed point of @ and g. [J

Example 3.2. Let 2 = [0,1], T = {0} UN — {1}. Define I'(¢,7,0) = e %" for all o>0and v e andne?.
Clearly, (2,7, T, %) is a complete fuzzy bipolar metric space, where * is a continuous g-norm defined as axb = ab.
Define @ : 22U7T?% - QUY and g: QUY — 2U7T defined by

9tn 2
B9, 1) = 5, ifd,n e 2%
0, if ¥,n € T?

for all 9,7 € 22U 7T? and

9, ifv,nen,
a(v) = L
0, ifd,ne?,

for all ¥,n € 2UY. Then

Z ei(ﬁ—uzn—U)

29— —
:e,(u gu-:gn gv)

= I'(g¥, gu, 0) * I'(gn, gv, 0).

Clearly, all the hypotheses of Theorem are satisfied. Hence @ and g have a unique common coupled fixed point,
ie., (0,0).
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4 Application
In this section, we study the existence and unique common solution to a system of integral equations as an

application of Theorem

Theorem 4.1. Let us consider the system of integral equations:

d(p) = b(p) + /g Gl 0(e) (). p € 61U
n(p) = b(p) + /6 (P ne). (e, p € E1UE,

a(0(p)) = b(p) + /g (P D) (@), p € E1UEs
and
a(n(p)) = b(p) + /g | Oln(e), 9(e))dw, p € 61U

where £ U &, is a Lebesgue measurable set. Suppose
1. G:(EUEZ) x [0,00) x [0,00) — [0,00) and b € L>®(E1) U L (&),
2. there is a continuous function 6 : E2UEZ — [0,00) and g : L>=(&;) U L> (&) — L>®(E1) U L>® (&), € € (0,1) such
that
G(p,w, 9 (w),n(w)) = G(p, w, u(w),o(w))| < O(p,w)(lg?d(p) — gu(p)|+
lan(p) — go(p)),
for p,w € E2UEZ,
3. SUDpee, L, f51U52 O(p,w)dw < 1.

Then the integral equations have a unique common solution in L>(&;) U L (&;).

Proof . Let 2 = L>*(&) and T = L*°(&;) be two normed linear spaces, where &, &, are Lebesgue measurable sets
and m(& U &2) < oo. Consider I': 2 x T x (0,00) — [0,1] by

suPpcg ugy [P —n(p)l

I'(%,n,0) =e" o

for ally € 2, € Y. Then (2,7, I', %) is a complete fuzzy bipolar metric space. Define the mapping @ : 2?2 x7? — QUT
by

B(0(p), 1(p)) = b(p) + /g Ol 0(e) (). p € 6 U

Now, we have

9(p),n(p)), P(u(p), 0(p)))?

2
< — suppee,ue, d(ﬁ(p)uo(p))tgsb(u(w,o<p>>>

10 (P)Hy Ly 9P, () m(@))dew—b(R) =[] gy I(Prwu(w),0(@))dw)] \ 2
e SUPpegiugy Yo

Jeyugy 19(p w9 (W) n(w))dw=G (p,w,u(w),o(w)|dw

>e SUPpeg ug, )
fglU52 0(p,w)(lgd(p)—gu(p)|+lagn(p)—gv(p)dw
> e~ SUPresiuey 2
lgd(p)—gu(p)|+lgn(p)—go(p)|
> e~ SUPreciuey -

= I'(gv, gu, 0) * I'(gn, gv, 0).

Hence all the hypotheses of a Theorem [3.1] are verified and consequently, the integral equation has a unique common
solution. [J
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5 Conclusion

In this paper, we proved common coupled fixed point theorem on fuzzy bipolar metric space. An illustrative

example and application on fuzzy bipolar metric space is given.
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